ON THE INVERSE SPECTRAL PROBLEM FOR THE QUASI-PERIODIC 

SCHRODINGER EQUATION 



DAVID DAMANIK AND MICHAEL GOLDSTEIN 

Abstract. We study the quasi-periodic Schrodinger equation 

-ip"(x) + V(x)ip(x) = Etp(x), iER 

in the regime of "small" V. Let (E, ' ,E^), m g % v , be the standard labeled gaps in the spectrum. Our 
main result says that if E'^ — E' m < eexp(— Ko|m|) for all m S Z", with e being small enough, depending on 
KO > and the frequency vector involved, then the Fourier coefficients of V obey |c(m)| < e 1 / 2 exp(— ^-\rri\) 
for all m £ Z". On the other hand we prove that if |c(m)| < eexp(— Ko\m\) with e being small enough, 
depending on kq > and the frequency vector involved, then E'^ — E' m < 2e exp(— ^ \m\). 
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1. Introduction and Statement of the Main Result 

In the last thirty five years after the classical pioneering work [DiSiJ by Dinaburg and Sinai the theory of 
quasi-periodic Schrodinger equations has been extensively developed. Despite that there are still a number 
of basic problems which seem to be hard to access. Here are a few such problems: 

Problem 1 Consider the Schrodinger equations 

(1.1) - ip"(x) + [ci cos(2ttx) + c 2 cos(2irax)]ip(x) = Eip(x) , x e R , 
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where a is irrational with "nice" Dipohantine properties and c%, C2 are constants. Describe the eigenf unctions 
and the instability intervals of the equation. 

Problem 2 Find all functions of the form 

(1.2) V(x)= c{m,n)e 2m(m+an)x , 

such that the equation 

(1.3) - tp"{x) + V(x)ij)(x) = Eip(x) 
has the same instability intervals as equation (|1.1[) . 

Problem 3 Give a sufficient condition for a subset & C R to be the spectrum of the equation (|1.3j) with 
some function V as in (|1.2j) . 

Problem 4 Solve the KdV equation 

(1.4) d t u = d^u — 6ud x u 
with the initial data 

(1.5) u(x, 0) = ci cos(2-7rx) + C2 cos(27raa;). 
Here are two comments regarding these problems. 

(1) It is known that for c\,C2 small, all generalized eigenfunctions are Floquet-like. On the other hand, 
for ci,C2 large, there is a collection of exponentially decaying eigenfunctions with eigenvalues which are 
dense in a Cantor set of positive measure. The problem is to find a method that will work for all values of 
ci, ci- In the discrete case, Avila has recently made significant progress in this direction in a series of papers 
[AvlllAv2llAv3] . 

(2) We state the problems for the function c\ cos(27rizi) + ci cos(27raa;) just for the sake of simplicity of the 
statement. In fact the problems are as hard for this function as for any quasi-periodic function 

(1.6) V( x ) — /J c(n)e(xnuj), 

lu = (0J1, . . . , uj v ) 6 W , ulu = ^2 n jUji e{x) := exp(27ria;). In this work we study the latter case. 

Let us state the main results of this work. We consider the Schrodinger equation 

(1.7) -il>"(x)+V(x)i>(x) = Eip(x), xel, 

where V{x) is a real quasi-periodic function as in (|1.6|) . We assume that the Fourier coefficients c(m) obey 

(1.8) |c(m)| < eexp(— K |m|) 

with e being small. We assume that the vector uj satisfies the following Diophantine condition: 

(1.9) \nu\ > a \n\- bo , n£Z"\ {0} 
with some < < 1, v — 1 < b a < 00. Set 

k n = -nu/2, neZ"\{0}, X(tu) = {k n : n e 7L V \ {0}}, 

(1.10) Zn = (k n ~ S(n), K + S(n)), 5{n) = a (l + \n\)- b °- 3 , n e \ {0}, 

JR(fc) = {neZ u \{0}:ke 3n}, © = {k : < 00}, 

where do, 60 are as in the Diophantine condition (jl.9|) . Let k S © be such that |?l(fc)| > 0. Due to the 
Diophantine condition, one can enumerate the points of *R(fc) as n^(fc), I — 0, . . . , £(k), 1 + £(k) = |9l(fc)|, 
so that \n^(k)\ < |n^ +1 )(fe)|; see Lemma HUH in SectionE!! Set 

T m (n) = m — n, m,n € V , 

,UJl m (°)(fc) ={0,n(°)(fc)}, m w (^m (, - 1) (fc)UT„ ((1(i) (m (, - 1 '(fc)), £ = 1, . . . J(k). 
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Theorem A. There exists e — £o( K 0; a 0i ^o) > such that if e < e$, then for any k G © \ ^Z", there exist 
E(k) S M and (f(k) :— (<^(n; fc))neZ" such that the following conditions hold: 

(a) v(0;fc) = l, 

\f(n;k)\ <£ 1/2 exp(-|K |n-m|), n £ m Wfc)) (fc), 

(1.12) memW 

|y(m; < 2, for any m £ m^ kS> \k) . 

(b) The function 

tp(k,x) = k)e(x(nu> + k)) 

lis well-defined and obeys equation (|1.7[) wf/i E 1 = E(k), that is, 

(1.13) i/7/>(fc, x) ee -V>"(fc, x) + F(x)^(fc, x) = E{k)ip(k, x). 
(c) 



E{k) = E(—k), ip(n:—k) = ip(—n;k), Tfj(—k,x)=ip(k,x), 

(1.14) (fc°) 2 (fc-fci) 2 <E{k)-E(k 1 ) <2k{k-k x ) + 2e ^ (<5(™)) 1/8 , < fc - h < 1/4, fe x > 0, 

fcl<fc„<fc 

where k^ := min(eo, fc/1024). 

(d) The spectrum of H consists of the following set, 

S = [£,oo)\ |J (E-(k m ),E+{k m )), 

m£_1»\{V}:E- {k m )<E+ (k m ) 

where 

E= inf E(k), E ± (k m )= lim E(k), fork m >0. 

~ k£®\X(Lu) fc^fc m ±0, k£0\3C(uj) 

The central result of the current work is the following: 

Theorem B. (1) The gaps (E~ (k m ) , E+ (fc m )) in Theorem A obey E+(k m ) - E-(k m ) < 2eexp(-^|ro|). 

(2) Using the notation from Theorem A, there exists e^ ) such that if the gaps (E~ (k m ) , E + (k m )) obey 
E + (k m ) — E~ (k m ) < e exp(— Ko|m|) with e < e^°\ then, in fact, the Fourier coefficients c(m) obey \c(m)\ < 
s 1/2 exp(-!f\m\). 

Remark 1.1. Although we do not solve the inverse spectral problem here, the derivation of Theorem B 
does establish a "closed system of nice equations" relating the gaps and the Fourier coefficients. A complete 
analysis of the system requires a further development of the main estimates established in this work. This 
problem will be addressed in a separate work. The estimate established in part (2) of Theorem B is expected 
to play a crucial role in the derivation of global existence of solutions of the KdV equation with small quasi- 
periodic initial data. This problem is yet another follow-up project to this work we intend to carry out. 

The existence of solutions ip(k,x) as in Theorem A was discovered for a large set of k in the paper DiSi 
by Dinaburg and Sinai. Such solutions are called Floquet-Bloch or just Floquet solutions and the parameter 
k is called quasi-momentum. In [El , Eliasson proved the existence of Floquet solutions for k £ © and also 
the fact that the spectrum is purely absolutely continuous. 

Our approach is completely different from Eliasson's approach. We prove exponential localization of the 
eigenfunctions of the dual operator. The duality underlying this approach is called Aubry duality. In [BoJij , 
Bourgain and Jitomirskaya used this approach to study discrete quasi-periodic Schrodinger operators for 
small values of the coupling constant; see also |Bo) . Let us introduce the dual operators for (|1.7j) . Given 
k £ M. and a function tp(n), BgZ" such that |<p(«)| < C^n^^^ 1 , where C v is a constant, set 

(1.15) y v ,k{x) = ^ <p(n)e((nu> + k)x). 
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The function y V} k{x) satisfies equation (|1.7[) if and only if 

(1.16) (2ir) 2 (noj + k) 2 (p(n) + ^ c(n - m)ip(m) = E(p(n) 



m£2 



for any n € 1^ . Put 
(1.17) 



h{m 1 n; fc) — {2ir) 2 {muj + fc) 2 if m = n, 
h(m, n; fc) = c(n — m) if m 7^ n. 



Consider Hk — (him, n: fc)) _„„. 

Theorem C. There exists Eo = eo( K 0: a O:^o) > such that for e < Eq and any k G © \ ^W, v ' , there exists 
E(k) € K and <p(k) :— {^(n; k)) n< zz" such that the following conditions hold: 
(1)^(0; *)=!, 



(1.18) 

(1.19) 
(2) 
(1.20) 

(1.21) (* (0) ) 2 (* 



<p(n;k)\<e 1/2 ^ exp ( - ^K \n - m|) , n<£m Wk »{h), 



mEm(') 



|<p(m; fc)| < 2, /or any m € m Wfc)) (fc), 
il^(fc) = E(k)<p(k). 



fci) 2 < E(k) 



E(k) = E{—k), <p{n; — fc) = ip(—n; fc), 
E(ki) <2k(k-k 1 ) + 2e ( 5 ( n )) 1/8 ' 

fcl<fc„<fc 



< fc-fci < 1/4, fci > 0, 



where fc (0) := min(e , fc/1024). 

(3) Set E ± (k n ) = \imk^k n ±o, fee© E(e, fc). Assume that E + (k n (o)) > E~(k n {a)). Let E~(k n <s>)) < E < 
E + (k n (o) ). Then (E — (0) ) is invertible. 

Let us give a short description of our method and the central technical difficulty we resolve. The proof 
of Theorem C is built upon an abstract multi-scale analysis scheme. We estimate the Green function 
(E — H\)(m, n) of the matrix := (h(m, n; fc)) m n£A , AcZ" moving up on the "size scale" of A. This 
approach was introduced in the theory of Anderson localization in the fundamental work |FrSp| of Frohlich 
and Spencer on random potentials and later by Frohlich, Spencer and Wittwer in [FSW] for quasi-periodic 
potentials [FSW]. Our multi-scale scheme is based on the Schur complement formula: 



(1.22) 

with 
(1.23) 





ri, 2 " 


-1 




r 2 ,i 


1K2 







!fCj 1 ri2^2 1 r2,i3^i 1 
—H 2 1 r 2j i?{ 1 1 



-IK, 1 Ti 2-ff 2 1 



h 2 1 = (1K2 — r2,i!K 1 1 ri ] 2)~ 



The main piece here is H% ■ The iteration of (| 1 . 23|) over the scales builds up a "continued- fraction- function" 
of the spectral parameter E and the quasi-momentum fc. To estimate H^ 1 on a given scale, say s, one has to 
study the roots of the determinant of IK2 — r2 i i!K 1 ~ 1^2 which is the previous continued-fraction-function. 
These roots are close to E^, (fc) - the eigenvalues of the matrix of the previous scale set A' parameterized 
against fc. The major problem here is that E^, (k) and E^„ X \k) can be "extremely" close for a finite ( if 
fc G © ), but large number of times. These are the so-called essential resonances. The eigenfunction ip(n;k) 
in fact "typically" assumes values ss 1 for all n g m'°^(fc); see ljl.llj) . The sets "around" n e m^(k) produce 
these resonance effects. This fact gives an idea of the complexity of the central technical problem one faces 
in this approach. The advantage of this approach is that it eventually gives a system of equations relating 
the gaps in the spectrum and the Fourier coefficients. The central technical tool we develop to resolve the 
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resonance problem consists of "continued-fraction-functions" and their roots. This is done in Section 0] 
To give the reader an idea what this is about, consider the problem for the simplest "continued- fraction- 
function" : 

(1.24) E-ai (e, k, E) - h ^ E ^ ' = . 

u — a 2 {s,k,E) 

The new variable e is introduced here by considering ec(n) instead of c(n). This variable plays a crucial role 
since we build the solutions via analytic continuation in e, starting at e = 0. Note that the fact that the 
numerator b 2 here is non-negative reflects the self-adjointness of the problem, which is also crucial for the 
derivation. Technically, the problem here is that a\ and a 2 can be arbitrarily close due to resonances. For 
that matter the direct application of the implicit function theorem to 

(1.25) x{e,k,E) := (E - ai (e, k, E)) (E - a 2 (e, k, E)) - b(e, k, E) 2 = 

fails ( 8eX mav have zeros ). What comes to the rescue is that the symmetries in the structure of H\, with 
A built appropriately, allow for the comparison 

(1.26) a 1 {e,k,E)>a 2 {e,k,E) 

for all values of e € (— Sq,£o) and for k, E close to the ones in question. Due to this fact, one has two 
solutions E + (e, k) > E~(e, k). For k = — ^rp, these are very close to the two edges of the corresponding gap. 
One of the crucial estimates we develop says that the margins E^\k)- E^\k) can be estimated via the 
quantities |fc+ The symmetries in the structure of Ha with A built appropriately play a crucial role for 
that matter. Let us mention here that the next level "continued-fraction-functions" look as follows, 

(1-27) f = h-%, 

where fi, f 2 are like in (ll.24[) . We are interested in the solution of the equation / = 0. An important detail 
here is that although f\, f 2 are assumed to be "small on the next scale," their derivatives are of magnitude 
~ 1. This accommodates the above mentioned fact that the eigenfunction ip(n; k) assumes values ~ 1 at all 
resonant points involved. In general the construction iterates a large number of times. 

Let us say a few words about these symmetries. Given k, we define an increasing sequence A^ of subsets 
of [J s A^ s ) = V ', which allows us to analyze inductively the eigenvalues E(A^\ k) and the eigenvectors. 

( s) ( s) 

The construction of the sets A k requires involved combinatorial arguments. The set is a relatively 
"small" perturbation of a union of two "large" cubes, one centered at the origin and another at tiW(fc); 
see (jl.lOp . The boundary of the set is of "fractal nature" built on the scale basis. The purpose of this 

"fractal" boundary is as follows. We need the set A^ to be invariant under the map T(n) = n^ l \k) — n, 
and at the same time we want the boundary dA^ to avoid each subset m + A^ mu with s' < s and with 

|£(A£+L, k + mu) - E(A[ s - 1} ,k)\ being "small." 

Finally, let us say a few words about the structure of the work. First of all we split the technical difficulties 
into two major parts. In the first one, we develop a general theory of matrices which by definition have the 
needed structures. These matrices do not depend on the quasi-momentum k. We start with a general multi- 
scale analysis scheme and then inductively introduce more and more complex matrices under consideration. 
This is done in Sections [2H2] and [SHS] As already mentioned, in Section 2] we develop the necessary theory 
of "continued-fraction-functions." In the second part, which consists of Sections [7HTU1 we verify that the 

( s) 

matrices dual to the quasi-periodic Schrodingcr equation, with appropriate A^ , fit into the definitions from 
Sections [5HBJ Finally, in Section [TT] we prove the main theorems. 

2. A General Multi-Scale Analysis Scheme Based on the Schur Complement Formula 

Let A C Z" and let Ji — (!K(m, n)) m „ e A be an arbitrary matrix. For A' C A, denote by Pa' the 
orthogonal projection onto the subspace C A of all functions ip — {ip(n) :n€Z"} vanishing off A'. The 
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restriction of "K to A' is the operator "K^ : C A — > C A , 

5t A < :=Pa>KP a ,. 
Let Ao C A be an arbitrary subset and set Ai = A \ Ao. Then, 

= -Pao^a-Paq + -Pai^Ka-Pai + -Pao^a-Pai + -Pai^Ka-Pao- 
By viewing C A as C Al © C Ao , one has the following matrix representation of Ha , 

^Ai Taj.Ao 

(2-1) Ma= _ . 

^Ao.Ai 

where 

r Aj)Aj .(M) = ?<:(M), keAi^eAj. 

Recall the following fact, known as the Schur complement formula. 
Lemma 2.1. Let 

Hi T12 



(2.2 



•K = 



(2.4) 



7U7' := 



T2,l ^2 

where "Kj is an (Nj x Nj)-matrix, j = 1,2, and Tij is an (Ni x Nj)-matrix. Assume that JCi is invertible. 
Let H2 — ^2 — r2.i3 L f^ 1 ri,2- Then, 3i is invertible if and only if H2 is invertible; and in this case, we have 

(2.o) Jt = _ _ 

— H 2 T 2,1^-1 H 2 

Definition 2.2. (1) For each m, let 7(771) := (to) be the sequence which consists of one point to. Set 
F(m, to; 1, A) := {7(777)}, T(m, n; 1, A) := for n ^= m, 

T(fc, A) = {7 = (771, . . . ,7lfc) : Uj G A, 77 i+ l ^ 77^-}, fc > 2, 
F(to, 77; fe, A) = {7 G r(fc, A), 77l = TO, Tlfc = Tl}, TO, 77 G A, fe > 2, 

ri(m,n;A)=L)r(ro,n;A,A) 1 r x (A) = |J ri(m,n;A). 

Let -y = ( r7jl; . . . ;T1jfc ) ; y = (^ . . . f n ^) ; ^. g 2". £ e f 

(tii,..., n k ,n[,..., n' ( ) if n k ^ n[, 
(n 1: . . . ,n k ,n' 2 , . . . ,n' e ) if n k = n' v 

(2) Let w(m, n), D(m) be functions obeying 777(777, 77) > 0, D(m) > 1, m, 77 G A. For 7 = (m, . . . , n k ), 
set 

WD,K {l)-=\ II w ( n 3> n 3+i) cx p( XI 

l<7<fc-l l<j<& 

Wherever we apply Wd,k (ii U 72), we assume that we are in the second case in (|2.5p . For tftat 
matter, w D . KQ {^i U 72) = «ifl, K( (7i)^£>,«o (72)- 

Let < Ko < 1. W^e always assume that w(m,m) = 1 and 

(2.7) w(m, 77) < exp(— «o|to — n\), 

and we set 

^, KO ( 7 ):=exp(-Ko||7ll+ E D ^)> 

(2.8) 

Il7ll : = 2^ K-nj+i], D^) := max D(i%j). 
i<t<k-i J 

7/ere, || 7 || = Oi/fc = 1. Obviously, w D:fi0 (j) < W D ^ (j). 



(2.5) 



(2.6) 
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(3) Let T > 8. We say that 7 = (m, . . . , rife), n 3 - 6 A, fc > 1 belongs to Ti)x,Ko{ n u n k\ k, A) i/ t/ie 
following condition holds: 

(2.9) min(D(ni),D(rij)) < T||(n<, . . . ,ri 3 )l| 1/5 for any i < j such that min(D(n i ), > 4Tk„ x . 

Aote t/iat r£, >r> « (ni,m;l,A) = {(rii)}. Set r DiTjK(l (m, n; A) = (Ja.- r D j >K0 (m, n; k, A), 

r D ,T,K ( A ) = Urn n T D^k (™>, Tl] A) . 

(4) Set 

SD,T, K , Q :kM m ' n ) = X! W-D,k (7), 

^ 1Q v 7er £ ,. T , K0 (m,n;fc,A) 

SD,T, K0 ;k,A( m i n ) = J! W.D,Ko(7)- 

7Gr Di T,„ (m,n;fe,A) 

Aote that_s Dt T,K ;i,A( m ' m ) = S D .T.K ;i.A(m,m) = exp(D(m)). 

(5) Let Ac Ac Set 

Ma a( to ) := dist(m, A \ A). FFe say f/iai t/ie function D(m), m £ A belongs to 
Sa A T k */ ^ e following condition holds: 

(2.11) D(m) < T/i A ^(to) 1 ^ 5 /or anj/ m swc/i t/iat D(m) > ATkq 1 . 

(6) Let D € Sa. A, t,k ■ ^ e sa V that 7 = (m, . . . , rife), rij € A, fc > 1 belongs to Td,t,k (ni, n k', k, A, !EH) if 
the following conditions hold: 

min(D( ni ),D(n 3 )) < T|| (n,, . . . , n,)|| 1/5 
/or any i < j such that min(Z)(rii), D(rij)) > 4Tk ( ^ 1 , unless j = i + 1. 

Moreover, 

?/ min(Z?(rii), Z)(n,-|_i)) > T|(n, — rii+i)! 1 / 5 /or some i, then 
13) minpK-O.^K)) < T||( % v, . . • ,n 4 )|| 1/5 , nunpfo), D(n JW )) < T\\(m, ■ ■ ■ ,^»)|| 1/5 , 

miii(£)(n i /),D(n i+ i))<T||(n i /,...,n 4+1 )|| 1/6 , min(£>(n i+ i), £>(™i")) < ?1|(n i+1 , . . . , nj„)\\V s , 

for any j' < i < i + 1 < j" . 

Set T D! T !Ko (m,n;A,fR) = (J fc Td.t,k ( to ? n i A, £H), r^r^ (A, 9V) = U m ,„r_ D ,T, Ko (™,n; A,*K). 
Given 7 = (m, . . . , rife) € Td,t,k n fc! A, SH) \ rrj,T,K ( n ii A )> we denote by 3 3 (7) t/ie set 0/ 
aZZ i /or which min(D(rij), -D(rij+i)) > T|(n, — rii+i)! 1 / 5 . 5et 

SD,T,Ko;fc,A,SK( m > n ) = X! Wd,ko(7)j 

^ 1 7 er £ ,, r , KO (m,r l ;fc,A,5R) 

SD,T,Ka;k,A,<R{m, n) = Wd.koCt)- 
7er D , Tireo (m,n;fc,A,!R) 

Remark 2.3. (1). Everywhere in this section the set A is fixed. For this reason we suppress 
A from the notation. We always assume in all statements that each subset A C W under 
consideration is a subset of A. The complement A c always means A \ A. When we apply the 
statements from the current section in Sections^ and\5i we will assume A = Z' y . On the other hand, we will 
use different subsets in the role of A starting from Section [5[ Note for that matter that S A A T KQ C Sa Ai t k 
if A C Ai C A. 

(2) The sets of trajectories ^d,t, K ( n ij n k] k, A), Tr)^T,K ( n ii n k] k, A, Dl) are designed to estimate the in- 
verse for two different types of matrices we study in this work. We introduce these two types of matrices in 
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Section [3] and Section [5j respectively. We estimate the inverse via the functions 

SD.T.Ko^o-Mm.n) := e^ 1 s DyT . Ka . kyA (m, n), 

k>l 

SD,T,Kf,.£ --A,vi(fn,n) := 2J Sp^ 1 sp.T, Ko :k.A,vt(m, n), 
(2-15) *% 

k>l 

S , u,r,K ,eo;A,jR(w,n) := ^e^^D^^A^Kn), 
fe>i 

respectively. One of the important properties of these functions is "functoriality" with respect to the Schur 
complement formula. The precise meaning of this "functoriality" is formulated in Lemma\KT3[ Its derivation 
is based on the mutiplicativity property of the functions w_d.ro (7); Wd Ka(l) with respect to the operation 
7i U 72 . 

(3) In Sections we will use the function Wd,ko(i) and the corresponding sums. We will use the 

function wd.h {i) and the corresponding sums in Section [771 

Lemma 2.4. Let 7 = (m,...,n k ) £ T D>T>Ko ( ni ,n k ;k,A,D\). Set M = 4Tk„ \ t D (j) := ! ^^ ) 0* = 
Z~,o<s<t * 

If t < 5, then Wd,k {j) < ex P( — K o||7l| + kM 5 ). Otherwise, with I chosen such that D(ni) — D(j), 
we have 

(2.16) 

' e -Ko(i-# tDW )IMI+£>(7) if 1,1-1 3»( 7 ) and maxj^ D( n] ) < 

e -«o(i-^ DW+1 )||7ll if 1,1-1 0>( 7 ) and mzx^e D( nj ) > ^g*2, 

e -Ko(i-*, DW )||7ll+aB(7) j/^ e g>( 7 ) or f-l € y( 7 ) an d max^ { n 4 D(nj) < ^ggl, 

e -«o(i-^ w+1 )||7ll i/£e?( 7 ) or£-ley( 7 ) andmax jW _ M} D(nj) > 

Here, by convention, a maximum taken over the empty set is set to be —00. 



Proof. The verification of the estimate goes by induction in = 1,2, ... . The estimate obviously holds for 
fc = 1. Note also that if tnij) < 5, the estimate holds for obvious reasons. So, we assume henceforth that 
£0(7) > 5. Assume that the estimate (|2.16p holds for any trajectory 7' = (n[, . . . , n' t ) with t < k — 1, fc > 2. 
Recall that £ is chosen such that D(ne) = -D( 7 ). There are several cases to be considered. 

Case (I). Assume first that I — 1,£ ^ J > (7)- Assume also that 2 < £ < A; — 1, so that 71 = (m, . . . , nt,-{), 
72 = {ni+\, . . . , rife) are defined. Let In be such that Din^) = D(ji), i = 1,2. Note that 7 = (m, . . . , nfc) € 
^D,r(ni, nk] A, 9t) implies TlKn^, . . . ,n^)|| 1/ ' 5 > D{ni t ), since otherwise £1 = I — 1 e 3 5 (7)- In particular, 
(II71II + K-i - «d) 1/5 > T- 1 D(n ei ) = T- 1 M to( -^ > M tD ^~ l . Let us consider the following sub-cases. 

(a) Assume that M 2 maxj < ej^£ 1 D(rij) < Dfo^) < M~ 2 D(m). This implies in particular Din^) > M 2 , 
that is, trj{ji) > 2. In particular, 4^(71) — 5 > to (71) + 1. It implies also that to (71) + 2 < £0(7). Recall 
that due to the inductive assumption, we have Wd, K (ji) < exp(— «o(l — 0t £ ,(7 1 ))||7i|| + 2D(ri£ 1 )). Hence, 

V^, Ko (7i)exp(-KoK-i - ne\) < exp(-/c (l - 0t D ( T i))(||7i|| + \ n e-i - ne\) + 2-D(n^)) 
< exp(-K (l - 0t D ( 71 ))(ll7i|| + K-i - n/|) + 2T(|| 7l || + |n/_i - ^|) 1/5 ) 
< exp(-[« (l - ^ tD(7l) - 2T Ko - 1 (|| 7l || + |n € _i - n,|)- 4 / 5 )](|| 7l || + \n t . x - n t \)) 
< cxp(-[ Ko (l - tD(7l) - 2T Ko - 1 M- 4 ( t -^)- 1 ))](||7i|| + \nt-i - n e \ j) 
< exp(-«o(l - tD(7l) - 4- 4t -^) +5 )(|| 7 i|| + |r*_i - r*|)) 
< exp(-K (l - 0t D ( 7 i)+i)(ll7i|| + l^-i - n A)) < exp(-« (l - 0t D ( 7 ))(||7i|| + K-i - n A))- 



(2.17) 
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(&) Assume that D(ri£ 1 ) < M 2 ma.Xj <e j^ ei D(iij), D{nt^) < M 2 D(ni). Once again, t D (7^ + 2 < t D (7). 
Due to the inductive assumption, this time one has Wd.k q {ii) < exp(— «o(l — ^t D ( 7l )+i)||7i||)- So, 

^ lg . WD,K (7i) ex P(-«o|^-i - n^|) < exp(-/c (l - <?t D ( 7l )+i)(||7i|| + W-i - r^|) 

< exp(-K (l - ^t D ( 7 ))(||7i|| + W-x ~ 

(c) Assume Din^") < M~ 2 D(ni). Obviously, (a) or (b) applies. Thus, in any event, we have 
Wd,k (ji) exp(-K |n£-i - ni\) < exp(-/i (l - ^t £ ,( 7 ))(||7i|| + ~ n A))- 

(d) Assume D(n ei ) > M~ 2 D(ne). Since we assumed that t D (j) > 5, we have D(n ei ) > M~ 2 M 5 = M 3 . 
So, tn(7i) > 3. In particular, 4^(71) — 7 > tn(7i) + 1- Using the inductive assumption, we obtain 

W / D, Ko (7i) ex P(- K o|^-i - ni\ + 2D(n £ )) 
< exp(-K (l - tf tD ( 7l) )(ll7i|| + W-x - n t \) + (2 + 2M 2 )D(n h )) 

(2.19) < exp(-«o(l - tfl(7l) - « - 1 (2 + 2Af 2 )Af- 4 ^^^ 1 ))(|| 7l || + |n*_i - n t \)) 

< exp(-«o(l - d tD[ll) - 4- 4t ^)+ 7 )(|| 7l || + \n t -i - n t \)) 

< exp(-« (l - i?t D ( 7 i)+i)(ll7i|| + \ n e-i ~ n i\)) < exp(-K Q (l - i? to ( 7 )+i)(||7i|| + W-\ - n A))- 

Now we prove the statement in case (7). Obviously, the cases (c) and (d) complement each other. Note 
also that since £ ^ V, one can similarly identify the cases (a)-(d) for 72 and establish estimates similar to 
(|2.17|) - (|2.19|) . Assume that case (c) applies for both 71 and 72. Combining the estimates for 71 and 72, we 
obtain the desired estimate in the first line case in (|2.16p . Assume now that we have case (d) for -fi and case 
(c) for 72. Then, 

W D . Ko (j) = Wz3 :Ko (7i)exp(-K |n£_i - n t \ + D(n e )) exp(- n \n e+ i - ni\)W D ^ (^ 2 ) 

(2.20) < exp(-/so(l - ^ tD ( 7 )+i)(||7ill + W-x - n t \ - k (1 - tft D ( 72 ))(|NI + K-i - n t \)) 

< exp(-K (l - i? tD ( 7 ) + i)||7ll), 

which is the estimate in the second line case in (|2.16[) . The same estimate holds if we have case (c) for 7l 
and case (d) for 72. Finally, assume we have case (d) for both 7 i and 72. Since D(x) > 1 for any x, it follows 
that 

Wd,k {i) = Wd,k (7i) exp(-K |n£_i - n e \ + D{m)) exp(-K |«£+i - ne\)W 0,^0(72) 

(2.21) < exp(-K (l - i?t D ( 7 )+i)(ll7i|| + K-i - n t \ - «o(l ~ (t 2 )+i ) ( 1 1 1 1 + \n t -i ~ n t \)) 

< exp(-«o(l - i? to ( 7 )+i)||7ll), 

which is again the estimate in the second line case in (|2.16p . 

This finishes the verification in the case (I) with 2 < £ < k — 1. One can see that the estimates hold for 
the rest of sub-cases in the case (I). 

Case (//). Assume now that I £ 5 > (7). Then, in particular, I + 1 < k. Assume in addition that 

2 < £ < k — 2, so that 71 = (rii, . . . , nt-i), j' 2 = (ni + 2, . . . , 71&) are defined. Due to (|2.13[) in Definition 12.21 
the arguments from case (J) apply to 71. For the same reason very similar arguments apply also to 7 2 . The 
estimates for 7 2 are as follows: 

W D , Ko (j' 2 )e- Koll( - nt ' ne + 1 > nt + 2)l1 < e -"o(l-«9t D ( 7 ))(ll7 1 ||+l^-i-"«l) )i f £)( 7 ^ < M~ 2 D( ni ), 

Wd Ko (^) e ~' Io|l( ™ f '™ <! + 1 '™ f + 2)ll+2 - D(nf) < e - K o( l ~ 1? tD(T)+ l )(llTill+l™«-i- n «l) ; if D(-y' 2 ) > M~ 2 D(n e ). 

Combining the estimates for 71 and 72 , one obtains the desired estimate in the third and forth line cases in 
(I2.16p . One can see that the estimates hold for the rest of sub-cases in the case (//). 

Case (III). Finally, assume that I — 1 £ IP(7). Then, in particular I — 1 > 1. Assume in addition that 

3 < £ < k — 1, so that 7J = (ni, . . . , «£-2), 72 = (^+1, ■ ■ ■ , nu) are defined. The argument for this case is 
completely similar to the one in case (//). □ 
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Corollary 2.5. Let D g Sa,t,k ; 7 € ^d,t,k ( m i n \ &j A, & > !• Then, 
(2.23) 

V^d,k (7) < exp(-Ko||7|| + fcl^- 1 ) 5 ) < exp(-I Ko |m - n|) exp(-i Ko || 7 || + fe^TT^ 1 ) 5 ) z/i D ( 7 ) < 5, 



Wd, K0 ( 7 ) < exp(-^Uo||7ll + 25( 7 )) 

r 7 1 

< min exp(--K \m-n\ + 2T(min A t A (m), ^(n)) 1 / 5 ) exp(-— k || 7 || + 2T||-y|| 1/B ), 
L 8 16 

15 - 1 

exp( K \m — n\ + 2D) , D :— maxDix) ift D (j)>5. 

16 J x 

Proof. If <_d( 7 ) < 5, then the estimate follows from Lemma 12^41 since || 7 || > \m — n|. Assume that to( 7 ) > 5. 
Let I be such that D(ne) — -D( 7 ). Recall that D(nt) < T//a(^) 1/ ' 5 - Furthermore, fj,\(ne) < H\{m) + 
\m - nt\ < MH + NtII- So, 5( 7 ) < T(/x A (m) + || 7 ||) 1 /6 < T( MA (m) 1/5 + || 7 || 1/5 )- Similarly, 5( 7 ) < 
T(fj, A (n) 1 / 5 + || 7 || 1/5 ). Note also that 1 - i? t > 1 - 1/31 > 15/16 for any t. Due to Lemma one has in 
any event 

1 5 

W D M < «p(-«o(l - i? tD(7) )||7ll + 25( 7 )) < exp(--K ||7ll + 25( 7 )) 
(2.24) 16 

< exp(-- Ko |m - n| + 2T(mm M A(m), ^A W) 1/5 ) exp(— — « 1 1 T 1 1 + 2T|| 7 || i/ 5 ). 
It follows also from Lemma \2 .41 that Wd jK0 ( 7 ) < exp(— y|ko|to — n\ + 2D). □ 

To proceed we need the following elementary estimate. 
Lemma 2.6. (1) For any a,B,k > and < £o < min(2~ 12l/ ~ 4 a 4l/ , exp(— 85)), we have 

£ exp(-a|| 7 ||) < (Sa- 1 )^- 1 ^, 

76r(m,n;fc,Z") 

(2.25) 

X;e§ _1 exp(fcB) £ exp(-a|| 7 ||)< £o 5 . 

fc>2 76r(rn,n;fc,Z") 

(2) For any C, T > 1 and e < min(exp(-8TC 1 / 5 ), 2~ 4 ( l/+1 )(C + l)- 4y , we have 

(2.26) X! e o -1 Z! exp(2T|| 7 || 1 / 5 ) < ^eg- 1 exp(2TC 1 / 5 )(2(C + l))( fe - 1 ^ <ej. 

fc>2 7er(m,n;fe,A),||7||<C fc>2 

Proof. One has 

Z exp(-a|| 7 ||)<(^cxp(-a|r|))' £ - 1 <(2 £ exp(-ar)) 

7er(m,n;fe,Z' 7 rGZ" r6Z,r>0 

(2.27) = (2(1 - expt-a))- 1 )^- 1 )" < (Sa" 1 )^- 1 )", 
J24'^MkB) J2 exp(-«|| 7 ||) < Z^ 1 ex P (fcS)(8a- 1 )( fe - 1 ) 1 ' <e|- 

k>2 7 er(TO,n;fe,A,0l) fc>2 

This verifies (1). Part (2) follows from (1). □ 
Lemma 2.7. Let D G Sa,t,k • £e* < e < min(2- 24iy - 4 K 4l/ , exp(-(8TK ( 7 1 ) 5 ), 2- 10 ("+ 1 )T- 8,y ). TTiera, 
"5D,T,« ,ea;A,!H("i,^) < min [Ss 1 ^ 2 exp(- -k \m -n\ + 2T(min^ A (ra), fi A (n)) 1/5 ), 

o 

( 2 - 28 ) 2eo /2 exp(-iK |m-n| + 25)] ifm^n, 

SD,T, Ko ,e ;A,m(m,m) < min [exp(D(m)) + 3£q /2 exp(2T^ A (m) 1/5 ), 2 exp(25)] . 
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7 ^ 

SD,T,K ,;k,\,st('m, n) < exp(--K |m - n\ + /j(4Tkq 1 ) 5 ) £ exp(- -KolMI) 

7Gr(m,n:fc,A,5R) 

(2.29) +exp(--K |m- n\ + 2T(min^ A (m), ^ A (n)) 1/5 )x 

8 

[ J] ex p(-i« || 7 ||)+ £ exp(2T|| 7 |r /5 )]. 

7 er(in,n;/s,A,<n) 7er(m,n;fe,A : «),||7l|<2 5 (TK " 1 ) 3 /2 

Combining ([2~2l?l) . ([2~2"5jl . and ([2^5]) . one obtains 

SD.T,K Q ,e -AM(m,n) < 3ey 2 exp(--K |m - n\ + 2T(min/z A (m), /x A (n)) 1/5 ). 

o 

The derivation of the other estimates is completely similar. □ 
Remark 2.8. In the last lemma we estimate the functions Sr>,T, Ko ,£ ;A,:R(w, n) only. Clearly, 

Sd,t ,Ko,e ;A.( m > n ) — ^D,T,K, ,e .A,y{(m,n). 

Later in this work we will need also the following estimates: 

Lemma 2.9. Let D G 9a,t,k - Let < e < min(2- 24l/ - 4 /i 4ly , exp(-(8TK- 1 ) 5 ), 2- 10 ^+ 1 '>T- 8u ). Let < 
a(m, n) < 1, m, n G A &e arbitrary. Then, for any rag, n G A c , we /iaue 



<Sfl,T,« 0) £:o;A,iR(wo,no) :=£o £ a ( m 0' TO ) exp(-« | m - m\ + |m - m\ 1/5 )S Dt T, Ko ,e ;A,9i(m, n) 



m,n£ A 



(2.30) 



exp(-K |n - n| + |«o - n| 1/5 )a(n, no) < e^ 2 exp(-K |m - no|/4), 
&d,t,k , £o:A,k(too) := eo©n,T,K ,£ :A,K(™o,™o) < £q ) 



®DX Ko ,e ;A,m( TO 0' n o) := £0 £ a(mo,mi)exp(-K |m - mi| + |m - mi| 1/5 ) 



(2.31) 



mi,ni£A 

S , D,T,K ,e ;A,SH(mi,ni)exp(— «o|ni - m 2 | + \ni - m 2 \ 1/b + \m 2 - n \ 1 ^ 5 )SD,T, Ko ,s -A,m.(m 2 ,n 2 ) 
exp(-K |n - n 2 \ + \n - n 2 \ 1/5 )a(n 2 ,n ) < e\ /2 exp(-K |m - n |/8), 



®Dj>o,eo;A:«( mo ' n °) := £ ° 51 a(r7i ,mi)exp(-Ko|m - mi| + |m - mi| 1/5 ) 

rcii ,m G A 

5 , D,T,K ,eo;A,SK( m l! n l) exp(-K |™l ~ m 2 \ + \m 2 - ni| 1/5 + |m 2 - TOo| 1/5 )5 , D,T,K ,eo;A:«( m 2, n 2 ) 
*- 2 ' 32 ) exp(-Ko|m 3 - n 2 \ + \m 3 - n 2 \ 1/5 + |m 3 - m \ 1/5 )S D ,T, Ko ,eo;AM(' m 3i n z) 

exp(-K |n 3 - m 4 | + |m 4 - rt 3 | 1/5 + |»7i4 - mo| 1/5 )S , D,T, K o,eo;A : M(m 4 , n 4 ) 
exp(-K |n - n 4 | + |n - n 4 | 1/5 )a(n 4 , n ) < 4 /2 exp(-K |w - n |/16). 
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Proof. Using (|2.28p from Lemma 1^771 and (I2.11j) from Definition 12. 2[ one obtains 

QD,T, Ko ,s ;A,<K( m o) < £ ^2 i£ o ' ' X 

exp(— — Ko\m — n\ — Ko|™o — m\ — Ko|mo — n\ + T(min /j,\(m), /iA(rr)) 175 
+\m - n| 1/5 + \m - m| 1/5 + \m - n.| 1/5 ) + eg cxp(-2K |rno - m| + 2|to - m| 1/5 ) 

mgA 

(2-33) [exp(r / iA(m) 1 / 5 ) + 3eo /2 exp(2r / i A (m) 1 / 5 )] < e% £ 3 £ J 72 x 

exp(— — K |m — n | — K |mo — ?n| — Kol m o — n l 
+T(min(|m - m\, \m - n\) 1/5 + \m- n| 1/5 + |to - to| 1/5 + |m - n| 1/5 ) 
+E 2 , ^ exp(-2K |rn - m| + 2|m - m| 1/5 )[exp(T|r7i - m| 1/5 ) + 3e^ 2 cxp(2!T|mo - m| 1/5 )]. 

Combining this estimate with (|2.25[) . one obtains ()2.30j) . The derivation of the rest of the estimates is 
completely similar. □ 

Lemma 2.10. Assume that A = Ai U A 2 , Ai n A2 — 0. Then, n^{rn) > fi\. (m) if m € Aj. In particular, 
let Dj e SAj.t.kq, j = 1,2. Set D(m) := Dj(m) if me Aj. Then, D G 9a,t,k - 

Proof. Let to £ Aj. It follows from the definition of the functions /ja' that ji\{m) > /U A <(w). The second 
statement follows from the first one, just due to the definition of Sa,t,k ■ D 

Lemma 2.11. Assume that A = Aj U A 2; A x n A 2 = 0. Let Dj e Sa 3 ,t>o> J = lj 2 - 5ei D(m) := Dj(m) if 
m G Aj. Let to, n 6 Ai, 

7 = 71 U 72 • • • U 724+1 , cr = 71 U 72 ••• U 72* 

(2.34) 72i+i = (ni,2i+i) ■ • • , n k2i+1 ,2i+i) & T DuT {no,2i+i, «fe 2i+1 ,2i+i; Ai, 91), ni,i = ra, nfc 2t+12t+1 = n 

72i = (ni,2i, • • • ,njfe 24) 2i) e r £ , 2jT («o,2 l , n* M) 2t+i; A 2 ,-SH), rife, = n. 

Then, 

(1) 7,^er D , T , K0 (A, «). 

(2) J/ 71 U 72 • • -U724+1 = 71U72 • • -U7 2t , +1 , t,t' > 0, then t = t' , 7,- = 7J. Similarly, if 71U72 • • •U7 2i = 
7i U 7 2 • • • U i 2V , t, t' > 0, then t = t' , 7i =j' j . 

Proof. (1) We verify the statement for 7. The verification for a is completely similar. Re-denote 7 as 
7 = (no, rii,..., rife). We need to verify conditions (|2. 12|) . (12.13[) for any i < j such that min(.D(n,), D{rij)) > 
^Tkq 1 . Clearly these conditions hold if n,,. ..,Tij are consecutive points in some 7^. Assume that m £ Ai, 
rij € A2. Assume also that D(ni), D{nj) > 4Tkq . One has 

Di(ni) < T/XA^ni) 175 ,^^) < 7> A2 (nj) 175 , 

(2.35) \\(rii, ...,rij)\\ > |n< - rij| > max(^ Al ("-i),MA 2 (nj)), 

max(D(n i ),D(u i )) < T||(n;, . . . ,^)|| 175 . 

So, conditions (|2.12p . (j2 . 13[) hold in this case. Assume now that n, € Ai, n/i € A 2 , rij G Ai, i < h < j. 
Assume also that D(ni),D(n h ),D(nj) > 4Tkq 1 . Then, due to (1235]) . one has D(n;) < T||(ni, . . . ,n h )}\ 1/5 , 
D(rij) < T\\(rih, ■ ■ ■ , rij)!! 1 / 5 . This of course implies conditions (|2.12[) . (|2.13[) in this case. The verification 
for the rest of the cases is completely similar. This finishes the first statement. 

(2) The proof goes by induction in max(t, t') =0,1,.... We will prove the statement regarding 7 = 7'. The 
proof for a = a' is completely similar. If t, t' — 0, then the statement is trivial. Assume that the statement 
holds if max(t, t') < s — 1, where s > 1. If t > 1, then 71 U 72 • • • U 724+1 4- ^(m, n; Ai) since Ai n A2 = 0. So, 
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one can assume t, t' > 1. Note that nx^t+x, ■ ■ ■ , n k 2t +i.2t+i G Ax, n\ ^e+ii • • • j n 'k 2t , +1 2t'+i e Ai, fik 2t ,2t G A 2 , 
n' k t 2t , € A 2 . Since 7 = 7', one concludes that k 2t+ i = k 2 f+i and n.^t+i = ^ 2t'+i f° r au This implies 
71 U 72 • • • U 724 = 7x U 7 2 • • • U 7 2t , . Repeating this argument, one concludes that k 2t = k 2t > and ?ii.2t = ^ 2t' 
for all z. This implies 71 U 72 • • • U 724-1 = "f[ U 7 2 ■ • • U 7 2t /_ 1 - Due to the inductive assumption, one has 
then t - 1 = t' - 1, 7j = 7j, 1 < 5 < t — 1. This finishes the proof. □ 

Lemma 2.12. (1) ylsswme that A = Ax U A 2 , Ax n A 2 = 0. Let D x G 9ai,t> - Let D 2 (x) > 1, x G A 2 be 
such that D 2 (x) < Tfi^(x) 1 ^ 5 for any x G A2. Set D(m) := Dj(m) if to G Aj, to G Aj. Then, D G Sa,t,k - 

(2) Le£ m,n G A2 and 7,; = (^i,i, • • • , ^fej.i) G rc,T,K (Ai, i = 1,2, fee arbitrary. Set 7' = (m,n) i/ 
m 7^ n, 7' = (m) i/m = n, 7^ = (to), j' 2 = n. Then, 7x U 7', 7' U 72, 7x U 7' U 72, j[ U 71 Uj' 2 G 1^7^ (A, SR). 

Proof. The first part is clear. For the second part, we cannot just refer to Lemma 12.111 since it may happen 
that D 2 5a 2 ,t,k - However, a part of the argument from the proof of Lemma f2. 1 II still works. We need to 
verify conditions (|2.12p . (|2.13|) for any i < j. We will do this for 7 :— (n\, . . . , nk) := 71 U7'U72 with to 7^ n. 
The verification for the rest of the cases is similar. If i < j < ki or k\ + 3 < i < j < k, then (|2.12|) . (|2.13p 
hold since 7, G ro^^AijlH). The argument from the proof of Lemma [2.111 still works in the following 
cases: (a) i < k 1: k x + 3 < j < k, (b) i < fc 1; h + 1 < j < k\ + 2, (c) k\ + 1 < i < k x + 2, k x +Z < j < k 
since D\ G Sai,t,k - Let k\ + 1 < i < j < k\ + 2. Then i = ki + 1, j = k\ + 2, that is, j = i + 1. Obviously, 
in this case (|2.13p holds. □ 

Lemma 2.13. Let A = Ax U A 2 , Ax n A 2 = 0. Let Dj G Sa.,-,7>o> j = 1) 2 - iei 

?^Ai ri j2 
r 2 ,i 3"fA 2 

Tij := Ia^a (k,£) — ^K(k,£), k G Ai,£ G Aj. Assume that the following conditions hold: 
(i) 

eow(m, n) := £owa(to, 71) := |JCa(to, n)| < £0 exp(— ko|to — n\), m =/= n, 
< k < 1, < £ < min(2- 24l/ - 4 K(5 ,y ,exp(-(8TKo 1 ) 5 ,2- 10 ( l/ + 1 )T- 8,y ). 
(ii) T/ie matrix 'K^ is invertible; moreover, 

Then, H 2 := [3^a 2 — T2,i Jf^ i 1 rx > 2](TO, n) is invertible, !Ka is invertible, and 

A:>1 7er E>1 , T . K0 (m,n;fc,Ai,SR) 

+ X! e 0~ 1 X! W-D,«o(7) < S-D,T, Ko , £o ;fe,A,SR(TO,rt), TO,?lGAx, 

9> 3 7er<J;?,> Ko (m,n;,,A) 

\%X 1 (m,n)\ = \H^(m,n)\<J2e k - 1 ^ ^0(7) 

(2.37) 7er D ,T, reo (m,n;fc,A 2 ,!R) 



Ma 



fc ^ 3 7erg^' K (m,n;/s,A,<R) 



t«_D,Ko(7) < S-D,T,K ,eo;fe,A,m(w,n), to, n G A 2 , 



\Xl\m,n)\ 
m (TO,n), m E A p ,n E A q ,p ^ q, 



k ~ Z 7er^;° d o d) (m,n;fc,A,<n) 



w/iere r^ Ko (m, n; fe, A, <R) = (J t > 1 r^'^ Q (to, n; fc, A, 5H), r^ : ^ o (m, n\k,A, D\) stands for 
the set of all 7 G rnj^fm, n; fc, A, 5H) suc/i i/ia/i 7 = 71 U 7^ ■ ■ • U 74+1 with jj G 
r^.T.^fAp.K), i, G r^, T , K0 (A ? ), p ^ q, r^ o d) (TO,n;fc,A,5H) = Ut>ir^S''* ) (m s n;fc,A,5t), 
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^dt °k ^ n 'i ^' ^) stands for the set of all 7 € r ' D.T.n a {m, n; fc, A, 9\) such that 7 = 71U7J ■ ■ -Uj' t 
with 7j e r_D p ^ T ^ (A p ), t| G r_D ?)Tireo (A g ), p 7^ q ; and D(m) = Dj(m) if m e A 3 . 

Proof. Let m, n € A2. For any t > 1, one has 
(2.38) 

|[5cx a 1 (r 2ll 5q 1 1 r 1)a ^ 1 ) t ](m,n)| < X! 

n;£A 2 ;?i/£Ai,i=l,...,t 

e$\Kll{m, m)| exp(-/s |ni - niDI^K, n£)| . . . (JC^K ™)l < £ 

rii£A 2 :r^£Ai,i=l,...,t 

E (Ei^)+(E«fei)-i y ... y 

ki,k' 3 ->l,j=l,... 7iSr_ D2i r i « (m,n 1 ;k 1 ,A 2 M) j{ er DltT , K0 (ra2,n3;fei,Ai,3t) 7t + ier_D 2>r , K0 (n t ,ra;fct+i,A 2 ,3t) 

WD 2 ,K (7i)exp(-K |ni - n 2 |)WD 1 , Ko (7i) • • • w D . Ko (lt+i) 

E 

ra;£A 2 ;n<eAi,i=l,...,t 

y e (Ej ,*j)+(Ei'i)-i y y ... y^ 

fe«.fej->l,j=lv 7ier D2l T,K (m,ni;fei,A 2 ,JH) l[er Dl<TtK , (n2,n 3 ;fei,Ai,JR) 74+1 £r.o 2 , T ,K ("t ,n;fc*+i ,A 2 ,31) 

^D,« (7l UVi-" U 7*+l)- 

Combing (|2 .38[) with Lemma [2.111 one obtains 

(2.39) ([^(ryM^r^^lKn)!^^^ 1 E «>A«o(7). 

fc - 1 7erg'^^ o (m,n:fe,A,K) 

Due to Lemma [2HB rg'^ (m, n; fc, A, JH) n rg;^2 (m, n; fc', A, Dt) = 0, unless t = t'. Hence, 

(2.40) El^ 1 ( ra . 1 ^ r i.» 3t i 1 ) t ]('n. n )l ^ E 6 "" 1 E ™dM- 

*- 1 fc - 1 7erg'J, ) reo (m,n:fc,A,«) 

Note that r^ Ko (m, n; fc, A, 91) n r D2 , T , Ko (m,n; fc, A 2 ,9t) = 0. Thus, 

# 2 - x := [(JC A2 -r 2ll 5CX 1 1 ri, a )- 1 ](m,n)| < \pi^](m,n)\+ 
E^I[^ 1 (rv^ l 1 ri >2 5q a 1 ) t ](m,n)|<X;eo" 1 E ^,ko(7) 

(2.41) t>l fc>l 76r D2 . T , K0 (m,n;fc,A 2 ,«) 

+ E e o _1 E w O,k (7) < Sfl,T,K ,eo;fc,A,M(m,fi)- 

7erg;J?^(m,Ti;fc,A,9l) 

Due to the Schur complement formula, !Ha is invertible and [JC^ 1 ](m,n) = [i?^~ 1 ](m, n)|. This finishes the 
proof of the statement when m, n € A 2 . 
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(2.42) 



Let now m, n 6 Aj. Using the Schur complement formula and (I2.39|) . one obtains 

^E £ o _1 E ^i,-o(7) 

fe>l 7er Dl ,T,K (m.,n;fe,Ai,9l) 

E -o^- 1 E E 

fc,^,fc>l n i ,n4&A 1 ;n 2 ,n 3 £A 2 'y£r Dl ,T,K (ro,ni;fc,Ai,JK) 

[ E +E E ] E 

Aer D2 , riK0 (r!2,ri3^,A 2 ) t>l Aerg'^'2 (n 2 ,n 3 ;4A,9t) 7er Dl , T ,„ (ru,n;k,Ai,£K) 

wu,k (7)io(ni , n 2 )w DiKn {\)w(n 3 ,n 4 )w D ^ (7). 

Note that here 

WD,ko (7)^(^1 .%)'«D,iioW !,, (' l 3i«4Kiii (7) = %, K „(7UAU7). 
Let 7 e r DliTiK0 (fc, Ai,9t), 7 € r DlJ>0 (fc, Ai,«R), A e rg^^.A.SR). One has A = A x UA' X • • • U A 4+1 with 
Aj € r D2! T,« (m,n;A 2 ,9l), A- e L DiXko (A!,$R). Therefore, 7 U A U 7 € r^'+^m, n; fc + £ + k, A, 51). 
Furthermore, let 7' e ^^^(fc', Ai,£R), 7' G r DlJ>0 (fc', A l5 51), <r € rg^J^'. A,5H), cr = triUoi ■ • -U(T ni 
With Oj G r/3 2i x,K ( TO i n ! 

A 2 , ^ e Td u t, Ko (Ai, 51). If 7 U A U 7 = 7' U a U 7', then, due to Lemma [HU 
£ = 7 = T 7 ! 7 = 7') A i = cii A i = °"ij • • • M+i = o-*+i- If A e r D2! T, Ko (ri2,n3;£, A 2 ,5t), then 7 U A U 7 e 
r S,T,K ( m > n ! fc + ^ + ^ A ' m y Therefore, 

i^ 1 ^,")!^^ 1 E ^i,«o(7)+EE e,_1 E "^(7) 

k>l 7 er Dl , r , reo (m,n;fc,A 1 ,m) t>l g>3 7G r<!^ t) (m,n;«,A,£H) 

(2.43) 

= E £ o 1 E ^Di,«o(7) + E £ ^ 1 E ^,ko(7), 

fc>l 7 er DllT , K0 (m,n;fc,Ai,SH) ?>3 7er^ ,« (m,n;g,A,9t) 

where r^ Ko (m, n; fc, A, 51) = (Jt>i r £>,T,« ( m ' n 5 fc > A ; Note that r D,T, K{1 ( m '' l;i: ' A '^ n 

rD 1 ,T,K (™ I "-; k, Ai,SH) = 0. Thus, 

(2-44) IlK^m,™)! < S_D,T,K ,eo;fcA^( TO >"-)- 

This finishes the proof of the statement when m,n € Ai. The proof for the cases m € Ai, n € A 2 and 
m £ A2, n € Ai is completely similar. □ 

Lemma 2.14. Let AcZ". Assume that 

£Qw(m, n) := £Qii>A(m, := |CKA(m, n)| < £0 exp(— /to|w — n|), m ^ n, 
< K < 1, < e < min(2- 24l/ - 4 K^,exp(-2 5 TK ( 7 1 ),2- 10 ( l/ + 1 )T- 81 '). Let Ai U A 2 = A, Ai n A 2 = 0, 

^Ai ri 2 



^A 



r 2 ,1 



Assume that 

(i) The matrix JCaj zs invertible and there exists D\ S Sai,t,« swc ^ 

(2.45) \3<^(m,n)\ < s DuT ,K ,e -M,^( m -> n )- 

(ii) H 2 := ^K\ 2 - r 2 ,i^ i 1 ri !2 obeys | det iL 2 1 ~ 1 < exp(L> ), where D a < Tmin x eA 2 Ma(^) 1 ^ 5 - 
Set D(x) = Di(x) if x £ Ax, D(x) = D$ if x £ A 2 . Then, D £ Sa.t.k ; -^-a is invertible and 

(2.46) \0i]^(m,n)\ < sr>,2> a , eoi A,m(m,rc). 
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Proof. Note that condition (i) implies in particular D £ 9a,t,k - Furthermore, 

(2.47) \H 3 (m,n)\<\X(m,n)\+ ]T |5C(m,m / )|«D 1 ,T,«o, e oiAi,9tK,n / )|5C(n / ,n)|. 

m' ,n' E Ai 

Let m',n' € Ai and 7 € r^T^o^i,^) be arbitrary. Set j[ = (m) if 7" = (n). Then, due to Lemma \2. 121 
7^ U 7 U 72 G r£)^,K (Ai, Using Cramer's rule, condition (i), and (|2.47[) . one obtains 

(2-48) |-ff 2 _1 (m, n)\ < s DtTtKo>eQ .\^{m,n). 

Similarly, let m,n £ Ai. Using the Schur complement formula, Lemma T2.121 (|2.36[) . and ()2.47|) . one obtains 
(2.49) \-Hl\m,n)\ = | pq£\ (m, n) | + |[5q i 1 r 1)2 H 2 - 1 r 2 , 1 JCX 1 1 ](m,n)| < s AT ^ , £o;A ^(m, n). 

The same estimate holds for m £ Ai, n € A2. □ 
Lemma 2.15. Assume that the following conditions hold: 

eow(m, n) := |M(m, n)| < £q exp(— «o| m — "|)j m i ti£A,m^fi 



(2.50) 



min |M(to, to)| > exp(— 4Tk 1 ), 

mgA 



< £ < min(2- 24l/ - 4 ^,exp(-(8r^ 1 ) 5 ),2- 10 ( l/ + 1 )T- 8!y ). Then, J£ A is invertible and 
(2-51) jjf^m,™)! < s DtTtROiSO]k>A (m,n). 

Proof. Set D{m) = ATkq 1 , m £ A. Note that D € Sa.t.k - Set also A(m, n) = J{(m, m)(5 m .„, B(m,n) = 
Jt(m,n) — A(m,n), m, n £ A. Then, A is invertible with |A~ 1 (m, m)| < exp(4TK " 1 ) and A _1 (m, n) = if 
m n. Just as in (I2.38|) - (|2.40p . one obtains 

(2.52) ^[A-^A-^Kn)!^^- 1 ]T ^Wt)- 

t>l k>l 7er D ,T,« l) (m,n;*:,A) 

Hence, 

(2.53) iJfr^m.n)! < (A^m, n)\ + ^ p-^BA-^Km.n)! = SB,T, Ko , £o; fc,A(m,n). 

□ 

Now it is very easy to derive the main result of this section which is the "general multi-scale analysis 
scheme based on the Schur complement formula" mentioned in the section title. 

Proposition 2.16. Let CK(x,y)) XyVe A, AcZ" be a matrix, which obeys 

e w(m, n) := \K{x, y)\ < e exp(-K |a; - y\) 

for any x ^ y, < £ < min^- 24 "- 4 ^ ,ex-p{-(8T^ 1 ) 5 ),2- 10(u+1 ^T- 81 '). Let A j; j £ J be subsets of A, 
Ai n Aj =0 if i ^ j. Let Dj £ Saj.t.k - Assume that the following conditions hold: 

(a) Each 'K^ is invertible and 

(2.54) \3i^j(m,n)\ < s DjtTtKOteQ . k ^^{m,n)Jor any m,n £ Aj and any j. 

(b) For each n <£ \J jeJ A jt \JC(n,n)\ > exp(-4TK 1 ). 
Then, 

(2.55) \0i]^(m,n)\ < s DiTiK(h£a . ktA ^(m,n), 
where D(m) = Dj(m) if m £ Aj for some j, and D(m) = ATkq 1 otherwise. 
Proof. Note that D £ Sa,t,k - Set A := A\ U je jAj. Due to Lemma l2~15l 
(2-56) \Ji^(m,n)\ < sr>,7>o,£o;fc,A (™,".)- 

Applying repeatedly Lemma T2.131 one obtains the statement. □ 
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Remark 2.17. In the last three lemmas and in Provosition \2.l6\ we analyze the cases based on the functions 
SD.T.K ,e ;A,7i(fn, ri) only. The analysis of the cases based on the functions SD,T,K ,e \A.ij n J n ) * s completely 
similar. 

Lemma 2.18. Assume that (5C(m, n))m,neZ" obeys 

\!K(m, n)\ < eo exp(— Ko\m — n|), m ^= n, m,nd1 v . 
Given A such that JCa is invertible, set 

(2.57) G(mo,no,A):= 53 3£(nio, m)3{^ 1 (m, n)!K(n, no), mo,no £ Z". 

m,n£ A 

Assume that A,-, A are such that all conditions of Lemma \2. 1 3\ hold. Assume also that R := dist({TO , n }, A 2 ) 
obeys max(ma,x xe \D(x),4TKg 1 ) < hqR/S. Then, 



(2.58) |G(roo,no,A) - G(m , n , A x )| < 4|e | 3/2 exp(-^i?). 

Proof. We write 



G(m ,n 0l A) = [ + + Yl + 1 

(2.59) m,nEAi m,neA 2 meA 1 ,n£A 2 meA 2 ,n£Ai 

< K(m ,m)'K' A 1 ('m, n)J{(n,n ) := Qx,i + Q2.2 + Qi,2 + Q2,i- 
Due to the Schur complement formula (12.3[) . one has for x, y G Ax, 

(2.60) ^(z.y) = [^(as.y) + [Ji^T li2 H^T 2A Ji^}(x,y), 
where H2 '■= 3^a 2 — r2.i?^A 1 1 ri.2- This implies 

|G(mo, no, A) — G(mo, no, Ai)| < 53 !K(rnoj m)5C(n, no) x 

(2.61) m,neAi 

[^A 1 lr i.2^ 1 r 2 4^A 1 1 ]K«)| + lQ2,al + IQ1.2I + IQ2.1I := IQx.il + |Q 2 , 2 | + |Qx, 2 | + |Q 2 ,x|. 

Since all conditions of Lemma [2.131 hold, one can invoke (12 .37[) . Using the estimate (12.37[) combined with 
the estimate (|2.16[) . one obtains 

|Ql,l|<£o 5Z exp(-K |mo - m\ - n \n - n |)x 



m,nGA mo 

y^gp -1 5Z w C«o(7)<£o X! ex P(- K o|™o - m\ - K \n - n |)x 

( 2 - 62 ) <?^ 3 7 er^ Ko (m,r l ;g,A,lH) m.nSAa 

5^ eg" 1 ^ exp^^ohll+max^^),^ 1 )), 

9 - 3 7er^;J'_ reo (m,n;g,A,£R) 

where 1^'*^ (m, n; fc, A, 51) = U*>i r D.T.K ( m ' n ; A >^)> r^ ( (m,ti;i,A,91) stands for the set of all 
7 e r Arjreo (m,n;fc,A,9t) such that 7 = 71 U 7^ • • • U j t+1 with jj e ^^(Ap, JH), 7,' G r Arj(<i0 (A g ,9t), 

(121 

p ^ q. Note that for any m, n and any 7 € Id Tk (m, n; q, A, 91), we have \mo — m\ + + |n — no| > 
2 dist({mo, no}, A2) = 2i?. Due to the assumptions of the lemma, max(Z)(7), 4TYcq~ )) < kqR/8. Combining 
these estimates, one obtains 

IQi.il^N^M 9 " 1 53 exp(-i«o||7||) 

, n 9>3 7 er(mo,no; 9 +2,A,K), || 7 ||>2fl 

(2.63) _^ _^ 

< | £o |2 53| £o |«-iexp(-^Ji) 53 e xp(--Ko|| 7 ||) < | £o | 3/2 exp(-^i?). 

q>3 7Gr(m ,no;g+2,A,?R) 

The estimation of the rest of the terms in (|2.6ip is completely similar. □ 
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Remark 2.19. We remark here that Lemma \2.18\ applies to any mo, no G 1 V , regardless of whether A = 7L V 
or A 7^ 1 V in Remark \2.SX provided of course the conditions of the lemma hold. The same applies to 
Lemma \2.21\ below. 

Lemma 2.20. (1) Let = (h(x, y; ^)) x ,yeA be a matrix-function, £ G U C R d . Assume that H^ 1 exists 
for all £. If H £ is C 1 -smooth, then H^ 1 is C 1 -smooth, and 

(2.64) // £ : //, Ui). //,.//. 
If is C 2 -smooth, then H^ 1 is C 2 -smooth, and 

(2.65) i): // £ : = H-'id^H-'id^H^H- 1 + H^(dl £ .H 6 )H^ + //< 1 ' • 
(2) Assume that for any £ and any x, y € A, we have 

(2-66) \H^ l (x,y)\ < s D{ .. A)tTtKo ^ . A ^(x,y), x,y e A, 

where D G Sa,t,« - Assume that /i(m, n; £) are C 2 -smooth and for m ^ n obey \d a h(m,n;£)\ < 
B exp(— Ko\m — n\) for \a\ < 2, where B > is a constant. Furthermore, assume that there is uiq 6 A such 
that \d a h(m,m; £)| < B' exp(fto|m— m-ol 1 / 5 ) /or any m G A, < |a| < 2, where B' > is a constant. Finally, 
assume that \h(m, < -B" /or any m G A, where B" > is a constant. Set Bq — max(l, B, B', B"). 

Then, for any |/3| < 2, and any n G A, we have 

(2.67) \d^H^{m,n)\ < (3B )^ exp(|/3|/c |m - m^^^^^m, n), i,t/£ A; 

compare (|2 .30[) in Lemma \2.9l 



Proof. (1) To verify (I2.64[) . assume for convenience d = 1, £ G (^1,^2)- Let £0 G (^1^2)- For sufficiently 
small |£ — £o|j ° ne has — #£oll < Af(£ )|£ — £o|, where M(£o) = 1 + ll^-^dc=€oll- I n particular, 
- ^JHIiJ- 1 !! < 1/2 for sufficiently small |£ - Col- Hence, 

t>i 

= H£(Ht -Ht)H£+R(t,£o), 

(2 - 68) 11^,^)11 ^En^foir'ii^-^oir 

t>2 

<ii^- i ii 3 ii^-^ ii 2 ^2-*<c(eo)(e-eo) 2 , 

where C*(£ ) = M (Co) 2 ^" 1 !! 3 - This implies (l2~l4l) . The derivat ion of the rest of the identities is similar. 
(2) This part follows from part (1) combined with Lemma \2. 91 □ 

Lemma 2.21. Let = (h(x, y; £)) x ,yeZ", £, £ U C M. d be as in part (2) of Lemma [2~27J[ Given A' C A, set 
5Ca' = ?£a',-E,j = {E — h(Tn,n;£)) m ,neA' ■ Provided Ji^ 1 exists, set 

(2.69) G(m ,n , A;J5,£) := ^ K m Oi'm;S)'K^ 1 {m 1 n)h(n,n Q ;( ! ), m ,no€Z v . 

m,n£A 

Assume that A = A\ U A2, Ai (1 A2 = 0, and for any E G (E',E"), £, ^K A , [Ka- o&ey a/Z conditions of 
Lemma \2.13[ Assume also that R :— dist({mo, no}, A2) obeys max(max K gA D(x), 4Tk ~ 1 ) < KqR/8. Finally, 
assume that (E',E") C (— Bq,Bq). Then, for any multi-index < 2, we have 

(2.70) \d^G(m Q ,n ,A;E,0 - d f3 G(m ,no,A i; E,()\ < 780B 2 e 3 Q /2 exp(-^R). 
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Proof. We use the notation from the proof of Lemma 12.181 with E, £ being suppressed. Using the notation 
from (|2.61[) . one obtains 

(2.71) \dP(G(m ,n , A) - G(m Q , n , AO) | < \d?Q 1A \ + \d^Q 2 , 2 \ + \d^Q 1>a \ + \d?Q 2A \. 

Using (|2.67j) from part (2) of Lemma r2.20[ one obtains 

|^ 1 (m,n)|,|^ 2 - 1 (m,n)| < (3B ) lfll 3)gj. ))r)Ho , eo ^(m,»), 

^(Wx'rx.afla-^a.xJC^Kn))! < (195fl ) lfll 3)K}. )iTi(tOieo;A (m,n). 

Now, using ([2~72"j) just like in ([2~B2l . ([2~55]l . one obtains < 195B £o /2 exp(-^ii). The estimation 

of the rest of the terms in (|2.71l) is similar. □ 

3. Eigenvalues and Eigenvectors of Matrices with Inessential Resonances of Arbitrary 

Order 

Let A be a non-empty subset of Z u . Let v(n), n € A, ho(m,n), m, n G A, m ^ n be some complex 
functions. Consider ifA,e = (h(m, n; e)) n£ A' wnere £ G C, 

(3.1) h(n,n; e) = v(n), n 6 A, 

/z(m, n; e) = eho(m, n), m, n G A, m ^ n. 
Assume that the following conditions are valid, 



(3.2) u(n) = v(n), 



(3.3) h (m,n) = ho(n,m), 

(3.4) |/io(m, u)| < i?i exp(— ko| to — n \) > m,rtGA, m =/= n, 

where < B\ < oo, > are constants, | (zi, Za, • • • , z v )\ = \zj\, Zj € C. -For convenience we always 
assume that < i?i < 1, < k < 1/2. 

Take an arbitrary mo G A. For e = 0, the matrix i?A,e has an eigenvalue i?o = u(mo), and <po(n) = 8 m0in , 
n G A is the corresponding eigenvector. Assume that 

(3.5) inf {|«(n) — w(mo)| :n£ A, n / mo} > So > 0. 
In this case, elementary perturbation theory yields the following: 

There exist Eq > and analytic functions E(e), (p(n,e) defined in the disc 2)(0,£o) = {e G C : |e| < £o}; 
n G A such that 

(3.6) Mn,e)\ 2 = l, for e G (-e , e ), 

riGA 

(3.7) H e <p(n,e)=E(e)<p{n,e), 

(3.8) £(0) = £ , v>(n,0) = W) (n). 

Let i?A. e = (/i(m,fi;E)) m n( _ A be defined as in (|3.1I) in this section we will analyze some cases where the 



basic non-resonance condition (13.5[) does not hold for the matrix H\, E , but it does hold for some smaller 
matrices i?A',e ; A' C A. More specifically, we will assume that there is some structure of such smaller 
matrices. This idea leads to an inductive definition of classes of matrices 3\f^ s ) (m , A'; 5q), which we introduce 
here. 

The idea of analytic continuation in the parameter e is absolutely crucial in the further development of the 
method. This development addresses the so-called cases of pairs of resonances. In this section we establish 
all estimates related to the analytic dependence on the parameter e needed later in the applications. On the 
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other hand, the analytic dependence itself helps to avoid certain ambiguities in the very definitions in this 
section. Let us first recall Rellich's theorem on the analytic dependence of the eigenvalues of self-adjoint 
matrices: 

• Let A e — (a mj „(e))i< mi „<7v be an analytic matrix function defined in a neighborhood of the interval 
£\ < e < £2- Assume that for e £ (£1,22), the matrix A e is self-adjoint. Then, there exist real analytic 
functions E n (e), e € (61,62), such that for each e, spec^4 £ = {E n (e) : 1 < n < N}. In particular, 
assume that for some e^°\ the matrix has a simple eigenvalue E(°\ Then, there is unique E no (e) such that 
E no (e^) = EW. 

Definition 3.1. Assume that H^ E obeys (|3. 1|) — (|3.5[) . 

|s| < e , eo := (e ) 3 , e := min^ 24 ^ 4 ^, <5;f \2- 10 (* +1 >(4 Ko log<$o V")- 

For these values of e, we say that H^ £ belongs to the class W 1 ' (mo, A; So) . 

Let < Pq < 1 be a constant. We assume that logJg -1 > 2 32 /3 ~ 1 log Kg -1 ■ Introduce the following 
quantities: 

(3.9) flW := (<5o)- 4 ^°, flW := (^T* « = 2,3, . . . , 5^ = exp(-(logi?(">) 2 ), u = 1,2, . . . . 

Assume that the classes J\f^ s ^ (m' , A'; So) are already defined for s' = 1, . . . , s — 1, where s > 2. 

j4sstt?7ie i/iai -Ha,e obeys (I3.ip - (I3.4I) . Le£ mo G Z". Assume that there exist subsets M^ S ^(A) C A, 
s' = 1, . . . , s — 1, some of which may be empty, and a collection of subsets A^ s \m) C A, m G M^ s \ such 
that the following conditions hold: 

(a) mo £ M^-^A), m £ A< s ')(m) for any m £ M( S ')(A), s' < s- 1. 

(b) M< s ''(A)nM( s "'(A) = /or any s' < s". for any (m',s') ^ (m",s"), we have 

Al s '>(m')nAl s "'(m") =0. 

(c) For any s' — l,...,s — 1 and any m £ M' s '(A), the matrix LT\(s')^ m j £ belongs to 
3\f( s ^(m, A^ s • ) (m);<5o). Note that, in particular, this means that for the set A^ s \m), a system of 
subsets M( s ')(A( s ')(m)) C A( s ')(m), s" = l,...,s', and k (s "\m) C A( s ')(m), m £ J^ s '\^ s '\m)) is 
defined so that all the conditions stated above and below are valid for i?A' s ')(m) e * n ^ e ro ^ e °/^A,e> 
s' m t/te role of s, and m in the role of mo. 

(d) 

(m' + B(R (s '^)) C A^(m'), /or any m' £ '(A), s' < s. 
(m + B(R^)) c A. 

(e) For any n £ A\ {mo}, we /iawe v(n) ^ v(mo). So, E^ (mo, A; 0) := «(mo) is a simple eigenvalue of 
Ha,o- Let E^ (mo, A; e) , e € R, be the real analytic function such that E^ (mo, A; e) £ spec-ffv.e 
for any e, E^ (mo, A; 0) = v(mo). Similarly, for any m £ JVt^ s ^(A) ; and n £ A^ s \m) \ {m}, 
we have v(n) ^ v(m). So, E^ s '(m, A^ s \m); 0) := v(m) is a simple eigenvalue of -ff^C*') (m) ■ 
Lei f( s ')(m, A( s ')(m);e), £ e R 7 6e £/ie rea^ analytic function such that E^ s ' (m, A' s ' (m); e) € 
speci? A(s ')( m ^ E /or any e, i?( s )(m,A( s )(m);Q) = v(m). Set 

e s =e a - ^2 S^* \ s>l. 

l<s'<s 

If s = 1, we will show in Proposition ^. 3\ that E^ 1 ' (mo, A; e) can be extended analytically in the disk 
\e\ < Eq. For s = 2, it is required by the current definition that for all complex e, \e\ < Eq, we have 

(3.10) 3S { Q 1} < |£ (1) (m,A (1) (m);e) - (m , A (1) (mo); e) | < <^ 0) := S /8. 
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We show in Provosition VS .3\ that in this case, E^ (mo, A; s) can be extended analytically in the disk 
\e\ < £2- Using induction we prove in Provosition \3. 3\ that this is true for all s. For s > 3, we require 
that for all e G C with \e\ < £ s -2, we have 

35 { S ~ 1] < ^"-^(m.A^-^m^e) - F^" 1 ) (m , A^^mo); e) | < 6^ 2 \ for m ^ m , 
(3-11) r(s') 

-9— < |^ (s,) (m, A^ (m); e) - E^ (m 0) A (s_1) (mo); e) | < 5 { S ~ 1] , for s' = 1, . . . , s - 2. 

(f) For s = 1, we have \v(n)~v(mo)\ > So/Afor every m ^ mo- For s > 2, we have \v(n)—v(mo)\ > (So) 4 
for every n G A \ (Ui< s '< s _i ILeM^') A ( "'> M) ■ 

In this case we say that H\ e belongs to the class N^ 8 ' (mo, A; 5q) ■ We call mo the principal point. We set 
s(mo) = s. We call mo the principal point. We call A l - s ~ 1 \mo) the (s — l)-set for mo- 

Remark 3.2. Note that in particular 

Ko (i? (s) ) 1/16 > logO^rVW < (6^f, 5P < e /2. 

Proposition 3.3. Let E^ s '(to, A^ s \m);e) be the same as in Definition \3.1\ m G M,( s \ s' — l,...,s— 1. 
The following statements hold: 

(1) Define inductively the functions £>(•; A^ s \m)), 1 < s' < s — 1, m G M(s'), D(-;A) by setting 
for s — 1, D(x; A) = 41og<5 ~ 1 /or a; G A \ {mo}, D(mo;A) :— 4 log(<5' 1 ') -1 ; and by setting for 
s > 2, D{x;A) = D(x;A( s '^{m)) if x € A( s ')(m) /or some s' < s — 1 and some m G M(s') \ {mo}, 
D(a:;A) = D(x; A (s_1 )(m )) if x E A^ 1 ) (m ) \ {m }, D(m ; A) = 21og(<# ) )- 1 , D(x;A) =41og5 - 1 
i/ x 6 A \ (|J 

Ks'<sUmeM(s')^ s 'H)' 27iera, £>(•; A( s )(m)) G SA(«')( m ),r,K ' 1 — s ' — s - ^> 

D(x;A) < 41og(<5 s We will denote 

by D(-\ A \ {mo}) the restriction of D(-; A) to A \ {mo}. 

(2) For s — I, the matrix (E — -ffA\{m }-e) * s Avertible for any \e\ < e~o, \E — u(toq)| < <5o/4. For 

s > 2, |e| < e s _ 2 , and \E - i? (s_1 )(m , A^~ 1) (m );£)| < 2 < 5 ^ 1) , i/ie matrices (E - #AO>')( m ), e ), 

s' < s — 1, TO G ), m 7^ m and t/ie matrices (E — ffA(=-i)( mo )\{ m „} !£ ), (-E — -ffA\{m },e) are 
invertible. Moreover, 

lIC^-^ACs'Hrn)^)" 1 ]^,?/)! < S£)(..At.')( m )),T, re o,|e|;AC»')( m )(a:,y), 

(3.12) |[(i? - -ffA( s - 1 )(m )\{m },e)~ 1 K a:; )y)l < S D(-;A< S - 1 ) (m )\{mo}),T,K ,|e| A* 3 - 1 ) (m )\{m } (^7 2/): 

|[(E- flA\{mo},e) -1 ](»)J/)l < S_D(-;A\{mo}),T,K ,|e|;A\{m }(a;,2/)- 

(3) Se£ A mo := A \ {mo}. The functions 

if (s) (m,n, A mo ;£,£) = (E — H KmQfe )- l (m,n), TO, n G A m „, 
Q (s) (m , A;e,£) = ^ h(m ,m' ; e)K (s) (m ,n' ; A mo ] e, E)h{n' ,m Q ; e), 

(3.13) m',n'eA mo 

F (s) (m ,n, A mo ;e,.E) = ^ K ( - s \n,m,A mo ;e,E)h(m,m ;e), n G A mo 
"ieA mo 

are well-defined and analytic in the following domain, 

\e\ < £o, l-E — u(toq)| < 5o/4, m case s = 1, 
^ 3 - 14 ) | £ |< £s - 2 :=£o- XI 5 o S ° 5 |^-^ ( - 1) (»no,A(«- 1 )(mo);e)|<24'- 1 \ a > 2. 

l<s'<s-2 
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(3.15) 



The following estimates hold, 

|Q« (mo, A; e, E) - Q (s ~ 1} (mo, A^ 1 ) (mo); e, E) \ < 4|e| 3 / 2 exp (-KoR^) < |e|(^" _1) ) £ 

for |e|<e._ a , \E - (m , A^ 1 ' (m ); e) | < 2S^ 1] , s > 2, 

|9 e Q«(mo,A; E)J B)| < \e\^ 2 , \d%Q^{m ,A;e,E)\ < \e\ 
for a < 2 and any \s\ < Eq, \E — u(mo)| < So/8 , 
\d £ Q^(m ,A;e,E)\ < \e\^ 2 , \d%Q^{m ,A;e,E)\ < \e\ 
fora<2 and any \e\ < £ s _i, \E - E {s - 1] (m , A (s-1) (mo); e)| < 3^ s ~ 1} /2 , 

|j , M(m ,n J A;e,.E)| <4|e| 1 / 2 exp f-I^| n -mof) , 

|F (s) (m , n, A; e, E) - F {s ~^ (m , », A (s - 1} (mo); e, JS) | < |e| 1/2 exp (-woi^ -1 *) , 
N<£ s - 2 , ^-^-^(mo.A^fmoJje)! <24- 1) , s > 2, 
(3.16) |f (1) (m ,n,A;e,£;)| < 4|e| 1 / 2 exp ( -^p|n - m 



|a e FW(mo,n,A; £)J B)| <£- 1/2 , |dgF«(m ,n, A; £) £)| < H 1 / 2 
/or a < 2 and any |e| < Eq, \E — u(mo)| < <5o/8 , 

\d e F^(m ,n,A;£,E)\ <e~ 1/2 , \d^ s \m ,n, A;e,E)\ < H 1 / 2 

fora<2 and any \e\ < e s - U \E - S (s " 1} (m , A (s ~ 1} (m ); e) | < 34 s_1) /2. 

(4) For s = 1 and |e| < £o, i/ie equation 

(3.17) £ = W (mo) + Q (s) (mo,A;£,£) 

/ias a unique solution E = E^(mo,A;e) in the disk \E — u(mo)| < So/8. For s > 2 and 
\e\ < £ s —i) the equation (|3.17l) has a unique solution E — E^ (mo, A; e) in the disk \E — 
;e)| < 3<5q S l ' /2. This solution is a simple zero of det(E — H^ e ). Fur- 
thermore, det(E — i? A ,e) has no other zeros in the disk \E-E^-^{m,A^-^{m);£)\ < 2S { Q S 1} . The 
function E^(rno,A;e) is analytic in the disk \e\ < £ s _i and obeys 

\E^(mo,A;e)-E^(mo,A^- 1 Hm Q );e)\ < kK^) 5 , 

|^ s )(m ,A; £ )-«(m )|| < |e|. 



(3.18) 



Finally, 

(3.19) \v(m ) + Q {s) {m ,A;e,E) - E^ (m a , A; e)\ < \s\ \E - (m 0) A; e) \. 

(5) For s = 1, |e| < Eo, and (S^) 4, <\E — E^(mo,A;s)\ < <5o/16, the matrix (E — £f A ,e) is invertible. 
For s > 2, \e\ < e s -i, and (S { s) ) A < \E - £?W(m ,A;e)| < 25 { () s ~ 1) , the matrix (E - H A ,e) «s 
invertible. Moreover, 

\[(E - i/ A .e) _1 ](a;,w)| < 5 , D(-;A),T, Ko ,| £ | ; fc,A(a;,2/)- 

(6) The vector y>w(A;e) := (ip^ s '(n,A;e)) ne A, given by tpW (m , A; e) = 1 and (n, A; e) = 
— F™(mo,n, A;e, B«(roo, A;e)) /or n ^ m , o&eys 

(3.20) #A, e ¥> W (A; e) = (m , A; (A; e), 
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(3.21) 



|^)(n,A; £ )| <4| £ | 1 / 2 exp^-^|n-m |) , n £ m , 



P (8) (mo,A;e) = 1. 

Furthermore, let P(mo,A;e) be the Riesz projector onto the one- dimensional subspace dp^(A;e) 
(see (|3.57p ). and let 6 mo := (5 mo , x )xeA- Then, \\P(m , A; e)S mo \\ > 2/3. Finally, 

(3.22) | V W(n,A;e)- V ( - 1) (n,A('- 1 )(m );e) < 2|e|(4 s_1) ) 5 , neA^'W. 

Proof. The proof of (l)-(5) goes simultaneously by induction over s, starting with s = 1. 
We will prove now (l)-(5) in the case s = 1. Let B e C be such that 

(3.23) \E-v(m )\<5 /4. 
Set 

(3-24) H Amo = E - H Amo>e . 

Clearly, D(-;A mo ) G SA mo ,T, Ko - Set D(x;A) = D(x;A„ la ) := 21og^ 1 if x G A mo , and D(m ;A) = 
2 log(5Q Due to condition (d) in Definition 13.11 one has fj,\(m ) > So, 

D(m ;A) = 2\og(S { Q 1) )- 1 = 21ogexp((logi?«) 2 ) = (logi?^) 2 < (i?^) 1 / 5 < W K) 1/5 - 

Hence, D(-;A) £ Sa,t,k - This finishes the proof of (1) in case s = 1. 

One has \3-(\ mo (n,n)\ > Sq/A for each n G A„ lQ . Due to Lemma T2.151 we have for |e| < Eq, 

I^A^O™) 71 )! ^ SD(-,A mo ),T, Ko ,\e\;A mo (™>,n). 

Due to (|2.30[) from Lemma EH one has (mo, A; e, J5)| < |e| 3 / 2 - It follows from Cramer's rule that 
(m,n, A mo ; e, E) is analytic wherever it is defined. Thus, K^(m,n,A mo ;e,E), Q^> (mo, A; e, E) are 
analytic in the domain 

(3.25) N<£ , |B-«(mo)|<« /4- 
Using Cauchy estimates for analytic functions, one obtains 

(3.26) \d e Q^(m ,A;e,E)\ < ^ 1 \e\V* < | £ | 1/2 , 
provided 

(3.27) |e|<eo, \E - v{m \ < 5 /8. 

The verification of the rest of p,15[) and Q3.16P with s = 1 is completely similar. This finishes the proof of 
(2) and (3) in the case s = 1. 

Let \E — v(mo)\ < <5o/4. Due to the Schur complement formula, 9Ca := E — H A e is invertible if and only 

if 

(3.28) H 2 =E-v(m Q )- ^ (-eh(m ,m))K {1) (m,n,A mQ ;e,E)(-eh(n,m ))^Q. 



Moreover, 



(3.29) jq 1 = 



Jf. 1 ri 2 H 2 F 2 iCft. — Jt. 1 T 12 H 2 

-ifj" racier h^ 1 



In other words, if \E — u(mo)| < <5o/4, then G specify if and only if it obeys 
(3.30) E = v{m )+Q {1) (m ,A;e,E). 

To solve the equation Q3.30p . we invoke part (2) of Lemma T4.4I with 

(f) (z) = 0, z = 0, a =e , 

(3-31) m 

f(z,w) = Q l >(m ,A;z,v(m ) +w), \w - <f> (z) \< S /4, p = S a /A. 
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Note that 

(3.32) f(z, w) — w if and only if E = v(mo) + w obeys equation (|3.30l) . 
One has 

(3.33) \f{z,w)-Mz)\^\Q {1) (m ,A;z,v(m ) + w)\ < \e\ 3/2 for any \w - <j> {z)\ <8 /A. 
Using Cauchy inequalities for the derivatives, one obtains 

(3.34) \d w f(z,w)\ < (VSr'N 372 < 1/2 for any \w - <fo{*)\ < V»- 
As in part (2) of Lemma 14.41 set 

M = sup \(f>o(z)\ + p a + sup \f(z,w)\, 

z z,w 

2 2 

M 1 =max(l,M ) ) ^ = 10 !o M 3 (1 + lo gjl x(100; Ml)))2 • 

We have M < 1, Mi = 1. This implies E\ > £q — s > |e| 3 / 2 . On the other hand, |/(z, o (z)) — 
<po(z)\ < |e| 3//2 - Thus, conditions (a), (f3) from the part (2) of Lemma l4.4l both hold. Therefore the equation 
f(z, w) = w has a unique solution w — w(z). Set E^ (mo, A; z) := v(mo)+w(z). The function E^ (mo, A; z) 
is defined and analytic for \z — zq\ < Sq. Moreover, 

v(m ) + Q (1) (m , A; z, E^{m , A; *)) = (m , A; z), 
(3-35) , , fn 

\E^(m ,A;z)-v(m )\ < \e\ 3 / 2 < |e|(4°) 6 . 

Clearly, (m , A; e) is a zero of det(E - H AiC ), and at e = it obeys (m , AW (m ); 0) = w(m ). 
Furthermore, det(£ — H\ jE ) has no other zeros in the disk \E - u(m Q )| < 3<^ 0) /2. Note that 

\E - v(m ) - Q^\m ,A;e,E)\ = \w-f(e,w)\ = \[w - f(e,w)] - [w - f(e, w )]\ 
(3.36) > min d w [w - f(e,w)]\w - w Q \ > - w \ = \\E - E^(m , A; e))| 

w a = E^ (m , A; e) — i>(m ), w = E — v(mo). 

Combining (13351) with f3351) . one concludes that \\(E - i^A.e) -1 1 < C Ha JE - £?W(m , Aje))!" 1 . Hence, 
Idet^-iJA^)!" 1 < C HAte \E-EW(mo,A]£))\- 1 . Therefore, E^(m , A;sj is a simple zero of det(E-H AtS ). 
To verify ([3"TT5]) note that 



(3.37) 



|u(™o) + Q (1) (m ,A;e,S)-£; (1) (mo,A;e)| = |Q (1) (m , A; e, £) - Q (1) (m , A; e, (m , A; E )) | 

< [sup \d E Q W {mo, A; e, - (m , A; e) |. 



Recall that |<9£;Q (1) (mo, A;e,J5)| < |e| if \E - v(m )\ < <5 /8. This proves (4) in case s = 1. 

Let (4 X) ) 4 < \E - E^(m ,A;e)\ < <5 /16. To verify (5), we apply Lemma CHI with A 2 := {m }, 
Ai := A mo . One has 

\v(mo) -E\< \v(m ) - E^{m , A; e)\ + \E - E^(m , A; e)\ < e + S /16 < 6 /8. 
Therefore, the matrix JL\ mo is invertible and 

(3.38) I k a1 ( m > n )\ ^ sd^t^oMVA^o ( m > n )- 
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Furthermore, using (|3.19p . one obtains 

|JT 2 | := |M(m 0) m )-r 2]1 JC A -i o r li2 i = \E - v(m Q ) - Q (1) (™o, A;e,E)\ 

>\E- EF> (m , A; e) | - \v(m ) + (m , A; e, E) - (m , A; e) | 
(3.39) i 

>\E- ( TOo , A; e) \ - \e\\E - (m , A; e) \ > ± \E - (m , A; e) \ > (6^/2, 

\H2\- 1 < 2exp( J D(m ;A)). 

Thus, all conditions of Lemma 12. 141 hold. So, Si a is invertible and 

(3-40) I^A~ 1 ( m > n )l - s D,T,K ,Eo;A( m ' n )- 

This proves (5) in case s = 1. 

Assume now that s > 2 and statements (l)-(5) hold for any matrix of class '(m, A^ s )(m);<5o) with 
1 < s' < s- 1. 

Note first of all the following. Let e,E e C be such that |e| < e s ^ 2 and |iJ (s_1 ) (to , A (s_1 ) (m ); e) — -E| < 
2(5^ s_1 ' ) . Assume that s > 3. Let m G M^ 1 ) be arbitrary, m 7^ mo- Then, using (|3.1ip from condition (e) 
in Definitionl3.il one obtains 



|£< s - 1 >(m ) A( s - 1 )( m ) ;£ )- £ | < {M + 2j( s - 1 '<2f 2) ) 
( "" 4J ' \E^- 1 \m,A^- 1 \m);s)-E\ > 36^ - 26^ = > (4 S " 1) ) 2 . 

Similarly, let 1 < s' < s — 2, m £ M(s') be arbitrary. Then, using (|3 . 1 1 1) from condition (e) in Definition 13. 11 
one obtains 

\E^'\m,A (s '\m);e) - E\ < S^''^ +25^ < 3<5 s '~ 1} /2, 
(3 ' 42) \E^\m,A {s '\m)-e)- E\ > 5^/2 - 25^ > S { / ] /A > (4°) 2 - 

This means that the inductive assumption applies to -ffA< s ')(m) s m * ne r0 ^ e 01 ^A,e and to the value E, so 
that (l)-(5) hold. In particular, each 3^A( s '),e( m ) E E — ^A< s '),e( m ) £ m 7^ m o is invertible. Furthermore, 
obviously, the inductive assumptions apply to M A ( S -i)( mo ) i£ in the role of H\ e and to the value E, so that 
(l)-(4) hold. In particular, 3CaC— i>(mo)\{m },e := ^ _ ^A(-i)( roo )\{mo}, E is invertible. Moreover, 

I^A^OfmJ.e^'f)! - S D(-;AC»')( m )),r, K0 ,| E |;A TO0 ( a; >y) 5 
l ?C A(*- 1 )(mo)\{mo},e^ :E '^l ~ S £>(-;A(— (m )\{mo}),T, Ko ,kl ;AC*-D (m )\{™o} fa' ^) ■ 

For s = 2, one arrives at the same conclusions using (|3.10[) instead of p. lip . Due to (|3.18[) . 

lE^^mcAf'-^mo)^) - v(m )\ < \e\ < 5 /64. Recall also that | v(n) — u(too)| > Sq/16 for 
any n G A \ (Ui< s << s U™eM( S ') A(s '' M) ■ This implies |£ - w(n)| > S /32 > 5$ for any n G 
A \ (Uks'< s UmeM(s') A ' s '' ( m )) ^nce I^^Vo, A^Vo); e) - E\ < 26^ < S Q /64. Let again 
A mo = A \ {too}, D(x;A mo ) = D(x; A^ s '(m)) if x G A^ s ■'(m) for some s' < s — 1 and some to G M(s'), 
to 7^ too or if x G A^" 1 ) (too) \ {too}, -D(a;; A TOo ) = 41og5 ~ 1 ; otherwise just as in part (1) of the current propo- 
sition. Due to the inductive assumptions, D(-;A^ S '{rn)) G 9AC*')( m ) t,k > 1 — s ' — s ~ 1> TO € M(s'), m 7^ mo, 
and also £>(■; A (s_1) (to ) \ {m }) G SA(.-i)(m„)\{m„} ! T, K „- Due to LemmaEE! D(-;A mo ) G SA mQ ,7> - Due 
to condition (d) in Definition 13.11 one has /XA(mo) > i2'*). So, 

Z?(m ;A) =41og(^ s) )- 1 =41ogexp((logi? (s) ) 2 ) = 4(logi?( s >) 2 < (ijW) 1 / 5 < ^a(to ) 1/5 . 

Hence, D(-;A) G 9a,t,k - Due to the inductive assumption, max I ^ ra D(3;;A( s ')(to)) < log4(<5 s ' _1) )- 1 for 
any s' and any m G M(s'). Due to the definition, Z?(to; A^ s ^(to)) = log4(<5Q 15 if m g M(s'). Thus, 

max^ mo D(x;A( s ')(TO)) < log4(4* -1) ) -1 - This finishes the proof of (1),(2). 
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Due to Proposition 3^A m >e = E — H^ m e is invertible and 

( 3 - 44 ) I^A^.e^-y)! ^ s D(,A rao ),T,«o,e ;A rao (a;,!/)- 

Just like in the case s = 1 one concludes that 

|Q^(m ,A; £ ,£;)|<| e | 3 / 2 , 

(3 45) where Q^^mo, A;e, E 1 ) := e 2 ^ h(m ,m)K^ (m,n, A mo ; e, E)h(n,m ), 

m,n£A mQ 

A** ;e,£) := JC^ (a:, y). 
The functions K t -- S \m 1 n, A mo ; e, QW(mo, A;e, £J) are analytic in the domain 

(3.46) |e|<e a _ 2 , |£( s - 1 )(ro ,A( 8 - 1 )(m );£)-£|<2j( s - 1 ). 
To verify the first estimate in (|3.15[) . we write 

Q( s )(m ,A; £ ,i?):= £ 2 [ E + E + E + E 1 

(3.47) m,n£Ai m,ngA 2 me Ai ,n£ A 2 ?rieA 2 ,n£Ai 

/i(m , m)5C^ (m,n)h(n, m ) := Qi,i + Q2,2 + Qi,2 + Q2.1, 

where A 1 := A' s_1 )(mo)\{TOo}, A 2 :=A mo \Ai = A\ A' s_1 )(mo). We invoke the Schur complement formula 
with these Ai, A2, 



IKj^ 1 + IKj^ 1 Ti 1 r2,i3^i 1 —'K 1 1 T\ 2H 2 1 



-H 2 1 T 2 ,i^K 1 1 



For x,y E A±, one has 

(3.48) oq^{x t y) = [^(i- 1)(mo)Umo};E ](^y) + [^- 1 ) (mo )\{ m o},e r i.24- 1 r2a^ ( L 1 , (mo)Umo} ,J(^2/) ! 

where iT 2 := \A(-D(m„), £ " r 2,i M At-i)( mo )\{m }, e ri > 2 - This implies 

|Q (s) (to , A;e,E) - <3 (s_1) (m , A (s_1) (m ); e, £)| < £ 2 E exp(-K |m - m| - rc |n - m |)x 

m,n^Ai 

(3 ' 49) l[^- 1 ) (mo )\ {mo} ,e r i^2- 1 r24^- 1)(mo)Umo} ,J(-,-)| + |Q 2 , 2 | + |Q 1)2 | + IQ24I 

:=i2i,i + 102,21 + |Qi l2 | + |0 2 ,i|- 

Once again, since all conditions of Lemma 12.141 hold, one can invoke (|2.37[) . 
Using the estimate (|2.37p . combined with the estimate (|2.16l) . one obtains 

< |e| 2 exp(~K()\mo — m\ — Ko\n — mo\)x 

m,n£Ai 

El £ l 9_1 E W DtK0 (r/) < \e\ 2 ^2 exp(-K |m - m| -K \n-m \)x 

(3.50) q >3 yer£% K (m,n;q,A) m '" eAl 



Ei-r 1 E 



<?>3 



where r^'^ Kq (m, n; k, A) = U (>1 T^'r^ (m, n; fc, A), r^'y ^ (m, n; fc, A) stands for the set of all 7 g 
ffl,T^o( m . n;k,A) such that 7 = 71 U 7^ • • • U 74+1 with jj E T DptT>Ko (A p ), 7- € T DgtTtKo (A g ), p ^ q. 



Ter^'^ (m,n;g,A mo ) 



15 

exp ( -— kqIItII +max(5(7),4T«; - 1 ) 



(P,9,t) 
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Note that for any m, n and any 7 € r^'y (m, ra; g, A mo ), we have 

D( 7 ) < max < log4(# _1) ) _1 = (ie ( ' -1) ) 1/4 



2 log 2, 



I mo - m| + ||7|| + \n - m | > 2/j A(8 - 1)(roo) (mo) > 2i? (s x) 

(the second estimate here is due to condition (d) in Definition 13. ip . Combining these estimates with (|3.50jl . 
one obtains 



%<N 2 Er E 

<?>3 7er(m ,m ;g+2,A), ||7||>2i?( s 



15 ,1 , 



(3.51) 



9>3 



?(»-!) 



E 

7er(m ,m ;9+2,A) 



exp I -jKo||7l 



<| e | 8 /a e x P (-K ii(- 1 ))<| e |(^- 1 )) 8 



(here we used (|2.25|) from Lemma [2.61 and \e\ < £0). The estimation of the rest of the terms in Q3.49P is 
completely similar. So, the first estimate in (13. 15)) holds. The second estimate in (|3 . 1 5[) follows from the first 
one combined with the inductive assumption and Cauchy estimates for analytic functions. This finishes the 
verification of (3). 

Let us turn to part (4). Suppose jE 1 ^ -1 ) (m , A^ -1 ) (m ); e) — E\ <25( S ~ 1 K Due to the Schur complement 
formula, := E — H\ is invertible if and only if 

(3.52) H 2 = E-v(m )- E (~ eh ( m o, m))K {s) (m, n, A mo ; e, E)(-eh(n, m )) ^ 0. 

In this case, 



m,TiEA r( 



(3.53) 



3f ,, 



-H 2 1 T2 1 !K A 1 



Ho 



'2 

t 2 ± 2,1^A„ 

In other words, if \E^ S ~ 1 ' ) (m , A^ s_1 ^(mo); e) — i?| < (5^ s_1 ', then E G specHA, e if and only if it obeys 

(3.54) E = v(m ) + Q is) (m ,A;e,E). 

To solve the equation (|3. 541) . we again invoke part (2) of Lemma 14^41 We set 

<M*0 := ^ Hi A (s_1) (m );e) - i>(m ), z := e, z := 0, w := £ - w(m ), cr :=e s _i, 
/(z, W ) = Q( s )(m ,A;e, W + «(m )), |w - 0o(z)| < 2^ s " 1 \ p = 5^. 
Note that due to equation (|3.17|) with (s — 1) in the role of s and the first estimate in (|3.15[) . one has 
\f(z,<f> (z))-Mz)\ 

= \v(m ) + Q (s) (m , A; z, B^^mo, A^ 1 ) (mo); z)) - £ (s ~ 1} (m , A^ (m ); z)\ 
= \v( mo ) + Q^(m ,A;z,E( s - 1 \m ,A^- 1 \m );z)) 

- l\v(m ) + Q {s - 1] (m , A^- 1 ' (m ); z, S^ 1 Vo, A (s_1) (m ); z))]| 

As in part (2) of Lemma l4~4l set 

M = sup 1 0o (s) I + Po + sup w)|, 

2 Z,W 

2 2 

M 1= max(l,Af ), ^1 = 10l o M 3 (1 + lo g(lx(100, Afr)))^ ' 



(3.56) 



28 DAVID DAMANIK AND MICHAEL GOLDSTEIN 

One has M < e + Pa + £o < 1- This implies e\ > ° 10 i 2 > (<5 ) 6 . Due to part (2) of Lemma \4~4\ 
the equation f(z,w) = w has a unique solution, which we denote by w — E^(mo,A;z) — v(mo). The 
function (mo, A; z) is defined and analytic for \z — zq\ < <7q — £i, and it obeys equation (|3.54p . Note that 
cr — £\ > e s . Due to part (2) of Lemma l4~4l one has 

\E^(m ,A;z)~E^(mo,A {s - 1] (m y i z)\ < 10 3 (l+log(max(100, M 1 ))f\f{z, M*))~<h Ml < |e|(*o* _1) ) 8 - 
This validates ([3T8]) . Next, 

|«(m ) + Q (s) (™o, A; e, 23) - P (s) (mo, A; e) | = \Q (s) (m , A; e, E) - Q( s ) (to , A; e, P^ (m , A;e))| 
< [sup \d E Q^ (to , A; e, E)\]\E - P (s) (n<°> , A« ;e)\<\e\\E- 23« (n<°> , A« ; e) |, 
which validates (|3.19p . 

The validation of part (5) goes just the same way as for s = 1. Thus, (l)-(5) hold for any s. 
We will now verify (6). Since E = E^(mo, A; e) is a simple zero of det (23 — Ha,b), the operator 

(3-57) P(TO ,A;e) := Res(P - l?A, E )" 1 | B= BW( m0l A; £ ) 

is a one-dimensional projector on the eigenspace corresponding to E^ (m , A; e), which is called Riesz pro- 
jector. Due to (|3.53l) . one has 

(e - 22 Aj£ )- 1 (n, to ) = - jq^r^H- 1 

= _ ^Ai ,e(^m)h{m imo ;e){E -v(m ) - Q (s) (m Q , A; e, E))- 1 

(3.58) meA mo 

= -F {s) (m ,n 7 A mo ;e,E)(E~v(m Q ) - Q {s) (m , A; e, 23)) _1 , n ^ m , 
(B-ifA^-^mo^o) = (S- t ;(TOo)-Q^(^o,A;e,P))- 1 . 

Hence, 

(3.59) P(to , A; e)<5 ro0i . = Res[(P - «(to ) - Q (s) (™o, A; e, 23))" V (s) (A; e, E)]\ E 

=£(")(m ,A;e), 

where ^ s )(A;e,23) := (^( s > (n, A; £, P))„ eA , <fi (s) (m , A; e, P) = 1, (n, A; e, 25) = — pW(mo, n, A; e, 25), 
n =^ mo. Recall that (23 — v(too) — Q^(mo, A; e, P))" 1 has a simple pole at 23 = E^ s \niQ, A; e). Therefore, 

(3.60) P(m , A; e)<J mo ,- = Res[(23 - v(m ) - Q (s) (™o, A; e, E))' 1 ] U = M*)(rn ,A ;E )¥> (s) (A; e), 

where ^ s \A\e) is defined as in part (6). Since Res[(23 — v(m ) — Q^ s \mo, A; e, 23))~ 1 ] |B=E(")(mo,A;e) 7^ 0' 
P(too, A; e)<5 mo ,. ^ 0. Hence, P(to , A; e)<5 m0i . is an eigenvector of Pa i£ corresponding to P^ (to , A; e). 
Therefore, y>W (A; e) is an eigenvector of 22a, e corresponding to E^ (too, A; e). The estimate in (J3T2TJ) follows 
from (j3~16l) . The identity in (|33T|) is just the definition of ip^ (m , A; e). To verify ||P(to , A; e)S mo \\ > 2/3, 
note that \d E (E - u(m ) - Q {s) (m 0) A; e, 23)) | < 3/2. Hence, 

| Res[(P - w(to ) - g (s) (TO , A; e, P))" 1 ] | B=jE ( s)(m0!A;e) | 

(3.61) , 

= |9 B (23- «(mo) - Q W (mo,A;e,S))| B=BW ( m0)A!e )r > 2 A 

This implies the desired estimate. Finally, using p,16[) and (13.181) . one obtains 
(3.62) 

|y>« (n, A; e) - (n, A^ _1) (m ); e)| < sup |P< S > (to , n, A; e, E) - F^ (to , n, A^toq); e, P) | 

S 

+2 sup |d B F (s '> I |P (s) (to , A; e) - P (s ~ 1} (m , A^ 1 ' (to ); e) I 

E,s' 

< Wexpi-KoRt-V) + \e\(St 1} ) 5 < 2M(<5 S ~ 1) ) 5 
for any n <E A( s_1 )(mo), as claimed in p.22[) . □ 
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Using the notation of (I3.1I) - (|3.4I) . assume that the functions h(m,n,e), m,n £ A depend also on some 
parameter k £ (fcijfo), that is, h(m,n;e) = h(rn,n;e,k). Let 

(3-63) H A , e ,k ■= (h(m, n; e, k)) m neA - 

Assume that H A<eik belongs to the class "N^ (mo, A; 5o) . Denote by K^ s \m, n,A mo ;e, k, E), 
Q^ s '(mo,A;e,k,E), E^(mo,A;s,k) the functions introduced in Proposition 13.31 with -ffA,e,fe in the role 
of H AjS . Later in this work we will need estimates for the partial derivatives of these functions with respect 
to the parameter k. 

Lemma 3.4. (1) Let H k — (h(x,y;k)) x ,y£ A be a matrix-function, k £ {k\,k2). Let E £ C \ 
Ufeerfcj k 2 ) s P eQ Hk, so that (E — H k y x is well defined for k £ (fci,^). If Hk is C 1 -smooth, then (E — Hu)^ 1 
is a C 1 -smooth function of E, k 

, s d k (E-H k )- 1 = (E-H k )- 1 dkHk{E-H k y 1 , 

(3.64) 

dEiE-Hk)- 1 = -{E-H k y 2 . 
If H k is C 2 '-smooth, then (E — H k ) * s a C 2 -smooth function of E,k and 

d 2 k (E - H k )~ x = 2(E - H k y 1 d k H k (E - H k y x d k H k (E - H k y l + (E - H^dlME - H k )-\ 
(3.65) d% k {E - H^- 1 = (E- H k )- l d k H k {E - H k y 2 + (E - H k y 2 d k H k (E - H k y\ 

dUE-Hk)- 1 =2(E-H k y 2 . 
(2) Let i?A,£,fc be as in p. 631) . Assume that for any E £ (E',E"), we have 
(3-66) \(E ~ H A ^ £ik y 1 (x,y)\ < S D (.;A),T,K ,\e\;A(x,y), x,y £ A, 

where D £ Sa,t,k - Assume also that h(m,n;e,k) are C 2 -smooth functions that for m ^ n obey 
\d a h(m, n; e, k)\ < Bq exp(— Ko|m — n\) for \a\ < 2. Furthermore, assume that there is vtlq £ A such that 
\d a h(m, to; e,k)\ < Bq exp(fto|m — mo] 1 ^ 5 ) for any m £ A, < \a\ < 2. Then, for any multi-index \(3\ < 2, 
we have 

(3.67) \dP(E - H A ^ k y\m, n)\ < (3B )^ exp(|,% |m - mo| 1/5 )D^J. )iTire0) | E |. A (TO, n), to, n £ A; 
see Lemma \2.2(A 

Proof. (1) Let k £ (fci, k%) be arbitrary. For sufficiently small \k — ko\, one has \\H k — H ko \\ < M(k )\k — ko\, 
where M(k ) = 1 + \\d k H k \ k=ko \\. In particular, \\H k - H ko \\\\(E - H^W < 1/2 for sufficiently small 
\k — ko\. Hence, 

(E H,)- 1 -(E- H^y 1 = J> - H ko y l [(H ko - H k ){E - H ko y x f 

t>i 

= (E — H^y 1 ^ - H k )(E - H^y 1 + R(k, k ), 
(3 - 68) Wk, k Q )\\ < - H^yY^WHk - Hk 



I 

t>2 



<\\(E- H^y'fWHk - ff fc J 2 ]T 2"' < C(k )(k - fc ) 2 , 



whereC(fco) = 2M(k ) 2 \\{E~ H^y 1 ^. This implies the first identity in (|3~M|) . The derivation of the other 
identities is similar. 

(2) This part follows from part (1) combined with Lemma 12.201 and with the definitions in (|2.30p of 
Lemma [231 □ 



Lemma 3.5. Assume that H A<etk G (too, A; So) . Then, 

(1) If h(m,n;e,k) are ^-smooth functions of k, then K^ s \m,n,A mo ;s,k,E), Q^(mo,A;e,k,E), 
E^(m ,A;e,k) are C -smooth functions of all variables involved. 
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(2) Assume that h(m,n;e,k) obeys conditions in part (2) of Lemma \3.4\ Then, for a = 1,2, we have 

(3.69) \d^(m ,A;e,k,E)\ < (3B ) a |e|2)S(.jA\{mo,mo}),T,«o,| e |;A\{m„}(»no) < (35o) Q |e| 3/2 , 

(3.70) \d%EM(m ,A;e,k)-d%v(m ,k)\ < (3B Q ) a \e\ 3 / 2 . 

Proof. It follows from Lemma 13.41 that K^(m,,n,A mo ;e,k,E) is a C*-smooth functions of all variables 
involved. Therefore, (mo, A; e, k, E) is C*-smooth. Due to the implicit function theorem, E^ s '(mo, A;e, k) 
is C'-smooth. 

Using (|3.64[) from Lemma l3~4l (|3. 12[) from Proposition 13.31 and (|2.30[) from Lemma [2~9l one obtains 

\d k Q {s) (m ,A;e,k,E)\ = d k ^ h(m ,mi;s,k)(E - H Am():etk y 1 (m 1 ,ni)h(n 1 ,n 2 ;e,k) 

(3.71) m',n'eA mo 

< 3BQD«. M{mo}))T)Ko!|e| . AUmo} (m ) < 3S |e| 3 / 2 . 

This verifies l|3.69p for a = 1. The verification for a = 2 is completely similar. 
Differentiating equation (|3.17|) . one obtains 

[d k E {s) (m , A; e, fc) - d k v(m , k)](l - E Q (s) (m , A; e, fc, £)| iS= . B (.)( mo ,A; e ,k)) 

= d E Q {s, (m , A; e, k, E)\ E=E(s)(moA . £k) d k v(m , k). 

Combining (|3 . 72[) with (|3.69[) . and taking into account the estimate for \8eQ^ (mo, A; e, k, E)\ from (|3.15[) . 
one obtains the estimate (|3.70p for a — 1. The derivation for a = 2 is completely similar. □ 

Let Ha , e , j = 1,2, be two matrices belonging to the class ZNT^ S 5 (mo, Aj, So) with the same principal point 
too. Let v(n,j) be the diagonal entries of H A . e . We assume that v(n, 1) = v(n, 2) for n E Ai n A2. Let 
(Aj ■; e) be the eigenvalue defined by Proposition 13.31 with H Aj£ in the role of Ha,£, j = 1,2. One has 
the following: 

Corollary 3.6. 

(3.73) \E^(m Q ,A 1 ;e)-E^(m Q ,A 2 ;e)\ < \e\(S ( s) ) 5 . 

Proof. Note first of all that to + B(B,'- s) ) c A 2 n Ai. Let <pW(Ai;e) be the vector defined in part (6) 
of Proposition 13.31 with H Al , s in the role of Ha i£ . Set ^ s ^(A2;e)(n) = tp^ (Ai; e)(n) if n G A2 fl Ai, and 
<p( s ' (A%] £)(n) — otherwise. Since mo + B(RS S >) C A2 fl Ai, one obtains using (|3.2ip from Proposition 13. 31 
\\(E^(Av,E)-H A2 ,e)0 (s) ( A r,£)\\ < exp(-fB^). This, along with (|3"^D again for normalization purposes, 
implies 

(3.74) dist(£M(mo,Ai; £ ),specffA 2)E ) < exp (~R (s) ) ■ 

Recall that due to Definition 13.11 and (|3.18p from Proposition 13. 3[ there exists A^ s ^ such that ff A («-i) g G 
Nf'-^KA^Vo), and 

(3.75) [^(mo.A^eJ-^-^fmo.Aj- 1 ^)! <| e |(4* _1) ) B , J = 1,2. 



Using induction and combining (I3.74p with part (4) of Proposition 13.31 and with (|3.75p , one obtains the 
statement. □ 
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4. Implicit Functions Defined by Continued-Fraction-Functions 
In this section and later in this paper we use the following notation: 

(4.1) n(zW t I*Q) , z<°> = (*i°U 0) . ■ • • , 4 0) ) > *j 0) e C 1 , j = 1, 2, . . . , fc 

(4.2) i?(°) = (4 0) ,4 0) ,...,i2< 0) ), J2< 0) >0 

for the polydisk Jl ©(z (0) , i?j 0) ) C C fe , where D(C, r) - {z G C 1 : |z - C| < r}, (eC 1 , r > 0; 
i<j<fc 

(4.3) S{a,(3;p) = {z EC 1 :Rcz E{a,(3), \lmz\<p), 
a < (3; p > 0; 

(4.4) £(<7,Pi,Po) = {(*,«>) € C 2 : z e S(a,0; Pl ), \w - g(Xz)\ < Po } , 

(4.5) ^r(5,Po) =«C(ff,pi,p )n(RxR) ) 

where gr(a;) is a real function defined on the interval (a,/?) (£r(<7, po) obviously does not depend on p\); 

(4.6) L(g, V, P ) = {(z,w)eC 2 : z E D, \w - g(z)\ < p) , 

where g{z) is a complex function defined on the domain D. 

We start with the following quantitative version of the implicit function theorem for complex analytic 
functions. 

Lemma 4.1. Let F(z,w) be an analytic function defined in the polydisk I^zo, wo! r o, r o) := T>(zo,ro) x 
D(wo,ro). Assume that the following conditions hold: (a) F{zq,wq) = 0, (b) r := |c\u-P] (2 , „ o) | > 0. Set 
r = T 2 r%/(16M ), r' = Tr 2 /(2M ), where M := supy (zo ^ o;ro ro) \F(z,w)\. Then, for any \z - z \ < r, there 
exists a unique w = 4>{z), \<j){z) — w \ < r' such that F(z,(f>(z)) = 0. Moreover, <p(z) is analytic in the disk 
D(z ,r) = {z : \z - z \ < r}. 

Proof. Due to Cauchy estimates for the derivatives, one has |<9 2 „,F| < 8M rQ 2 for any (z,w) E D(zo, r o) x 
T)(wo,r /2). This implies 

\F(z ,w)\ = \F(z ,w)-F(z ,w )\ 

> \9 W F { \\w - w \ - ^- ( sup \d 2 ww F\ j \w- w \ 2 

z \\w-w \<r /2 J 

> t\w — wq\/2 

for any \w — wq\ < Tr^/2MQ. This implies, in particular, that wq is the only root of F(zq, •) in the disk 
\w — Wo\ < rr 2 /2M . Once again, due to Cauchy estimates for the derivatives, one has \d z F\ < 2M r^ 1 for 
any (z,w) E T>(z ,r /2) x D(w ,r n ). Hence, for any \z — z \ < r and any \w — wq\ = t7q/(2Mo), one has 

\F(z,w)-F(z ,w)\ < I sup \d z F\)\z-z \ 

\\z— zo\<ro/2,\w—u>o\<ro J 

< 2M rr 1 
= r 2 rH% 

= t\w-w \/A< \F{z^w)\j2 < \F(z ,w)\. 

Due to Rouche's Theorem, the function F(z, •) has exactly one root in the disk \w — wo\ < tTq/2Mo for any 
\z — z \ < r. Denote this root by <f>{z). By the residue theorem with r' — rr 2 /2M , one has 

1 I F w (z,w) 

<t> w — — dw — 4>iz) 

2tt« J\ w - Wo \=r' F(z,w) 

and the analyticity of (f>(z) follows. □ 
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We proceed with the derivation of a somewhat stronger version of this statement, where condition (a) is 
being replaced by (a') \F(zq, wq)\ < e with sufficiently small e. For that we need the following version of the 
Harnack inequality. 

Lemma 4.2. Let f{x) be analytic in 2)(z ,ro) and non-vanishing in T>(z ,ri) with < r\ < r . Assume 
that 

K :=sup{|/(z)| : z € 1>{z Q ,r )} < oo. 

Assume also that 

(4.7) |/(z )| > K-\ 

Then. 

|/(C)| <exp(4)|/(z)| 
for any z, ( G D{z n , r 2 ), r 2 = (1 + log(max(100, K)))~ 2 ri . 

Proof. Assume first that K > 100. The function u(z) := log if — log |/(z)| is harmonic and non-negative in 
f (•Zojfo)- Applying Harnack's inequality to it in T)(zo,ri) yields 

[1 - 2(1 + log K)- 2 ] (log K - log |/(z )|) < log if - log |/(2)| 

< [1 + 3(1 + log K)- 2 ] (log K - log |/(z )|) 

for any z G D(zo,r 2 ). Hence, using (|4.7|) and K > 100, this implies that 

-2 -log |/(zb)| <- log |/(z)| <2-log|/(z )| 

for any z G D(zo,r 2 ), and the lemma follows. 

Assume now that if < 100. Set f(z) = Xf(z) and A = 100/ K , so that 

if := sup{|/(z)| : z e D(z ,r )} - 100. 

Then, |/(z )| > 100/if 2 > 1/100 = 1/K. Thus, f(z) obeys the condition of the lemma with K = 100. By 
what we saw above, this implies 

|/(C)| <exp(4)|/(z)| 

for any z,( 6 1>(zq ) r-z), r% = (1 + log 100)~ 2 ri. Replacing here /(•) by A/(-), one obtains the statement. □ 

Corollary 4.3. LetF(w) be an analytic function defined in the disk D(wo,ro) . Assume that tq := Ic^-Fj^ | > 
0. Assume also that Mq := sup^^^ |-F(?«)| < oo. 

(1) If \F(w )\ < r o r o /(200(l + log(max(100, Ai ))) 2 ), then there exists w' G D(w ,2ri) with r x = 
100(l + log(max(100,M ))) 2 T ( 7 1 |F(w )| such that F(w' ) = 0. 

(2) If\F(w )\ < (min(l,ro)) 2 (min(l,r )) 2 /(200max(l,Aio)(l + log(max(100, Ai )))) 2 , then F{w) ^ 
for any w G D(wo,7q) \ {w' } with r' Q = min(l, To)(min(l, ro)) 2 /(8 max(l, Mo)). Moreover, w' is a 
simple zero of F. 

Proof. (1) Set r 2 = n(l + log(max(100, M ))) -2 - One has n < r /2, r 2 < n/8. Set Mq = 
max| tlI _, i , | =ri |F(w)|, Mq' = maxi w _ Wo i =r2 |F(u>)|. Due to the Cauchy inequality, one has Mq > r 2 TQ. 
So, |_F(wi)| > r 2 T for some \w\ — uwq| = r 2 . Set Ao = (^tqMq)" 1 / 2 , <?(«;) := Ao-FXiu). Then, 

M := sup = AoMq, 

jiiGD(u>o-^i) 

> A r 2 r = 1/(A M£) = 1/M . 

Note that, 

IgMMwoT 1 = {Fiw^WFiwoT 1 > r^F^T 1 = 100 > exp(4). 
Due to Lemma 14.21 g(w) must vanish at some point w' G D(w\,ri). Clearly, w' G D(u>o,2ri). 
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(2) Assume now that \F(w a )\ < min(l, r ) 2 min(l, r ) 2 (200 max(l, M )(l + log(max(100, M ))))~ 2 . Then, 
r' < ro/2. Using Cauchy inequalities, one gets for any w € D(wq, r' ), 

\d w F\ > \d w F\ w=W0 \- sup \d 2 w w F\\w - w \ > r - 4r^ 2 M r' > r /2 

V(z ,r a /2) 

and 

K^l < 4r - 2 M n . 

Let |m' — u>o| < t'q. One has 

1^01 = 1^0-^0)1 

> \d w F\ w = w > \\w' - w' a \ - i sup |<9 2 jM ,F| |u/ -w^| 2 

>r |u/-^|/2-^V-^| 2 

> \ w - w o\ {j-^r r o 

provided that w' ^ w' . Moreover, this calculation shows that w' is a simple zero of F. □ 

Lemma 4.4. (1) Let F(z,w) be an analytic function defined in the poly-disk D(zo, u>o;PO) r o) := {z G 
C : \z — zq\ < po} x {w G C : \w — u>o| < ?"o}. Assume that the following conditions hold: 
(a)T O :=\d w F^ ow J>0, 

(b) 

I p, v ]<r _ T 2 (min(l,r )) 2 

1 lZ °' W0jl " 61 10 8 M 2 (l + log(max(100,M ))) 2 ' 
ri = min(l,r ), M x = max(l,Af ), where M := sup T{zoWOtPoro) \F(z,w)\. Set r = 
ei(min(l,poj ro)) 2 /Mi. Then, for any \z — zq\ < r, there exists a unique <j)(z) = w, \w — wq\ < 
r\ := 400(1 + log(max(100, M ))) 2 (ri) _1 ei 7 such that F(z,w) — 0. For z — z , we have 
\<P(zq) — wq\ < 400(1 + log(max(100, Mq))) (t\) \F(zq, wq)\ . Finally, <fi(z) is analytic in the disk 
D(z ,r). 

(2) Let (f>o(z) be an analytic function defined in the disk T)(zo,o~q), < o~q < I, and let f(z,w) be an 
analytic function defined in the domain £>(4>o, 1>(zo, ao),po), < pa < 1. Assume that the following 
conditions hold, 

(a) sup z w \d w f \ < 1/2, 

2 2 

\f(z, M*)) M*)\ < * := 10 io M 3 (1+lo g; n ; ax(100;Ml)))2 

for any z € D(z ,e Q ), where e < 00 — Po, Mi := max(l,M ), M := sup z |0o(^)| + Po + 
sup Z:U) \f(z,w)\. 

Then, for any \z — zq\ < £q, there exists w = 4>(z), 

\<f>(z)~M^)\ < lO 3 (l + log(max(lOO,Mi))) 2 |/(2,^o(^))-0o(^)|, 

such that f(z,(f>(z)) — <f>(z). Furthermore, 4>(z) is analytic in the disk 2)(zo,£o — Finally, 
w ^ f{z,w) if \z - zq\ < s , \w - <fo(z)\ < po and w ^ <f>(z). 

Proof. Let \z — Zq\ < r. Due to Cauchy inequalities, \d z F\ < M\/po, \d 2 W F\ < Mi/po^o- This implies 

(4.8) \F(z,w Q )\ < ei + Mtlz-zol/pu < 2ei, \d w F\ z>Wo \ > r - M x \z - Zo\/p r > n/2. 

Therefore, Corollary 14.31 may be applied and it follows that there exists w € T)(wo,2f) with f = 100(1 + 
log(max(100,M ))) 2 (ri/2)- 1 |F(2,w )| < n/2 such that F(z,w) = 0. Moreover, F{z,w') ^ for any 
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w' e V(wo,r' ) \ {w}, where r' = (ri/2) min(l, ro) 2 / (8Mi) > r\. Set <f>{z) = w. To finish part (1) we have 
to show that <f> is analytic. By the residue theorem, 



1 

2ttI 



F w {z,w) 
w— -dw = <p(z), 

\w — wo\=ri r(Z,W) 



and analyticity follows. 

To prove part (2), set F(z,w) :— w — f(z,w). Then, |<9u,F| > 1/2 for any (z,w). Further- 
more, sup z w \F(z,w)\ < sup z \cj>o(z)\ + po + sup zw \f(z,w)\ < Mi. Let z' Q e D(z ,eo) be arbitrary, 
w' := (/)q(z' q ). For z G D(z' , p /2), one has \d z (f>o\ < 2pg 1 M , due to Cauchy estimates. Hence, 
|k;-^o(z)| < \w-w' Q \ + \(f>Q(z)-(l)o(z' Q )\ < cr , provided that | w-w' \ < <j q /2 =: r' , \z-z' \ < aopa/AMi =: p' . 
So, the function F(z, w) is well-defined and analytic in the poly-disk J^Zq, w ,p , r' ). Due to condition (/3), 
one has \F (z' , w' )\ < ei, where t\ — min(r, f ) > f /2. Due to part (f ) of the lemma, applied to the function 
F(z,w) in the poly-disk D(z' , w ;p , r' ), for any \z— z' \ < r with some r > 0, there exists a unique w — 4>(z) 
such that <f)(z) = f(z,4>(z)) and \(f>(z) - w' \ < 10 3 (1 + log(max(100, Mi))) 2 \f(z, <j) (z)) - (/> (z)\. Moreover, 
4>(z) is analytic in the disk T)(z' ,r). Assume that wi = f(z,wi) for some \z — zq\ < Eq, \wi — 4>o{ z )\ < po- 
Then 



\wi - (f>(z)\ 



4>(z) 



d w f(z,w)dw < {syrp\dwf{z,w)\)\wi 



WI < \\wx 



Hence, wi — <fi(z). This finishes part (2). 

Let ai(x,u), a,2(x,u), b(x,u), g{x) be real functions such that: 

(i) g{x) is a C 2 -function on some interval (— ao,ao). 

(ii) ai(x,u), a2(x,u), b 2 (x,u) are C 2 -functions in the domain £r(<7,/?o), po < 1. 

(iii) ai(x, u) > a2(x, u) for any (x, u); 6(0, u) — for any u £ (g{0) — po, g{0) + Po) ■ 

(iv) \ai(x, u) — g(x)\ < pa/i, for any (x, u), i = 1,2; \b(x, u)\ < po/i for any x, u. 

(v) |9 u ai| < 1/2 for any (x,it), i = 1,2; |<9 U 6 2 | < |6|/4 for any (x,u). 

Consider the following equation 



□ 



(4.9) 



x{x, u) := (u — ai(x, u)) (u — a2(x, u)) — b(x, u) 2 = 0. 



Lemma 4.5. For any x € (— ao,ao), the equation (|4.9j) has exactly two solutions, C+( x ) an d C-( x )- The 
functions (+(x), C~( x ) are continuously differentiable on (— ao,ao) and obey 



(4.10) 



c(ax(x,C+(x)),a 2 (x,C + (x)) + \b(x,C+(x))\) < C+(x) < ax(x, £+{x)) + \b(x, (+{x))\, 



(4.11) 



a 2 (x,C-( x )) - \b(x,C-(x))\ < C-(x) < mm(a 2 (x,(-(x)),a 1 (x,(+(x)) ~ \b(x,C+(x))\), 



(4.12) 



g(x) - p Q /2 < C±(x) < g{x) + p /2. 



Proof. Consider the following equations, 
(4.13) 

(4.14) 



1 /2 

u = (1/2) ai(x, u) + a 2 (x, u) + ((ai(x, u) — a 2 (x, u)) 2 + 4b 2 (x, u)) 

1 /2 

u = (1/2) ai(x, u) + a2(x, u) — ((ai(x, u) — a2(x, u)) 2 + Ab 2 (x, u)) 



Note that xi x , w) = if and only if (|4.13[) or (14. 14[) holds. Denote by ip + (x, u) (resp., <p- (x, u)) the expression 
on the right-hand side of (|4.13[) (resp., (|4. 14|) ) and by r(x,u) the square root in (|4.13[) (and (I4.14P ). Note 
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the following relations, 

(4.15) max| (a^ (x, u) — a 2 (x, it)), 2|6(x, u)\ \ < r(x, u) < (ai(x, u) — a 2 (x, u) + 2\b(x, u)\) , 

(4.16) max|ai(x, u), (1/2) [ai(a;, u) + 02(2;, u) + 2\b(x, u)\] j < tp+(x, u) < ai(x, u) + \b(x, u)\, 

(4.17) a 2 (x, u) — \b(x, u)\ < (x, u) < min|a 2 (x, w), (1/2) [(ai(x, u) + a 2 (x, it)) — 2\b(x, u)|] j. 

Assume that x( x o, u a) = for some (xo,uq) £ £(g,po). Then, either uo = (p + (xa,uo) or uo = <P-(^0)Wo). 
Assume uq = ip + (xo,uo). Then, due to (|4.16[) and conditions (i)-(v), we obtain 



duX 



= |(1 - <9„ai)(u - a 2 ) + (1 - d u a 2 )(u - a x ) - d u b 2 } 



(2;o,«o) 

(4.18) > (1 - l/2)(tp+ - a 2 ) + (1 - 1/2)^4. - a x ) - |6|/4 



Oo,u ) 



>(l/4)((a 1 -a 2 ) + |6|) 



> 0. 



Thus x( x t u ) satisfies all conditions of the implicit function theorem in some neighborhood of (xq,Uq). 
Consider the equation 

(4.19) u = ax(0,u), 

u e (g{0) - po,g{0) + Po)- Due to condition (iv), ai(0,w) e I = [g(0) - p /4:,g(0) + p /4] for any 
u G (.9(0) — po,g(0) + po). Hence, u — > ai(0, u) maps Iq into itself. Since |9 u ai| < 1/2, this map is 
contracting. Therefore, the equation (|4.19p has a unique solution in Jo, which we denote by C+(0)- Clearly, 
uo = C+(0) satisfies u<j — <p+(0, uq). Due to (|4.18p . for any x in some neighborhood of xg = 0, the equation 
(|4.9[) has a unique solution (+(x) belonging to some small neighborhood of uo- Clearly, (+(x) = <p+(x, ( + (x)). 
Assume that x( x i> u l) = for some (xi,ux) € £11(3, (— ao, ceo), Po) ■ Then, due to (|4.16p and f)4. 1T[) . 

(4.20) a 2 (xi,ui) - |&(xi,ui)| < iti < ax(xi,ui) + \b(xx,Ux)\. 
Combining (|4.20p with condition (iv), we obtain 

(4.21) g(xi)-p /2<u 1 <g(x 1 )+p /2. 

It follows from (|4.21l) and the above arguments that, given (x,u) € £r(<7, (— ciq, cto), po) such that u = 
ip + (x,u), there exists a unique C 1 -function (+(x) defined on (— ao,ao) such that xi x X+i x )) = 0, C+{ x ) = 
(p+(x, ( + (x)), C+{x) = U. In a similar way we define C,-(x), x € (— ao,ao)- Let u i — C+(0) and u 2 = C-(0)- 
Then, U{ = cii(0, Ui), i = 1,2. Since u — > ai(0,w) is a contraction, \ui — u 2 \ > |ai(0,Mi) — ai(0, u 2 )\ = 
\ui — ai(0, u 2 )\. Due to (iii), ai(0,M2) > 02(0,^2) = u 2 . Therefore, u 2 > u\ is impossible. So, C+(0) > C-(0)- 
Since C+(0) ^ C— (0) , C+(^) 7^ C-( x ) for any x <E (— ctQ,ao). Hence, C+( x ) > C-( x ) for any x £ (—ao,ao). 

The estimates (j^TTUl) . (|1TTT|) follow from (|4~TC| and (|4TT7| . The estimate (|4~T2l) follows from P~TU|) . 
(liTTD . □ 

Remark 4.6. For our applications of Lemma \4-5\ we need to generalize its statement for some cases when 
the crucial conditions \d u cii\ < 1/2 in (v), due to which we can apply the implicit function theorem, fail. In 
Definition ^. 7| below we introduce inductively the classes of functions for which we need the statement. We 
need also to accommodate the case when the functions depend on some parameter 9. 

Definition 4.7. (1) Let go be a C 2 -function, < A < 1. Let a\(x,u,&), a 2 (x,u,9), b 2 (x,u,8) be C 2 - 
functions which obey the conditions (i)-(iii) before Lemma \4-.5\ po < 1/32 for each fixed 9 6 0. Assume in 
addition that \u — <ij|, b 2 , |<9"g' a2 aj|, |9"g' a2 6 2 | < A/64 for any x,u,9 and any |(ai,a2)| < 2. Set 

b 2 b 2 
f(x, u, 0, 1) = u - ai , (x, u) e L R (g,p ), f(x,u,9,2)=u-a 2 



(4 22) u- a 2 u - ai 



3$ ) r(1) A (ai,a 2 ,& 2 ) = {/(•, j):j = 1,2}, fl (1) := g , t« := Po . 
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Here, f(-,l) is defined if u — a 2 (x,u,9) 7^ 0, and f{-,2) if u — ai(x,u,9) 7^ 0. Set 3^(1) r (i) A = 

Uai a 2 b 2 i?gli) r (i) \( a i, a 2,b 2 ), = t^\x, u, 9) = ai(x, u, 9) — a 2 (x, u, 9). With some abuse of notation we 

will write f G S^i) r <i> A (/ii./2,fr 2 ) for f G 3g*i) t (i> A (ai, fl2 7 1» 2 ) fi := u — ctj, i = 1,2. 7Vo£e here that 

we do not need g to be dependent on 9. Furthermore, our "main" variables are x, u, and we view 6 as a 
parameter. Below we will sometimes drop 9 from the notation. Requirements on 9-dependent quantities are 
then implicitly assumed to hold for all 9. 

(2) Letgo(x), gi(x) be C 2 -functions on (— ao,ao) andO < p\ < po. Assume that Lin (go, Po) 3 £r((?i,pi). 

Assume also that g (0) = 51 (0). Set g (2) = {gv,gi), t (2) = (po,Pi)- Let fi G 3g(i) r (i) A (a»,i> a i,2, b\ ), i = 1,2. 
Let b(-,9) be C 2 -smooth in £r(</oj Po) ■ Assume that the following conditions hold: (a) fi(x,u) < / 2 (i,«) for 
all (x, u) G £r(#i,pi), (b) either u-a l .2 > 0, ft = (w-aj^-b^w-a^) -1 for all (x, u) G £r(<7i, pi), i = 1, 2, 
oru-a^i < 0, /j = (u-a ii2 ) - of(u - a^i) -1 /or aZZ (x,u) G £r(si,Pi), i = 1,2, (c) |/;| < (min,- Ar^) 10 
/or (x,n) G £ R (ffi,pi), (d) |b| < (min, Xr^) w , \d u b 2 \,\d e b 2 \ < (min, Xr^) w \b\, |5 2 6 2 |, |9 2 6 2 | < 
(minj At^)) 10 /or any (x,u) G £r(<7i,Pi) and any 9, (e) /j(0,u) = u — <?i(0), 6(0, u) = /or any u, i = 1,2. 
Set 

/(z, u, 0, 1) = ,/i - ^ , /(x, u, 0, 2) = ,/ 2 - ^ , 

(4.23) 72 Ji 

S$>, t(2 ), A (/i,/2,& 2 ) = {/(-, J) = J = 1, 2}. 
We say i/iai / G S^^f ^<2> A (/ii /2, o 2 ), according to the dichotomy in (6). Set 3^2)^(2)^ = 

U/ 1 ,/ 2 ,62S r g(2) ; j(2) iA (/l,/2,& 2 ), S"g(2) t (2) A = ^(V2) J A U ^W,!(2),J' <7 (/) = =1= 1 */ / € 3g(2) ^(2) A (/ 1 , H 1 ^ ) • 

(3) We define the classes of functions A inductively. Assume that 3g*t) are already defined for t = 
!,...,£— 1, where I > 3. Let <7t(a;) oe a C 2 -function on (— ao,ao), < pt+i < pt < 1, t = 0, . . . , I — 1. 
,4sswme that L R (ge- 2 , pe- 2 ) 3 £r(^_i, p^-i) . Set = (g , ■ ■ ■ , 9t-\), * {t) = (po, • ■ • , Pt-i)- ief /, G 
3^(7-i) t «-i) x (fi,i, fi,2,b 2 ), i = 1,2. Assume that the following conditions hold for all (x,u) G £r(</£-i, p^-i) , 
i = 1, 2: (a) /i(:r, u) < / 2 (x, u), (0) either f i>2 > 0, fi = - o 2 /^ 1 , i = l,2, or f iA <0, fr = fi, 2 - b 2 f~l, 
(c) \fi\ < (Amin. r^)) 10 , (d) |6| < (Amin,- r^)) 10 , \d u b 2 \, \dgb 2 \ < (Amin,- r^)) 10 |6|, |d 2 o 2 |, |5 2 o 2 | ' < 
(Aminj r^ 3 ^) 10 , (e) cr(/i) = cr(f 2 ) ( see below for the inductive definition of a(f) ). Here the functions 

are also defined inductively via = (f 2 — /i)r^ 1 V^ 2 ^. 
Set 

f{x, u, 9, 1) = h - ,/(x, u, 0, 2) = / 2 - ^, 

(4.24) J2 ./1 

3^ )itW , A (/i,/2,6 2 ) = {/(-,i):j = l,2}. 
We say t/iat / G 3^(i) = ^) A (/i, /2, & 2 ), according to the dichotomy in (b). Set S^ij^o A = 

U/l/2,6 2 3^ ) r (f )jA (/i,/2,o 2 ), 3g2) ;t w ;A (/i>/2,& 2 ) = 3^}^) A (/i,/2,& 2 ) u 3gw \{h,h,b 2 ), 3^) t( £) A = 

5i1o,l(0,A U ^V.U.A' ^(/) = ±(J (/l) = ±(J (/2) / e 3^ ) rWiA (/l, /2, & 2 )- 

(4) Let/G3ll!,(ai,a2,& 2 ). Set 



(f) ^Uu-a 2 ) if / = u - ai --A-, 
(4.25) ]>-ai) »/ / = w-«2-^, 

x (/) = fj,U)f = ( u - oi)(u - 02) - 6 2 . 

Mt/i /j := u — aj, we introduce also for convenience \^ '■— fi, P^ ■— 1, t^ 4 ' 1 '■— 1, <7 (/i) :=!,« = 1, 2. 
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Let f G 3g(l) t (e) \{fi> fi-, b 2 )- We define p^\ inductively by setting 

U(M^)f 2 if / = 

(4.26) \/i (/l V (/2) /i if f = h-%, 

X (/)= M (/)/. 

Remark 4.8. (1) The parameter A is introduced in the definitions above only for the sake of stability under 
small perturbations which we establish in Lemma \4-16\ at the very end of this section. Clearly, $ C 
Everywhere in this section, with the exception of Lemma \4-16\ we always assume A = 1 and we suppress A 
from the notation. 

We remark here also that the quantities < pt, t = 0, 1 do not enter any inequalities in Defini- 

tion\4.7\ Let < p t ,i < pt, t = 0, . . . ,1-1 be such that £r(^_ 2 , pe-2,1) 3 £r(^-i, #-1,1) • Iff € dffi t (i) A' 

i/ien a/so / g S^^ tCM) a> w ^ lere t^*' 1 ^ = (po.li • • • 5 /?t-i,l)- We suppress /rom i/ie notation, everywhere 
except Lemma \4.13\ We will use it later on, starting from Section® 

(2) Let f € 5^*i) (/1 , / 2 , b 2 ). We remark here that Definition ^. 7| implies in particular that fi is a C 2 -smooth 

function in £r(^_i, pi-x) x 9. 

(3) Once again, note we do not need gi to be dependent on 9 and, to simplify notations, we suppress 9 
wherever it does not cause ambiguity. 

Lemma 4.9. Let a\ > a 2 and b be reals. Let u be a solution of the quadratic inequality 

(4.27) |(u - oi)(« - a 2 ) - b 2 \ < ( ftl - a 2 ) 2 /4. 



Let A = X(u) := (ai - a 2 )~ 2 [(u - ai)(u - a 2 ) - b 2 }, 7 = j(u) := + 4A - l)/2. Mi/ier 

(4.28) u > maxjai - | 7 |(ai - a 2 ), (1/2) [ai + a 2 + 2|6|] } > a 2 + (l/2)(ai - a 2 ) + |6|, 
or 

(4.29) u < min{a 2 + | 7 |(ai - a 2 ), (1/2) [(ai + a 2 ) - 2|6|] } < a x - (1/2) (ai - a 2 ) - |6|. 
in any event, a 2 — |7|(ai — a 2 ) — \b\ < u < a± + |7|(ai — a 2 ) + |6|. 
Proof. One has 

(4.30) u 2 - (a% + a 2 )u + a x a 2 - b 2 - A(ai - a 2 ) 2 = 0. 
Therefore, u obeys one of the following equations 

(4.31) u = <p + (u, A) := (1/2) + a 2 + ((oi - a 2 ) 2 (l + 4A) + 46 2 ) 1/2] 

(4.32) u=<p-(u ) \) := (1/2) [01 + 02 - ((ai - a 2 ) 2 (l + 4A) + 46 2 ) 1/2 
One has 

(4.33) maxjai + 7(01 - a 2 ), (1/2) [ai + a 2 + 2\b\] } < ip+ < ai + 7(01 - a 2 ) + |6|, 

(4.34) a 2 - 7(01 - a 2 ) - \b\ < <p_ < min{a 2 - 7(01 - a 2 ), (1/2) [(ai + a 2 ) - 2|6|]}, 

and the statement follows. □ 
Remark 4.10. We refer to the cases in the last lemma as the +-case and the —-case, respectively. 
Lemma 4.11. Suppose f € v^t) f"2i b 2 )- Then, the following statements hold: 

(1) max i |/ i |,|r(/)|,|/iW)|,|x (/) l < ^ for all (x,u) € £*(g t - U Pt-x) ■ Furthermore, | X (/l) | < 
(minj |t^)|) 10 for all (x,u,6) € £>n(gt-x, pt-\) x 9. 

(2) The functions X U) are C 2 -smooth, \d a pi% \d a X {S) \ < 2- 22( ^ 1>+3 , |a| < 2. 
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(3) Let £ > 2. Either /, G ^i-l^ifa, fi,2, 6?), * = 1,2, or /< g /i,2, * = 1. 2 - ^ ^ e 
case, fa > -(minj ^^(fa-fa), fa > (l/2)(fa- fa) + \ b i\ /or g -Cr(&_i, p*-i), i = 1,2. in 
i/ie seco^rf case, / i>2 < (min,,- T^) s (fa -fi,i), fa < -(l/2)(fa - /o) - N /or a/Z g £r(^_i,P^_i), 
i = 1,2. 

(4) If £ > 2 and g 3^7_ 1 1 ') ± \ ^en ±m (/0 > 2- 2 '~ 1 + 1 t<^) /or a// (a:,u,0), i = 1,2. In particular, 
sgnQ/^ 1 )) = sgn^^). 

(5) //i > 3 and g 3g(7-i) (/«,i> /»,2, of ), ^era either fa g 3^7-2) /or aZ/ or g 5^7-V 5 / or a ^ 
/ /■ > 2, t/ierc sgn(p(^)) = sgn(pi (/ ''.j' ) ), o-(/;,j) = <r(fi',j<) for any 

(6) sgn(/i(/*))9 uX ^) > (r^)) 2 , i = 1,2. 

(7) Assume \ X iJ) (x ,u )\ = 0. Then, ±d u x if) \ Xo ,u > (/) ) 2 | x ,»oj according to the ±- cases in 
Lemma \4~U[ see Remark \4-10\ 

(8) c) 2 ^) > (l/8)(min77T/0)4 /or an e £ E (^_ 1 , W _ 1 ). 

(9) Let / g 3^ (ai, 02, b 2 ). Assume that the following condition (k^) holds: 

cW > fe(°), d e a 2 < -fc(°), \fi\ < (fc(°)) 2 /8, |<9 2 6 2 | < (fc(°)) 2 /8, where fc(°) > is a constant. 
Then, <9 2 x^ < — (fc^ ^) 2 . Furthermore, assume in addition that x^(x,u,d) = x^'( x , u :—^)i 9 G 6 = 
(-6» , 0)U (0,<9 ). TTien, 

(4.35) < -(fc (0) ) 2 ^ #0>O, <9 e x (/) > -(fc (0) ) 2 6> i/6><0. 

(10) Let ^ > 2. Assume that \dgx [h) \ > (r (/l) ) 4 , i = 1,2, and sgn(5 e %( /l )) = - sgn(<9 e x (/2) )- 77ien, 
d$X ^ — (minj T^i') 8 . Furthermore, assume in addition that x {x,u,6) — x i x 7 u , ~@)> # G © = 
(-6»o, 0)U (0,6» ). Then, 

(4.36) 5 e x (/) < -(minr (/ ^) 8 i/6»>0, <9 e x (/) > -(minr^) 8 ;? if < 0. 

j j 

Proof. (1) Let us first consider the case £ = 1 and assume / G 3 ( ^, (ai,a 2 ,b 2 ). It follows from Definition 0~3 
that |/;| = |u - ai| < 1/16 = 2~ 22 , \ T W I, |/xW) |,|x (/) l < 2^ for any (i.u) g £r(<?o,Po). Using the 
notation from Definition 14. 7| assume now that £ > 2 and / g 3^*) (/1, /2, ° 2 ), /* g 3^7-1), * = 1,2. 
Then, 1/^,161 < (min,- r^)) 10 , r W < 2(ma Xj |/,|)(max 3 r^)) 2 , |p(/)| < (max, |/,|)(max, |^)|) 2 , | X (/) | < 
(max,- |x (/j) |) 2 + \b\ 2 (max\fj\)(maxj |m (/j) I) 2 , Ix (/0 I = l/i||M (/<) | < (mm, r^)) 10 |/i^)|. Using induction one 
obtains the claim. 

(2) For £ — 1, the statement follows from (|4.25[) and the conditions |<9 a ai|, |9 a o 2 | < 1/64 for any x,u and 
any 1 < a < 2 in Definition 14.71 Using induction over £ — 1, . . . and (|4.26|) . one proves the claim for any £. 

(3) Due to Definition 14.71 o"(/i) = o-(f 2 ). Using this condition, one verifies by induction that either 

Si G ^7i) +) (/i,i>/<,2,*>?), i = 1,2, or / 4 g ffgr-VH/M, Aa,^), * = 1,2- Assume / 4 € ^7-i, +) (/i,i. /i,2, &?), 
i = 1,2. Then, fa > 0, /; = fa-bjfr^ \f t \ < (min, r^') 10 < (/ 4 ,i-/ M ) 2 /8 for all (z.u) € ^(ft-i.ft-i), 
i = 1,2. Set di t j = u- fa. Sinc e \u - o ij2 | = |A 2 | < 1, |(tt - Oi,i)(w - 0^,2) - \h\ 2 \ < (ai,i - ai, 2 ) 2 /4. One 
can apply Lemma 14.91 The case (I4.28[) applies since otherwise fn = u — an < 0, contrary to the assumption 

that fi g 3"j(7- 1 i) +) (/»,i)/i,2,6?). In particular, (|4.28|l implies /j,i = u-a iA > -\j\(fa- fa), fa = u-a»,2 > 

(l/2)(o i ,i-'o il a) + |6i| = (l/2)(/i, 2 -/i,i) + N for all (x,«) € -Cr(«,P<)' * = 1.2. Here, 7 - (VT+4A-l)/2, 
A = (a M - a^ 2 ) _2 [(u - o<,i)(u - a ii2 ) - 6 2 ]. One has |A| < (^,1 - cti^J^Cminj r<^)) 10 /2 < (min, r'^)) 8 , 
|x| < 2 1 A I < (mux,- T^ j ') s . This finishes the proof of the claim in the first case in (3). The verification for 
the second case is completely similar. 

(4) The proof goes by induction over £ = 2,.... Let / g 3^, (fi,f 2 ,b 2 ), f l g S^\cn,i, <H,2, bf), i = 1, 2. 
By definition, fit-f*' — /j ;2 = u — at. 2 . Using (3), one obtains fi^ 4 ' — /j i2 > (/j i2 — /i,i)/2 = t^*' /2 for all 
(a;, w) g £r(<7i, Pi), i = 1,2, as claimed. The case /i g 3g{i) ai )2 , & 2 ), i = 1,2 is completely similar. 
Assume that (4) holds for any h g 3( t ), l<t<£ — \, £>2. Assume, for instance, / g (A, /2, ° 2 ), 
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fi G d { ^-h\fa,faMl < = 1,2. By definition, = ^ ^ fa, T M = (fa - fa) T ^r^). 

Due to the inductive assumption, > 2~ 2 * 2+1 r^ i - j \ sgn(/i^ i ' 1 ^) = sgn(/x^ i > 2 ^). Due to part (3) of 

the current lemma, /^i < — (l/2)(/; i2 — /»,].) for all (x,u) G £r(<?£_i, /0£-i) , i = 1,2. Hence, 

(4.37) fa /,iH/' f > ^n 2 ^ 2+M/M) (/^-/M)=2- 2 " 1+1 T^), 

as claimed. The case fi G 3 , LA) (fi,i> fi,2,b 2 ), i = 1,2 is completely similar. This finishes the verification 
of (4). 

(5) Using the condition cr(/i) = cr(/ 2 ), one verifies the first statement via induction. For I = 2, the second 
statement is trivial since yfJ*^' = 1 and cr(fa) — 1 by definition. For £ > 3, the second statement follows 
from the first one due to part (4). 

(6) The proof goes by induction over t — \ . ... Let / G ^^(ai,a2,b 2 ), f = (u — <2i) — b 2 {u — a 2 ) _1 . 
Then, by convention, /, := it — a*, '■— fu M := 1> T ^ i ' ) := 1> sgn.(/i"*)) = 1, i = 1,2. Hence, 
sgn(//-^))d u x^ = 1 — ^« a i > 1/2 = (t^) 2 /2, as claimed. Assume that the statement holds for any 
h G 3$, , 1 < t < 1, * > 2. Assume, for instance, / G d% (/i, / 2 , & 2 ), /< G S ( ^\fa,fa, bf), i = l,2. 
Due to the inductive assumption, sgn(^^ i ^)9„x^ i ' J ^ ) > (r(fa)) 2 , i,j = 1,2. Due to (4), sgn(//-W) = — 1, 
i = 1,2, and due to (5), sgn(^'^^) = sgn(jU^*'^''') for any Note also that fa < since /j G 
3^7-1! i (/U) fi,2,b 2 ), i = 1,2. One has 

x (/i,0 = /. )1/i (A.O j 

(4.38) sgn( X (/l - l) ) = sgn(/i,i)sgn(^W 1 ' 1 )) = - sgn^ 1 )) = - B gn(/iW*.i)) 

= sgn(/ 2)1 )sgn(^(A. 1 )) = sgnO^ 2 - 1 )). 

Due to part (3), one has / M < -(l/2)(/ i)a - / M ) - |6<|, / i)2 < (min^ t^)) 8 (/ 2 , 2 - fa) < (min.r^)) 8 , 
i = 1,2. Due to part (1), max,,, < 2~ 22( '~ 2) , due to part (2), \d a ^'^\, \d a X {f ^ } \ < 2- 22( '~ 3) , and 

due to part (4), Ifj,^- 1 ^ > 2 _2 ^ 2+1 r^ 1 ). Finally, due to Definition K7\ one has \b,\ < (mhxj t^)) 10 , 
|9 U 6 2 | < (minj r^ iJ ') 10 |6i|. Using all these estimates, one obtains 

-sgn(^)) X ^ = \fa\\^\ >2- 2i - 2 - 1 [(fa-fa) + \b t \}r^\ 

- sgn (^)) x (f^) = -/ ii2 | M (^)| > -2- 22< " 2> - 1 (minr(^)) 8 , 

i 

x (/i) =x (A.O x (/i. a )_ /1 (/M) /i (/«. a )^ j 
sgn(^)d uX Ui) = -9„x (/l) 

= [sgn( M ^. 1 ))(<9 uX (/l ' l) )][-sgn( M ^. 2 ))x (/ " 2) ] + [8gn( M (/ '- ! ' ) )(SuX (/, ' i,) )][-8gn(/i^ 1 ))x (A - l) ] 
( 4 - 39 ) -[(3„^ V^>6 2 + (d u ^)^b 2 + (d u b 2 )^^} 

> -[sgn( M ^^)(a u x (/l - l) )][2^ 22< " 2) ~ 1 (minT^)) 8 ] + |^X (A,a) ||X (A ' | 

-[\d u ^\\^\b 2 + \d u ^\\^\b 2 + \d u b 2 \\^\\^\] 

> -2- 22<< - 2) - 1 [2- 22< " 2, - 1 (minr(^)) 8 ] + 2- 2 ^fa(fa - fa) + \ bl \}r^(r^fa 2 

j 

-2- 2 > i |(minr(/-)) 6 > 2- 2 '(/ i ,2 - fa)r^\r^) 2 > (fa ~ fa) 2 (r^) 2 (r^) 2 = (r^) 2 . 
j 

Since sgn(/z^ 1 ' 1 - ) ) = sgn(//^ 2 ' 1 ^), one concludes that sgn(9„x^ 1 - ) ) = sgn(9 u x^ 2 - ) ). This finishes the proof in 
case fi G ^J-i'r^ The case fi G S'f.H-i^ is completely similar. 
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(7) Assume (xq,Uq) — 0. With a, :— u — /,; one has (u — ax) (it — a 2 ) — |6| 2 = 0. One can apply 
Lemma |4~9"1 Assume for instance uq — a\(xo, uq) > 0. Then (|4. 28[) applies. Note that here A = 0, 7 = 0. So, 
/i(ar 0l «o) > 0, / 2 (ar 0l «o) > [(l/2)(/a - /1) + \b\}\ x ,uq- One has 

sgn(x (/l) )U 0)U0 = [ S gn(/ 1 ) S gn(/x^))]| X0 , U0 = [sgn{^)sgn{^)]\ Xo , Uo 

( 4 ' 4 °) i f y fts 

= [sgn(/ 2 )sgn( M ^))]U , U0 =sgn( X (/2) )U , U0 . 

From this point, the derivation of the estimate in (7) goes exactly the same way as in (|4.39[) . 

(8) Consider the case t>2. Due to part (6), \d u x (h) \ > (t^)) 2 /2, sgn(<9„x (/l) ) = sgn(<9„x (/2) )- Due to 
part (1), |x (/l) | < (mhij |r^)|) 10 . Due to part (2), \d a p^\, \d a X if) \ < 2- 22( '~ 1)+3 , \a\ < 2. Finally, due to 
Definition 14. 7[ one has b 2 < (mirij t^ j ')) 10 , \d u b 2 \ < (mhij r^ J ') 10 |6|. Using these estimates, one obtains 

dlx U) > (duX Ul) )(d uX {f2) ) ~ {l^x (/l) llx (/2) l + l^x (/2) llx (/l) l + & (/l V /2) & 2 ]|} 
(4 41) ^ (1/4)II( t(/,) ) 2 - 2 ' 2- 22< ^ )+3 (min|T^)|) 10 - 6 • ■ ^-^^ ■ (mm|-r^>|) 10 

i 

> (l/8)(minr (/ ^) 4 . 



The estimation for I = 1 is similar. 

(9) Let / £ #W(ai,a 2 ,6 2 ), / = (u - ax) - b 2 (u - a 2 ) _1 . By convention, := u - a,, x (/) := /i/ 2 - 6 2 . 
Due to part (2), |9 2 /i| < 1. Due to condition (ft(°)), = -d g ai < -k^°\ dgf 2 = -d e a 2 > fc(°), and 
moreover, < (/c(°)) 2 /8, |<9 2 6 2 | < (k^) 2 /8. One has 

(4.42) d 2 X (/) < -2(fcW) 2 + \d 2 h\\f 2 \ + |d e 2 /2||/i| + \d 2 b 2 \ < -(fcW) 2 , 

as claimed. Assume now in addition that x ( x > u i @) — X ( x i u i~6)- This implies d$x \x,u,o — 0, and 
d e x U) < -{k^) 2 9 if 9 > 0, <9 e x (/) > -{k^) 2 if < 0. 

(10) The estimation is similar to the one in (9). Consider the case £ > 2. Due to part (1), |x | < 
(mirLj|r^)|) 10 . Due to part (2), \d a ^\,\d a X U) \ < 2- 2 ' 2<f ~ 1)+3 , \a\ < 2. Due to Definition [O] \d$b 2 \ < 
(mhij r^)) 10 . Using these estimates and the assumption sgn(9gx ) = — sgn(dex^) ; one obtains 

dfa {f) < -2\d e x Ul) \\d e x ih) \ + {\dlx (h) \\x [h) \ + \d 2 eX ih) \\x (h) \ + \d 2 [^^b 2 ]\) 
(A a* < -2n^ (/s ¥ + 2-2- 22< " 2, + 3 (nhn|r^)|) 6 + 6-2- 22< " 2) + 3 -2- 22< " 2) ^ ■ (minlr^!) 6 

< -(minT (/l) ) 8 . 

i 

The second statement in (10) follows from the first one just like in (9). □ 
We need the following elementary calculus statements. 

Lemma 4.12. Let f(u) be a C 2 -function, u € (to — po, to + po). Assume that o~q = inf /" > 0. 

(0) The function f has at most two zeros. 

(1) Assume that sgn(/'(i>i)) sgn(/'(t; 2 )) > for some v\ < v 2 . Then, 

(V2-V,) 2 <2a^ 1 \f(v 1 )-f(v 2 )\. 

(2) Let \vo — to I < *y ■ Assume —^£2. < f'(vo) < 0. Then there exists vq < uq < vq + o~q |/'(ko)| such 
that f'(uo) — 0. Similarly, if ^rp- > f'(vo) > 0, then there exists Vo > uq > vo — o'q \f (vq)\ such that 

/'W = o. 

2 2 

(3) Let \vq — to I < ^2 ' < P < Po- Assume — < /(«o) < 0, /'(«o) < 0, o - ! := min(<7o, !)• T/ien t/iere 

2 2 

exists to — po < vq — I < v < vq such that f(v) — 0. Similarly, assume — gA- < /(«o) < 0, /'(uq) > 0. TTien 
t/iere exists vo < w < «o + f < to + po sucft t/iat /(w) = 0. 
Assume in addition that sup |/'| < 1. 
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(4) Let \v - t \ < < p < p . Assume 



-4i < /(«o) < 0, 



2 2 

256 



< /'(vq) < 0. Then there exist 



Po < v Q — | < Vi < v a < v 2 < vq + | < t + po such that f(vj) = j = 1, 2. Similarly, 



that 



~^5T < f( v o) ^ °j ^gT > /'( w o) > 0. TTien there exist t - p < v - f < v\ < Vq < v 2 < v + § < t + p 
such that f(vj) = 0, j = 1, 2. 

(5) /// has two zeros «i < w 2 , |v» - v \ < ^ , then -f'{vi),f'{v 2 ) > " 2 2 56 ■ 

Proof. (0) Follows from Rolle's Theorem. 
(1) Assume f'fa) > 0, i = 1,2. Then, 



Assume /'(«*) < 0, i = 1,2. Then, 



/'(■u) dv 



f"(x)dx + f( Vl ) 



dv 



> cr 



dx dv = <7o(i>2 — w i) 2 /2- 



f'(v)dv = 



f"(x)dx + f'(v 2 ) 



dv 



< 



-0-q I I dxdv = ~a (v 2 - vi) /2. 

(2) Let us verify the first statement. One has /'(w) > /'(^o)+ (T o( w— v o) > if i;o + cr o~ 1 1 /' (^o ) I <u< t +p Q . 
Hence there exists vo < uo < vq + Cq~ \f'(vo)\ such that f'(uo) — 0. The verification of the second statement 
is completely similar. 

(3) Let us verify the first statement. Since f'(vo) < 0, integrating like in part (1), one obtains f(u) > 
f(vo) + gq{u — vq) 2 /2 for to — po < u < Vo- So, J(vq — p/8) > 0. Hence, there exists vq — p/8 < v < vq such 
that f(v) — 0. The verification of the second statement is completely similar. 

(4) Let us verify the first statement. Using the notation from part (2), one has — <7ip 2 /128 < f(vo) — 
^"V'N)! < f(vo) - (uo - v ) < f(u ) < 0, since sup|/'| < 1. Note also that u < v +a^ 1 \f'(v )\ < 
v + (Ti/9 2 /256 < to + 33po/64. Like in part (1), one obtains f(u) > f{u ) + <Jo{ u — u ) 2 /2 > if u + p/8 < 
u < to + po- Hence, there exists uo < v 2 < uq + po/8 < to + Po such that such that f(v 2 ) — 0. The existence 
of v\ is due to part (3). The verification of the second statement is completely similar. 

(5) Since /" > 0, one has f'{v\) < 0, f'(v 2 ) > 0. Set p :— v 2 - Vi. Then, p < p . It follows from part (4) 

2 2 

that —f l {vx),f l {v2) > since otherwise / would have at least three zeros. □ 

Lemma 4.13. Let f e $ a w tt w 

(1) For any x € (— «o,Qo), the equation x^ = has at most two solutions £_ (x) < C+{ x )- 

(2) Let £ > 2. Assume that the following conditions hold: (a) C+(0) an d C— (0) exist, x^^K^i C+(0)) = 0- 
X^)(0,C-(0) = 0, (b) \x Ul \x,9i-i{x))\, |x (/2) (^,.9^i(^))l < (r ) 6 ^-i for all x, (c) \b\ < (r ) 6 pt-s. for all 

The functions (+(x), 
u — fi, and also the 



x,u, where tq := mf X)U (mmj r^ 4 '). 
C-(x) are C 2 -smooth on (— ao,cto) 
following estimates: 



Then, C+( x ) an d C-{ x ) exist for all x G (— cxo, do) 
and obey the estimates (|4.10j) . (|4. 1 1 [) . where a{ 



(4.44) 



(4.45) 



9»X (/) U,C-(x) < -(t">\ xX _ (x) )~ z < 0, d uX (,> \ xX+ ( x ) > (r (,> \ x , C+{x ))' z > 0, 

C+( x ) -C-(x) > ^[-d u x U) \ x ,(-(x) +d u x {f) \ x x + (x)}, 

a 2 (C + (x)-Ux)) 2 



r(f) 



\(±(x) -9i-i(x)\ < pe-i/2, 
(/)! 



duX if) \xX-(x),duX U> \xX+(x) > 



(f)\ 



256 



\x U) {x,u)\ > min(^( U - Ux)f, C+(x)) 2 ), 
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where o\ :— (l/8)(inf x u (miiij r^^)) 4 . 

Proof. Due to part (8) of Lemma l4.11l d^X^ > everywhere. Therefore, for any x € (— ao, ao), the equation 
^(/) = has at most two solutions C+( x ) and (-(x). Assume C+(0) and C-(0) exist. Due to part (7) in 
Lemma 14.111 |9 U X lUo.uo > 0> provided \x^\ x o, u o)\ — 0- Therefore, (+(x) and C-O 33 ) can be defined via 
continuation and the standard implicit function theorem as long as the point (x, £±(x)) does not leave the 
domain C-g.(gt—i,pt—i). Let us verify that as long as C+( x ) and C-( x ) are defined, (|4.44|) holds. Recall that 
X U) =x (/i) x (/2) -fiih)fj,(h)b 2 . Since \fi^\ < 1, one has \x {fl) (x, (±(x))\\x ih) (x, (±(x))\ < (to) 12 ? 2 ^, due 
to condition (c) in the current lemma. Hence, Tam(\x^ 1 \ x ,C±( x ))\Ax^ 2 ^( x X±( x ))\) < (lo)Vf-i- Recall 
that due to part (6) of Lemma 14.111 one has \d u x^^\ > (r^^) 2 . Combining this with condition (b) in the 
current lemma, one concludes that (|4.44[) holds. Note that (|4.44[) says in particular that the point (x, (±(x)) 
does not leave the domain £r((^_i, pe-i) ever. Hence (+(x) an d C- (x) exist for all x £ (—ao, a ). Due to the 
standard implicit function theorem, the functions (+(x), (-(x) are C 2 -smooth. Recall that due to part (8) in 
Lemma 14.111 one has <9 2 x^ > 0. Therefore, 9 u x^'U.C-(k) — 0) &uX \x,c+(x) > 0- O n t ne other hand, due 
to part (7) in LemmaETO one has |<9„X (/) IU,c±(z) > ( r(/) ) 2 U,C±(*)- Thus ' d uX U) \xX-(x) < -(T (/) ) 2 | x ,C-(a), 
duX^ U.c+O) > ( T ^) 2 \xX+(x)> that is, the first line in (|4.45[) holds. Due to part (2) in Lemma l4.11[ 
\d^x I < 8 for any I. Therefore the second line in (|4.45l) holds. Recall that due to part (8) in Lemma [4.111 
®uX > °~i everywhere. Therefore the third line in (I4.45[) holds due to part (5) of Lemma 14. 121 Finally, the 
last line in (|4.45l) is due to part (1) of Lemma T4. 121 

Let 4>±(x, u) be as in the proof of Lemma l4.91 with a, = u — f\, i = 1, 2. Due to condition (a) in the current 
lemma, one concludes that (+(0) = ai(0,C+(0)) = 0+(O, C+(0)), C-(0) = a 2 (0,C-(0)) = <^_(0, C-(0))- Since 
<fi+(x, u) > <fi-(x, u), by continuity, C±(x) = 4>±(x, (+(x)) for all x. Now just as in the proof of Lemma T4.9[ 
one verifies that (+(x), C-(x) obey the estimates (I4.10[) . (|4.11l) . □ 

For our applications, we will also need a certain generalization of the last lemma in the case when condition 
(c) fails, that is, \b\ ^ (ro) 6 pf_i. This happens when pn-i is too small. The specific situation is as follows. Let 
9t,±(x) be C 2 -functions on (— ao,ao), < pt+\ < Pt < 1, t = 0, ...,£— 1. Assume that gt,-{x) < g t ,+ {x) for 

every x. Assume that £k(»',±> pe) D £ K (s^ + i )±) p#+i), £' = 0, 1, Set = (g ,±, ■ ■ ■ ,flt-i,±)- Using 

these notations assume that / € S^/L (/i, $2, b) and also / € 3^m (/i, f2,b). This means in particular that if 

(x, it) £ -Cr^-i.-, /0£-i) r\^R(ge~i.+, Pi-i) ! then /(x, u), /i, /a, 6, and also the rest of the functions involved 
in the definition are the same no matter which way one defines them. We use the notation x i x > u ) f° r ^ ne 
corresponding function. Note that it is well-defined and smooth in L^(gi_i t _, pi-i) U L^fgg-i^, pe-i) ■ 

Assume that the following conditions hold: (a) ( x i 9i—i,±( x ))\ < ^pf » with a\ := 

(l/8)(inf^„(min 4 r(^))) 4 , < p < p t ^, Q9) Hi X (/i) lo,«-i,±(o) = °> M 9t-i,+ (x) - 9t-i,-(x) + ^ > 

{l[\ d uX if \g t -iM*)\ + \ d *X {f) \*,9t-i,-(x)\]> Pt-l) , (<*) T^+ min ( _,9 «^ (/) l^,«-i,-(^)'^^ (/) l^,«-i,+(^)) ^ 



mm 

\ o fc 1 

, _2 / _ 

t-1 



mm 



(x)-g t _ 1< _(x))' 2 alp" 2 ' 



256 ' 64 /• 

Lemma 4.14. For any x € (— ao,Qio), i/ie equation X ( x iU) = /ias exactly two solutions (-(x) < £_(x). 
The functions C+( x )i C-( x ) are C 2 -smooth on (— ao,ao); obey the estimates (|4.10p . (|4. . where di = u — fi, 
and also the following estimates, 

(4-46) KiW-W-i, ± WI<|^, 

(4.47) 9 M X (/) U, C -(.) < ~(t (/) ) 2 (x,C-(x)) < 0, d u X U) \x. M x) > (r^) 2 (x,C+(x)) > 0, 

(4.48) C+ (x) - C- (x) > min (~ [-d uX ^ | a , c _ (x) + 9 ilX (/) U,c+(»)], , 

(4-49) - q»xWU,c-cx)»ft»x (/) U,ci.w > ^C ^^^^ , 
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(4.50) \x [f) (x lU )\ >mm(^(u-Ux)) 2 ,^(u-( + (x)) 2 ), if min(\u - ,_(_)|, |« - C+(*)l) < 

Proof. Note that x (/) (0, ^-i,±(0)) = Ili X (/i) lo,<?~-.,±(0) = 0. So, C±(0) exist. Like in the proof of 
Lemma 14.131 C±( x ) can be defined via continuation, starting at x = 0, and the standard implicit func- 
tion theorem, as long as the point (x, £_ (x)) does not leave the domain £]_f_f^-i_, Pi—i) U £r(<^_i.+, p^-i) ■ 
Due to condition (/3), (|4.46[) holds for |x| sufficiently small. 

Assume that C+( x ) an d C-(x) are defined and obey (|4.46l) for all x G [Q,xo). The standard implicit 
function theorem arguments apply to show that C±(x) are weu defined for x G [0, xi) with x\ — xq > being 
small. We claim that in fact (|4.46[) . (|4.47[) hold for any x <E [0,xi). Let x £ [0,xi) be arbitrary. Note first 
of all that since C-(0) < C+(0), the implicit function theorem arguments imply that C-( x ) < C+(x) for any 
x e [0,xi). Assume first g^_i i +(x) — _t_:_i _(_) < 2p£_i. Then, x^ ( x > •) is a C 2 -smooth function defined 
in (_r^_i _(_) — /0^-i, 5^_i ! +(x) + pt-i)- Due to part (8) of Lemma [4.111 d^X > <7\ everywhere. Since 
X (/) (x,C±(x)) = 0, C-(x) < C+(x), one concludes that <9„x (/) U,c_(x) < 0, <9«X (/) \x,C+(x) > 0. Combined 
with part (7) of Lemma T4. Ill this implies (I4.47[) . Furthermore, ') has exactly two zeros. Due to part 

(1) of Lemma 14.121 one concludes that min +! _ |C±(x) — ge-i-(x)\ < (2o _ ^ 1 |x^^(x,^_x,-(x))|) 1/ ' 2 < ^_rr- 

6 4 6 4 

Similarly, min +! _ |C±(x) — g r ^_i ) _(x)| < ^_jr- Assume first max + ,_ |C-(x) — gi-i,±( x )\ < ~j£r- Then, 

0.6 4 6 4 (T 6 £» 4 

gt-i, + (x) - ____._(_) < Due to condition (7), one obtains > g t -i t+ (x) - _<,___(_:) + > 

2" 3 [|9«X (/) |U,g^_ 1 , + (x) + |0uX (/) IU,iK_i,_(x)]- In particular, > IduX^IUfl^.+O-)- Since l<^X (/) l < 8, 
one concludes \d u x^'\\ x ,C-(x) < 28r- Due to part (5) of Lemma 14.121 one concludes that (+(x) — (-(x) < 

2 2 6 4 _____ _____ 

Since max + _ |C-(x) — ,9£-i,±(x)| < ^ar, (14.46)) follows. Similarly, (|4.46l) follows if max + _ |C+(x) — 

" 6 4 6 4 6 4 

3£_i,±(x)| < Assume now max + _ |C-(x) - gt-i,±{x)\ > ^Sr a nd max + _ |C+(x) - gt-i,±(x)\ > ^nr- 

-6 4 

Since C-(x) < C+(x), ge-i ,-(x) < _•£__.+ (_), min + _ |C ± (_)-<t__i j+ (x)| < min + _ |C±(x)-i? / ._i ) _(x)| < 

6 4 6 4 ____ 

one concludes that |C±(x) — gt—i,±(x)\ < ^n-- In particular, (|4.46l) holds. This finishes the proof of 
the claim in case ^_i. + (x) — gg_i (x) < 2p^_i. 

Assume now <?£„i i+ (x) — _t£_i_(_) > 2pi-\. In this case, due to condition (5), 

nim{-d u x if) \ x , ge _ 1: _( x ),d u x (f) \ XM _ 1:+ ( x )) > Recall that |C±(x) - a_i,±(x)| < and |<9 2 x (/) | < 8. 

This implies in particular —d u x \x,(-(x)idvX \x,( + (x) > Combined with part (7) of Lemma 14.111 

this implies (|4.47j) . Since <j^_x ) +(x) — <7.__i_(x) > 2pi-x, it follows from part (1) of Lemma 14.121 that 

a a ' 

IC±(x) — 3c-i.±(x)| < Thus, (|4.46[) holds. This finishes the verification of the claim. 

It follows from the claim that (+(x) and C-( x ) can be defined for all x. These functions are C 2 -smooth 
and obey ([Q5]l . (jQ7|) . Let us verify ([OH]) . Assume first i#_i )+ (x) - _r___ _(x) < 2p.__i. Then, x (/) (x, •) is 
a C 2 -smooth function defined in (_^__ _(_) — p^-i, ge-i.+(x) + pt-ij- Therefore, ()4.48|) follows from (|4.47[) 
since |<9 2 x^ I < 8. The estimate (14.491) follows from part (5) of Lemma l4.12l The estimate (|4.50l) follows from 
part (1) of Lemma 14.121 and in fact, in this case it holds for any it. Assume <7^_i !+ (x) — </£__ (_) > 2p^_\. 

In this case, (|4.48l) follows from (|4.46p . Above we verified that — 9 u X^U,C-(x)>^uX^U,C + (a;) > ^_g"' Note 
also that g -(C+W-C-(x)) 2 > __1 Thig verifieg (Tj-ggj for this case ^ Assume \u - C-(x)| < Then, 

<9uX (/) U« < ~^5g- < °- So > P art (!) in Lemma |4___] applies and (g___) follows. The case |u-C+(x)|) < 

is similar. □ 

Lemma 4.15. Let Q± be as in Lemma \4-.1S\ or as in Lemma \4-14\ If & — lj assume that 114.351) from (9) of 
Lemma \4-.11\ holds. If £>2, assume that (|4.36[) from (10) of Lemma \4-ll\ holds. Then, 



deC+ > (fc (0) ) 2 6>, deC- < -(k {0) ) 2 9 if£=l,9>0, 

( ' 4 ' 51 ' ) deC+ > (mmr (/j) ) 8 6», <9 e C- < -(mmT^fO if£>2,6>0. 

3 j 
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Proof. Take an arbitrary xq and let 9 > 0. Set u = <^ + (x ,9). Due to part (7) of Lemma [4.111 one has 
duX^\x ,u > (t^) 2 \ Xo ,u > 0. On the other hand, due to part (2) of Lemma 14.11} one has |<9 Q x (/) | < 1 
for all x, u, 9. Consider for instance the case I > 2 and 9 > 0. Then the assumption is that for 9 > 0, 

(4.52) d 0X U) < -(mmr^fe. 

3 

Hence, 

(4.53) a e C+ = -|^>(minr^)) 8 0, 

OuX o 

as claimed. The proof for the rest of the cases is similar. □ 

Lemma 4.16. Using the notation from Definition \4- 7[ assume f £ 3^/) \(fii f2,b 2 ) . Let r^ 7 h 2 be C 2 - 
functions of (x,u) £ £m(fl^-i) Pe-i) ■ Let fi = fi + r^, b = b 2 + h 2 . Assume that the following conditions 
hold for (x,u) G Z*(gt-l,Pi-l): (*) fi < k («) feU^ 2 ] < min^Ar^) 6 , < a < 2, i = 1,2, 
with some 5 < (1 - A)/4A, («*) /i 2 (0, M ) = 0. Set f = f\ - b 2 /f 2 . Then, f G 3$ )>(1+45)A (/i, / 2 , & 2 ), 
r (/j) > (l-tyrto). 

Proof. The proof goes by induction in £ = 2, ... . Assume for instance / G 3£(2)~ A (/i) /2 ; b 2 ) and u — > 0, 
i = 1, 2. One has in this case / 4 = /, + r 4 = (u — 04,1) + r, — 6? (u— a^) -1 = (w — a,,i) — b 2 (u- a^)" 1 , := 
Oi,i - r i9 a,, 2 = Oi >2 , > - > (1 - <5)r^), |/,| < |/,| + \ n \ < min^Ar^)) 6 + minj^Ar^)) 6 < 

mi%((l + 5)At^ j )) 6 < mi%((l + 45)Ar" 3 ^) 6 . The verification of the rest of the conditions (6)-(d) in 
part (2) of Definition 14.71 is similar. Condition (a) is due to condition (i) in the current lemma. Let 

/ G 3$, A (/i,/ 2 ,6 2 ), «>3,/,e dp-l^Aufi^b 2 ). Assume for instance /,, a >(),/, = / if i - 6 2 /^, 

i = 1,2. Then, f t = f iA - bff^, f it i = f iti + n, / <>2 = /;,2- Since r*^' < min a r^-'', one can verify 
all conditions in part (3) of Definition 14.71 just like above. Induction is needed just to make sure that 
fi G 3 fl (( ! - 1 i) (1+45)A (/ 4 ,l,/ l ,2,&f)- □ 

5. Matrices with Ordered Pairs of Resonances 

Let us now return to the setting of Section G3 Let A be a subset of 7L V . Let v(ri), n £ A, ho(m,ri), 
m, n G A, m 7^ n be some complex functions. Consider Ha,s — (h{m, n; s)) m where e € C, 

(5.1) h(n,n;e) = v(n) , n G A, 

/i(m, n; e) = eho(m, n) , m,n £ A, m =/= n. 
Assume that the following conditions are valid, 



(5.2) v(n)=v(n), 



(5.3) ho(m, n) = ho(n, m), 

(5.4) |/io(m, n)| < B± exp(— Ko\m — n|), m,n £ A, m =/= n, 
where < B x < 1, < k < 1/2. 

Definition 5.1. Assume that H\ e obeys (|5.1[) - (15.41) . Assume also that there exist , tMq G A, 7^ 

siic/j i/iai |w(toq ) — v(to^~)| < 5q and |v(n) — u(toq )| > for any n £ A \ {m[j~, ?n^~}. Assume also that 

(5.5) (mJ+BffiC'DcA. 

FKe say in this case that H\ E £ OP-RW (t71q~, , A; 5q) . 

Let s > 2. Let tUq G A, 771^ 7^ 'tt,^- Assume that there exist subsets M^ s ' C A, s' = 1, . . . , s — 1, 
some of which may be empty, and a collection of subsets A^ s \m) C A, m £ \ defined only for those s' 
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for which M^ s ' 7^ 0. Assume that m^,mQ € M^ -1 '. Assume that all conditions in Definition \3.1\ hold with 
too := tUq and with the following exception. The estimate (|3.11|) holds for any to =1 tRq , and moreover, 

(5.6) 12(4 S - 1) ) 1 / 8 < \E^(m,A^- 1 \m);e)-E^(m+,A^- 1 \m+);e)\ < . 
For to = TOg - , we have 

(5.7) ^-^(m^A^Vo-)^) -^- 1 )(to+,A( s - 1 )(to+); £ )| < (^ 1} ) 1/8 . 
Assume also that 

(5.8) (mJ + B(JJ (s) ))cA. 

In i/iis case, we say that H\ e belongs to the class OPR^ (m^ , rriQ, A; 5q) ■ We set s(m ) — s. We call 
tuq , TOg" the principal points. We call A^ s— 1 ^(m t ) the (s — I) -set for toJ. 

Remark 5.2. (1) We remark here that if H\ jE G OPR^ (tuq , TOq , A; oo), tten some of the statements in 
Provosition \3.3\ still hold for obvious reasons, the lower estimate in (|3 . llj) form — TOg does not affect these 
statements. In Provosition \5.3\ below, these statements are made explicit. 

(2) Note that the classes OPR^ (mj , TOq , A; So) and 3\f( s ) (too, A; So) may intersect since (|5.7[) does not 
exclude such a possibility, that is, it is possible that one has 

(5.9) 34 s - 1 ' < I^K-AHK-Jjsj-^l^+AMKljE)! < O^ 1 ') 1 / 8 . 
In fact, in Section [S| we will have examples for which this happens. 

Proposition 5.3. Let H\ iE G OPi?( s ) (toq , Toq , A; <5 ) • For any to G ' and n G A( s )(to) \ {to}, rae 
ftaue v(n) ^ v(m), s' = 1, . . . , s — 1. So, ' (to, A*- s ' (to); 0) := t?(m) zs a simple eigenvalue of -ffA< s ')( m ) o- 
Let E^ s ' (to, A( s ) (to); e) oe £fte analytic function such that E^ s ) (to, A^ s '(to); e) G spec H A ( B '), m s e for any e, 
E( s ') (to, A( s ') (to); 0) = u(m). 

(1) Define inductively the functions D(-;A^ S '(to)), 1 < s' < s — 1, to G M(s'), Z3(-; A), 6?/ setting: 

for s = l, D(x; A) = 41ogoV\. a: 6A\{m„ ± }, D(toq; A) := 41og(o"W)- 1 , 

for s > 1, -D(ie; A) = -D(x; A' s '(to)) if x G A^ s '(to) /or some s' < s — 1 and some m G 
M(s') \ {to±}, » ri /i€ AC 5 - 1 )^) \ {to±}, Z?(m±;A) = 41og(«# ) )- 1 , D(a:;A) = ilogS^ 1 if 
*G A\(U 

l<s'<s-l UmGM(s') '( TO ))- 

T«en, D(-;A( s 'Hm)) G S A( «0( m ),T, Ko , 1 < s' < s - 1, to G M(s'), D(-;A) G S A , T , Ko , T = 
4«olog<V 1 , max^ {m + im - } P(a;) < 41og(^- 1 ')- 1 . 

(2) If s = 1, i/ie matrix (E — H A ^ m + m -j s ) is invertible for any complex \s\ < So, \E — v(rriQ )| < <5o/4. 

Le£ s > 2. For any compZex |e| < e s _ 2 , |-B - E^-^ (to+, A^ 1 ' (to+); e) | < lO^ 8-1 ') 1 / 8 , eacA 
matrix (E — H^ s /-j^ m \ e ), s' < s — 1, to G M*- 5 ' ', to ^ {to^,TOq} is invertible. The matrices 
(F-# A(s -i)( m ±)\{ m ±}^) and the matrix (E — -ff A \{ m +. m - }. £ ) are invertible. Here, E^°'(m', A'; 0) := 
w(to') /or any A' and any to' G A'. Moreover, 

\[(E - -ff A ( s ')( m ),e) ]( :r iy)| < s Z5(.;A(-')( m )),T,K ,|£|;A (ii ' > (m)( a; ' y )' 

(5.10) |[(2? - -ff A (a-i)( m ±)y[ m ±} !e ) ] (a?, ?/) I < S _D(.;A(=-i)(m±)\{m±}),T,Ko,|e|;A(=>-i)()n±)\{)n±}( ;Z; 'y)' 

|[(F - #A\{m;}-,m-},e) K 2 ^)! - s D(-;A\{m+ ,m " }),T,« ,|e| ;A\{m+, m - } 2/) ■ 

Lemma 5.4. Using the notation from Provosition \5.3[ the following statements hold. 
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(1) The functions 

K (s Hm,n,A;e,E) = (E - H A _)-\m,n), m, n e A + := A \ {m+, to"}, 

Q (s) {m±,A;s,E) = h{m^,m'\e)K {a \m',n']K\e,E)h{n',m^]e), 
(5.11) m',n'eA m+ 



"0 '"'0 



G (s) (mo ,mj, A;e, J5) = /[(m^m^je) + V" /i(mj ,m'; e)i^ (s) (m' , n'; A;e, E)h(n' ,mj; e) 



m' ,n f £A + _ 



are well-defined and analytic in the following domain, 

\e\ < Eq, \E — v(too)| < <W4, in case s = 1, 
(512) |e|<£._ 1 :=e - E ^ |^ " ^ (s_1) «, A^m^);^ < 10(^- 1} ) 1/8 , s > 2, 

l<s'<s-l 

e :=4 eo:=min(2- 24 - 4 ^, (5 f,2- 1 ^+ 1 )((4 K olog5 - 1 )- 81 ')). 
TTie following estimates hold with < a < 2 : 

|ag[Q^(m ± ,A; £ ,£;)-g( s - 1 )(m ± ,A( s - 1 )(m ± ); £ ,i : ;)]| < 4| £ | 3 / 2 exp^i?^ 1 )) < 1) ) 12 J 
(5.13) |dgQ( s >(m± ; A; £ ,F;)| < |e|, 



For e,E €M., the following identities hold: 



\d%G( s \m±,mZ,A;e,E)\ < 4| £ | 3 / 2 exp(-^|m+ - m^\) < 4| £ | 3 / 2 exp^F^ 1 )) < |e|(^— x) ) 



if (s) (TO,n, A; £ ,F;) = K( s ~>(n,m,A:e,E), 

(5.14) _ 

Q( s )(m±, A; e, E) = Q [s \m±, A; £ , E), G {s) (m+ , A; e, E) = G^ (m^, m+A; e, £). 

(2) Lei |£ - ^-^(m^A^^mo);^)! < 4o'( s - 1 ). 5ei JC A := S - ff A ,e- iet ff 2 &e as in *Ae Sc/iur 
complement formula with A\ :— A + - , A2 := A \ Ai. Then, 

m Q ,m 

l detiJ 2 =*(£,£) := (£ - u(m+) - Q {s) (m+, A; e, £)) • (E - ) - Q (s) (™o , A; e, E)) 

In particular, E G spec i?A,e i/ and on/?/ i/ F obeys 
(5.16) x(e,-E)=0. 

Proof. The proof of all statements in (1) is completely similar to the proof of (3) in Proposition 13.31 The 
first identity in (|5.14[) is due to the fact that E — H\ + _ is self-adjoint if e,E are real. Furthermore, one 

has 



Q( s '( m o, A; £ ,F) = h(m^,m , ;e)K < - s )(m',n';A- 1 e,E)h(n',m^- 1 s) 



, 517 v = Y h(m ,m';e) K( s ){m',n';A;e,E) h(n',m ;e) 

m' ,n' €_A ± _ 

E h{m^,n'-,e)K {s) {n',m'-,A-,e,E)h{m',m^-,e) = Q {s) (m± , A; e , E) . 

m f ,n f £A ± _ 
m o ,m o 

This verifies the second identity in (15.141) . The verification of the third identity in (|5.14[) is similar. 



(5.18) H 2 
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Due to the Schur complement formula with Ai = A + - , Ao = A \ Ai , 5t A = E — H A E is invertible if 
and only if 

E-v(m+)-Q^(m+, A; e,E)) -G (s) (mj , , A; e, J5) 

-G« (mo , m+ A; e, £) E- v( m -) - Q« (to~ , A; e, £)_ 

is invertible. Note that det-ff2 = x( £ i E). In particular, _E € speci? AiE if and only if it obeys (|5.16[) . □ 

Definition 5.5. Using the notation of Lemma \5.4\ assume that for every e G (— e s _i,e s _i) and every 
\E- E^im^A^im+^e)] < 10(<# _1) ) 1/f S we have 

(5.19) v{m+) + Q (s) (m+, A; e, £J) > v(m„) + Q (s) (m^ , A; e, £) + r (0) , 

where > 0. Then we say that H\ E G OPR^ (mj, Tig", A; <5o, r' ^) . W^e always assume here for conve- 
nience that rf°' < (4 S_1) ) 3 - 

Proposition 5.6. isstime i? AiE G OPR^ (mj , ruj, A; 5 , r (0) ) . 

(1) ForeG (-e a _i,e a _i), \E - E^- 1 ^ (m+ , A^-^ (m+); e)\ < 8(5^ 1) ) 1/8 , &e equation 
X (e,E) := (F- W (m+)-g( s )(m+,A; £ ,i?)) • (£ - v(m^) - Q«(mo, A; e, E)) 

- \G is) (m+,m~,A;e,E)\ 2 =0 
has exactly two solutions E — E^'^ (m^, A; e), obeying E^ s '~'(mQ , ,A;e). 

(5.21) |£^.±)( m + A^-^-^m^A^Vo)^)! < 4|e|( ( 5^ 1) ) 1/8 . 

The functions £j( s,± ) (mj, A; e) are C 2 -smooth on the interval (— e a _i, e a _i). 

(2) TTie following estimates hold: 

|5gxl<8, /ora<2, 9| X > 1/8, 
fctfUc..-> (m + A;«0 < -(r (0) ) 2 , 9 EX | E)B („ + ) (mo+ , A;E ) > (r (0) ) 2 , 
£( s >+)(m+ A; £ )-^ s '-)(m+ A;e) > g[-fexl £ , E ta,- )(m +, A;E) + ^xl e , E c»,+)( m +, A;E )] ; 
-^x| E , E (a,-) (m +, A;E) ,^x| E>B (a, +)(ro + !A . E) > ^4(^ +) (m+,A;e)-^-)(m+,A;e)) 2 , 
(5 ' 22) |X(£, £01 > ^ min((£ - E^ (m+ A; e)) 2 , (£ - £< fl ' + >(m+ A; £ )) 2 ) , 

[ Ol ( e ,£0 + l^^)0U=KK + ) (m +,A ;E ) > E^(m+ 7 A;e) 
> max(a 1 (e,E),a 2 (e,E) + \b(e,E)\)\ E=E(a>+)(m + tA . e) , 

[a 2 (e,E) - \b{e,E)\]\ E=Elm ,- HmttAte) < E^-\m+,A;e) 
< mm(a 2 (e,E),a 1 (e,E) ~ \b(e, E)\)\ E=E(s ^ Hm + A . e) . 

where 

ai(e,E) = v(m+) + Q (s) (m+, A; s,E), a 2 (e,E) = v(m^) + Q (s) (m "", A; e, B), 

6(e,£) - |6i(£,^)|, 6i(£,F) = G< s )(m+,m , A; £,£). 

(3) We ftawe 

spectf A , E n{£: |£-£( s - 1 )(m+ A^" 1 )^)^)! < 8(^ 1} ) 1/4 } 
(5.23) = {E^ + \m+,A;s),E^-\m+,A;s)}, 

E( s > ± Xm+,A;0) = v(m±). 
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(4) Using the notation from part (1) of Provosition [5731 for any 

(5.24) £<•■->«, A; e) - (S^) 1 ^ < E < £?<••+> (m+ A; e) + (^V 78 , 

i/ie matrix (E — H XKS + - x ) is invertible and 

ii \l m ' J ' 

( 5 - 25 ) IK- E; -- H A\{m+,mo},J~ 1 K a; >y)l < SflCsAUm+.m-H.T^o.lEhAUm+.mo}^'?/)- 

// 

(5.26) (5 { Q s) ) 4 < min\E - E (s ^(n+ ,A;e)\ < 6(S ( Q S - 1] ) 1/8 , 

then the matrix (E — Ha,e) is invertible. Moreover, 

(5-27) |[(S-fl A , e )~ 1 ](a:,y)|<«D(.iA),r ) K ,| e |;fc,A ) !>i(a;,y)- 
Proof. To prove (1), we apply Lemma 14.131 Consider the case s > 2. Set 

fi = E-a h f = h-£, 9o(e)^E^(m+,A^(m+):s), po = lO^- 1 ^ 1 / 8 , 

J2 

A( £ ,£) = E-v(m+) - Qt-^ntf.A*- 1 )^);^), 
/ 2 (e,ii;)= J B- W (m-)-Q(^ 1 )(77i ,A( s - 1 )(m -);e, J B). 

We apply Lemma El to = (£ - Oi)(E - a 2 ) - fo 2 . We also verify that / G ^ / 2 , 6 2 ). Let 
us verify conditions (i)-(iii) before Lemma 14.51 The functions aj, b are analytic in the complex domain 

|e| < e s - u \E - E^-^im+^A^-^im+^e^ < 10(4 S_1) ) 1/8 : due to LemmaOOO So, conditions (i) and (ii) 
hold. Due to the second identity in (|5.14j) . aj assumes real values if e,E are real. Due to Definition 15. 5[ 
we have ai(e,E) - a 2 (e,E) > t (0) for any e € (-e s -i,e s -i) and any E G (E^ a ~^ (mj , A^~^ (mj); e) - 

10(4 s ~ 1) ) 1/8 ,-E (s ~ 1) (™o »A(* -1 J(m3");e) + 10(4 S_1) ) 1/8 )- One has also G^(m^,m^,A;0,E) = 0. Thus, 
both requirements in condition (hi) hold. Due to (|H7l3]> . |9fj<Xi| < |e| < 1/64, i = 1,2, a = 1,2, \d a b 2 \ < 
4|e| 3 / 2 exp(--^ J R( s - 1 )) < 1/64, a < 2. Furthermore, 

(5.28) 

\d%[fi - fi]\ < max | d% [Q (s) (mjf, A; e, .E) - Q (s_1) (ttiq , A (s_1) (m^); £, £)] | < 4|e| 3 / 2 exp(-^i?( s ~ 1 )), a < 2, 

/ 1 (£,£( s - 1 )(m+ A( s - 1 )(m+); £ ) = 0, /afo^'-^m^A^Cm^e) = 0, 
^- 1 )(m+,A(- 1 )(m+);e) - (S^) 1 / 8 < ^^K^A^^KI^) < E^ 1 \m+ , A^im+^e). 
Here we used (|5.13[) . Since {dsfi] < 1, (15.28)) implies in particular 
(5.29) IB-Oil = < |-B--B (s - 1) (™^A( s - 1 )(m+);e)| < p < 1/64. 

Moreover, all conditions in Definition 14. 71 hold, and hence / G (fi, f2, b 2 ) 1 x = X^- Lemma [4.131 implies 
parts (1), (2) of the current proposition. 

The first identity in (I5.23P follows from part (2) of Lemma 15 .41 The second identity in (|5.23[) follows from 
the first one since i>(mj), v(m^) are the only eigenvalues of Ha,0 which belong to the interval in the first 
line, and v(i71q)) > n(m ). This finishes part (3). 

We will now verify (4). The estimate (|5.25[) is due to (|3.12j) . For E in the domain (|5.26|) . we invoke 
Lemma |2 . 141 with A 2 = {m^,m^}. We need to verify conditions (i), (ii) in Lemma l2.14l Condition (i) holds 
due to (|5.25p . Let H 2 := "Ka 2 - T 2 ,i^K^T li2 . Recall that det# 2 = x(e> E ), due to P art ( 2 ) 01 Lemma I5H 
Due to (15.221) . one obtains 

D :=Iog|detH 2 |- x = log | X ( £) B)]" 1 < 1 log^ 1 ))- 1 + 3 log 2 < D(m±; A); 

see the notation from part (1) of Proposition [231 Furthermore, due to condition (|5.8p . /^a (raj ) > iv s '. Due 
to Remark 13.21 one obtains Dq < [min(/XA(mJ), /Ua(ti ( ^))] 1 / 5 . Thus, condition (ii) in Lemma [2.141 holds. 
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Due to Lemma \2. 141 (I5.27|) holds. This finishes the case s > 2. The verification in case s = 1 is completely 
similar. □ 

Remark 5.7. Here we want to comment on a stronger version of the estimate (|5.21j) in the statement of the 
last proposition. Namely, in some of our applications we will consider cases where some additional conditions 
hold. Namely, the sets A^ s ~ ^(mg ) will obey 

(5.30) A^-^im^Dm^ +B(R) 
with R > i?' 15 " 1 ). Furthermore, 

(5.31) \E^ K", A^- 1 ) (mo ); e) - E^ (m+ A^ 1 ) (m+); e) \ < exp(-U), 

compare with (|5.7|) . In f/iis case, a revision of the proof of ()5.2ip shows that the following stronger estimate 
holds, 

(5.32) |^ ±} (m+ A;£)-£( s - 1 )(m+,A( s - 1 )(m+); e )| < 2|e| exp(-^ii). 

Definition 5.8. Let H\ >£ be as in (|5.ip - (15.41) . Let s > 0, g > be integers. Assume that the 
classes of matrices OPR^ s ' s ■* (m q, m^", A; <5o, tq) are defined for s < s' < s + q — 1, starting with 
OPR( s ' s ^ (m^, ijiq , A; Sq, to) := OPR( s > (mj, Wg", A; o"o, ^o) being as in Definition \5.b\ Letmf, € A. is- 
sume that there are subsets M (s ' l+) = jm+ : j G J^j, M (s '' _) = jmj : j G J^j, A (s,) (to+) = A (s ') {mj), 

j G J (s,) , wit/i s<s'<s + q-l, and also subsets M^ s "> , A (s ')(m), m G M (s '), l<s'<s + g- l such that 
the following conditions are valid: 

(i) G M < ^ s+q ^ 1 ' ± \ ( so, 6y convention, G j( a +8 _1 ) ), m G A( s ')(m) C A for any m. 
(ii) 

M (s ' ) (A)nM (5 " ) (A) =0, for any possible superscript indices s' 7^ s", 
A^ s \m!) n A^ s \m") = 0, unless s' — s" , and m — m" or m! — m^ , m" = mj. 

(iii) For t(°' > and any m+ G M< s ''+), s' > s, # A o,')( m +), e € OPR^ s ' s '^ (m+, mj, A( s ')(m+); <J , t (0) ) . 
For any m G M^, # At .') (m ), e € ^ (s ' } (™, A( s ')(m),<5 ). 

(iv) LetS^ s '\ R^ be as in Definition \3.1l Then, 

(m + B(R {s ' y )) C A (s ' } (m'), /or any m', s', 
(mf + F(i? (s,) )) C A (s,) (m+), for any j, s < s' < s + q, 

,„ + B(R^)) C A. 



(mt~ 



(v) Given mf G M( s '>+), let E^ s '^(mf, A( s ')(m+);e), Q( s '\mf, A( s ')(m+);e,F), etc. oe the func- 
tions defined for the matrix Ff A(s / )( . m +^ £ . ( Here, E^ s '^' (mf , A^ s ' (mf)] are just as in Proposi- 

tion 1 5. 61 Below in Provosition \5.Q\ we will give the construction of these functions for s' > s, which 
justifies the use of these functions in our inductive definition. ) Similarly, given m G M^ s \ let 
B<. s ')(m,A( s ')(m);e) be the functions defined for the matrix -H^'^m) e ^ ^ S H m i ^ ^( m )i <^o)- For 
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each m+ G ^ , ml" ^ {mj, m }, s < s' < s + q, any e G (— e s -i, £ s -i), we have 

(5.33) 34 s+? - 1} < | J B( s +«- 1 ' ± )(m+ AC'+^V/M -^ ( * +, - 1,±) ("4, A^- 1 )(m+); £ )| < ^ a+,-2) , 

(5.34) 34 s+9_1) < iB^'^fm+A^fni+JiE) - S^ 1 ^ (m+ A( s +«- 1 )(m+); £ )| ) 
(5.35) 

r(s') 

^- < \E^'- ± \m+,A l - s '\m+);e) - £7<«+«-i.±) (m+, A^- 1 ) (m+); e) | < ^ /or s < s' < s + q - 1, 

(5.36) < \E {s ' T) (mt, A (s )(mt);e) - £7 (a+,-1 ' ±) (mJ > A ( * +,-1) (m^);e)| 1 /or s < s' < s + g - 1. 

Furthermore, for any m G M^ s \ l<s'<s + q—l and any e G (— e s -i, £s-i), we have 
i^- < \E^ (m, A^(m); e) - E^~ x ^ (m+, A^" 1 ) (m+); e) \ < stf' 1 *. 

(vi) \v(n) - «(m+)| > 281 for any n G A \ ( [Ui<y< s+g -i IUm (s ') A( s ')(m)] U 
[U<^< s+9 -iU je ,<,')A( s ')(m+)]). 

(vii) In Proposition \5.9\ we will show inductively that the functions 

K ( - s+q \m,n,A;e,E) = (E-H A + _)- 1 (m,n), m, n G A m+ - := A \ {m£ , }, 
( 5 - 37 ) Q^ s+q \m^,A-e,E) = ^ h(rriQ,m'; e)K^ s+q \m' , n'; A; e, E)h(n', mj; e) 

m' ,n' £ A -j- - 

are well-defined for any e G (— £ s _i) and any 

£7 G U(£(»-hr-i.±) ( m + A ( s +«-i) (m + ); £) _ 2S^ s+q - 1 \ £(-+«-i.±) (m+, A^"- 1 ) (m+); e) + 2ot +9 ~ 1) ). 
± 

W^e require that for these e,E and with from (iii), we /lave 

(5.38) v(m+) + Q {s+ ^ (m+ A, E) > v{m^) + (m^ , A; e, E) + . 

TTiera we say that H\ i£ G OPPS s ' s+q ^ (m.g~, i?Jq, A; (5o, t^ )) . We set s(rn^) = s + q. We call rrig, £/ie 
principal points. We call A^ s+9_1 ^ (m ) the (s + q — l)-set for m^. 

Proposition 5.9. For each q and any i?A,e G OPPS s,s+q ) (mj, ttiq , A; 5q, t*- ^ , one can define the functions 
^(s+Sii)^^ A; e) so that the following conditions hold. 

(0) £ ,(s+<z ' ±) (m ( |, A;e) are C 2 -smooth in e G (-e s _i, e s _i). 

(1) Let £>(•; A^ s ) (m)), 1 < s' < s + q — 1, m G M^ s ' 6e defined as in Provosition \3.S[ Define inductively 
the functions £)(•; A^ s '(m^)), s < s' < s + g — 1, j G J(s'), and the function £)(•; A) as follows. 
For s' — s, let D(-;A^ S ^(rrij)) be just D(-;A) from Proposition [573\ with A^ s \rn^) in the role of 
A and in the role of TUq . Similarly, for s' > s, let D(-;A^ S '(Trij~)) be just D(-;A) from the 
current proposition with A^- s '(mj~) in the role of A and in the role of tUq. Set D(x;A) = 
D(x; A^'^m)) if x G A^ s '\m) for some s' < s — 1, or if x G A^ s \m), m — rn- , j G J^ s \ 
s' > 8, m+ £ {m+,m -}. Set D(x;A) = 41og5 - 1 if x G A \ ([Ui<y<. +g -i IWmC*') A( s ')(m)] U 
[U.<y<. +g -iU i6 ^)A(''Hmt)]). Fma^y, set D(m^;A) = D := 41og(<5< ) s+9) )- 1 - 

T/ie«, D(-;A) G Sa,t,k o; T = 4K log<5 ( J 1 ; and 

max L»(a;) < 41og(4 s+9_1) )- 1 J maxD(i) < 41og(4' +,) ) -1 . 
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(2) Let q > 1, £(*+9-i>±) : = £ R (£( s +<?-i,±) (to+, A^+i- 1 ) (m+); e) , 2^ s+ ^ 1} ) . For any (e, E) e 
L ( s+q -i,+) uL ( s+q -i ,-) ; f/le matrix {E - H A \ {m + m - ] e ) is invertible. Moreover, 

( 5 - 39 ) \i( E ~ H A\{m+, m -},e) ]( X >V)\ ^ S D(-;A\{m+ , m - }) ,T,k , |e| ; A\{m+m - } ,5R ( X ' ?/) ' 

(3) The functions 
(5.40) 

K (s+q \m,n,A;e,E) = {E - H A _)- 1 (m,n), m, n e A m+ m - := A \ {m+, m }, 

Q( s+q \m±,A;e,E) = ^ h(m^,m';s)K^ +q \m',n';A;s,E)h(n',m^;s), 

m',n'GA ± _ 
m o ,Tri o 

G(" + «)(m^,mg : ,A;e,£;) = h(m£,mg,e) + ^ h(m^,m'; e)K ( - s+qS> (to', n'; A; e, E)h(n', m^;e) 

m O' m O 



are well-defined and C 2 -smooth in L^ s+q U £( s+9 ). T/iese functions obey the following 
estimates for (e,E) e £ / ( a +9~ 1 .+) u £( s +9" 1 ") and < a < 2: 2 |e| 3 / 2 and some more regarding G 

\0%Q^ (m± A; e, £) - dgQ^- 1 ) (m± A^-^mf); e, £) | 
< 4| £ | 3 / 2 exp(- Ko i 1 ,(s+ ^ 1) ) < |£|(4 s+<? - 1) ) 12 , 

|0gG<»+'> (m± mg=, A; e, £) - d a E G {s+q -^ (ro± to* A^" 1 ) (m+); e, £) | 

(5 ' 41) < A\e\ V2 eM-^R (s+q - iy ) < N0# +,_1) ) 12 , 

|3gQ (s+9) (m± A; e,E)\ < \e\, \E - v(m±) - Q (s+q \m±, A; e, E)\ < \s\ 

\d%G (s+q \m±,rnT,A;e,E)\ < 8| £ | 3 / 2 exp(-^K+ - to q -|) < MO^) 12 . 



The following identities hold: 



(5.42) Q(*+«)(m£,A;e,E) = Q (s+q) (m±, A; e, E), G (s+q) (m+, m , A; e, £) = G<- s + q ) (toq , to+A; s, E). 

(4) Let (£,£) e u -). T/ien, £ e specff A , e if and onfy obeys 

:= (E-v(m+)-Q^+ q \m+, A;e,E)) ■ (E - v{m^ ) - Q (s+9) (toq , A;s,E)) 
-G {s+q) (m+,m o ,A;e,E)G {s+q) (m o ,m+,A;e,E)=0. 

(5) For e e (— £ s _i, £ s -i)> ^ e equation 

(5.44) X(e,£)=0 

/ias e:mc% fwo solutions E = £( s +<?>±) ( TO +, A; e), obeying E {s+q -\m+,A;e) < E ( - s+q ^(m+, A; e) 
and 



(5.45) 
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The functions E^ s+ ^{m^ , A; e) are C 2 -smooth on the interval (— £ s _i, £ s -i). The following esti- 
mates hold: 

|dgxl<8, for a < 2, d% X > 1/8, 

9 £Xl e ,.E(s+«.-)(m+,A;£) < -( r(0) ) 2 . 9 SXl e ,E< =+^+)(m+,A; £ ) > ( r(0) ) 2 > 

( m + , A; £ ) - S( s +^-) (m+ , A; e) 

> mi n(^[-a£X| e ^ (3 ,- )(m + iA;e) +^Xl e ,BC+)( m +, A; e )]' 25 o' + * _1) ). 

_5 SX| eiE ( 3 +,,-)( m + :A;e ),9 £ ;x| £j£; ( 3+ ,, + ) (m + !A . e) 

>min(i ? (^+)(m+,A; £ )-^-)(m+ A; £ )) 2 , ^^ ), 
| X (e,S)| >4min(^- J B (s ' ±) (m+ A;e)) 2 i/ min \E - E {s+ ^ (m+ A; e )| < (<5 ° +? ^ 



(5.46) " 16+,- v v»-u v — i- - v-u,~^, 2l2 

( m + A ; e ) - w ( m -) - Q( s +9) (™-, A; e, £(*+«■+) ( TO + A; e) 
> max(r(°) /2, |G (s+9) (to+ , A; e, ^( s +^+) (m+, A; e)| 

E (s + q,-) ( m + A . £ ) _ w ( m +) _ Q(s + q) ( m + A . £j £(«+«,-) ( m + A . £ ) 

< - max(r (0) /2, |G (s+9) (to+ m , A; e, S (s+ ^- ) (to+ A; e)|) 
[ai{e,E) + \b{e,E)\]\ E ^ a+q , +)(mtA . e) > E^'+\m+ , A;e 

> max(a 1 (e,E),a 2 (s,E) + \b(e,E)\)\ E=E(a+q , +){m + A . E) 
[a 2 (e,E) - \b(e,E)\]\ E=E(s+q , +){m + A . e) < E^+"^(m+, A;s 

< mm(a 2 (e,E), ai (e,E) - \b(e,E)\)\ E=Eis+q ^ )(m + A . E) . 

where 

ai (e,E) = v(m+) +Q( s +9)(m+ A; e,E), a 2 (e,E) = v{m^) + Q< s+9 Vo > A; e, E), 

b(e,E) = \h{e,E)\, h(e,E) = (m+ , m~ , A;e,E). 

(6) 

specif n{£ : mm\E-E^ +q - 1 ' ± \m+,A (s - 1 '>(m+);e)\ < 8(^ s+9_1) ) 1 / 4 } 
(5-47) = {E^ + \m+,A;e),E (s+q '-'>(m+,A;e)}, 

£;(»+«.±)( m + A;0) = w(m^). 

(5.48) (S i s+q) ) i <mm\E-E^+'i- 1 ' ± \rn+,A^+'i- 1 \rn+y,e)\ < (4 S+ ^ 1} ) 1/2 , if ei 

T/ien the matrix (E — #A,e) is invertible. Moreover, with D(x; A) as in part (1), 
(5-49) \[(E - H^y^y^ < S D( .. AhT ^ 0il£l . kA ^(x,y). 
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(7) Set 





(5.50) 



E (s+ q ,±) (m+,A; e) - v(m$) - Q( s +«) (mj , A; e, £( s +9>±) (m^, A; e)) ' 
^+^)(n,A; £ ) = - ( B( * +,,±) «,A; e )-^ AUmo+im - } )- 1 (n,x)x 

xSA\{m+,m~ } 

[/i(ar,mQ ;e) + ft(x, toJ; e)/3 ± ], n ^ {m^rog}, 

^•^(m* A;e) = 1, ^"^(roJ.Aje) = /3 ± . 

T/ien i/ie vector <^( s +9.±) (A; e) := (< y 9 (s+,? ' ±:) (n, A; e))„ eA is well-defined and obeys ff A . e ( < 9 (s+<? ' ±) (A; e) = 
£(s+g,±) ( m + ; A; e ) v (»+9,±) (A; e ), 

(5.51) |^±)(„, A;£ )| <| £ | 1 /3[exp(-^|n-m+|) + cxp(-^|n-m -|)], » g {m+ m "}, 

|^( S +g,±)( TO T ;A ;e)| < 1. 

Proof. The proof of all statements goes simultaneously by induction over q = 0,1, For g = 0, all 

statements except (7) are due to Proposition [OJ Lemma \5A\ and Proposition EUl We discuss (7) for q > 1; 
the derivation for g = is completely similar. Let g > 1. Assume that the statements hold for any q' < q — 1 
in the role of g. The derivation of (l)-(4) is completely similar to the derivation of these properties in 
Proposition 15.31 Lemma HT4l and Proposition 15.61 We discuss the proof of these statements very briefly. A 
very important difference in (5) is that this time we invoke Lemma 14. 141 instead of Lemma 14.51 

Note first of all the following. Let (e, E) £ Lct j e j(s+q-l) \ { i b e arbitrary. Then, using 

conditions (|5.33[) . (|5.34[) in Definition 15.81 one obtains 
(5.52) 

\ E (s + q-l. + ) A (s + q-l) ( m ). £ ) _ £| < | £ ,( s +g-l,+) ^+^("+9-1) ( m ) ; £ ) _ ( m + ? A («+«- 1) ( m +). £ ) | 

+|£j( s +9- 1 .+)( m +,A( s+ «- 1 )(m^);£)-£;| < 5 {s+q - 2) + 26 {s+q - 1) < 36 {s+q - 2) /2, 
\E ( - s+q - 1 ^\m+,A^ s+q - 1 Hm+);e) - E\ > \E (s+q - 1 ^ (to+, A^ s+q ^ (m+); e) - £C«+g-i,+) ( m +, A^ 9 " 1 ) (m+); e)| 

_| jB (^+9-i.+)( m + i A< s +'?- 1 )(TO+);e) - £| > 3<5 (;s+< '- 1 ) - 26 {s+q - 1) > (5 {s+q -^)\ 

l^+g-l,-) ( m + ^ A ( S +g-l) ^ m +j. £ ) _ £| > \ E (s+q-l,-) ( m + j A ( S +9-l) ( m +); e ) - ^(»+9-l.+) ( m + A (*+9-l) ( TO +); e )| 

-|£i( s +9- 1 -+)( m +, A< s+,? - 1 )(TO+);e) - £| > 35<- s+q -^ - 25 {s+q - 1) > (5 {s+q -V)\ 

Let s < s' < s + q — 2, j g ) be arbitrary. Then, using conditions (|5.35j) . f|5 .36[) in Definition 15.81 one 
obtains 

\E {s '' + \m+,A (s '\m)-e)-E\ < \E < - s '>+\m+ 7 A<>') (to); e) - E {s+q -^+\m+, A^^ 1 ' (to+); e)| 

+ | jE ,( s +g-l,+)( TO + )A ( S +9-l)( m +). £ - ) _ £| < 5 ( S '-1) + 25 ( s+ ,-l) < 35 ( S '-l)/ 2 , 

|£?C» , .+)( m + j A(»')(m);e) - E\ > |£ (s '< +) (m+, A< s ')(to);£) - E {s+q - 1 ^{m+, A^ 9 ^ (to+); e)| 

(5 - 53) -|£( s +"- 1 >+)(m+ A( s+ 9- 1 )(m+);e) -E\>—- 2S^ s + q -^ > (j( s ')) 4 , 

|£;( s ''-)(to+,A( s ')(to);£) -E\ > \E (s '--\m+,A (s '\m);s) - E {s+q - 1 -+\m+ , A^+^im+y, e)\ 

/>(.>>') 

-\E^ +q - 1 ^(m+,A^ +q -^(m+);e) - E\ > — -28 {s+q -^ > (<S (s >) 4 . 

Similar estimates hold if (s,E) 6 £( a +9 — for i/ws reason, the inductive assumption applies to 
^A(*')(mt) £ * n ^ e ro ^ e °f Ha,s and to (e,E) so that (l)-(6) of the current proposition hold for ^A( s ')(m+) e' 
In particular, for any (e,E) G £( s +9^ 1 ^+) u £( s +9-i:-) ; eacn matrix (E 1 — i?A< s ')( m ) e) ^ s invertible for any 
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s < s' < s + q — 2 and any m, m £ {wq ,m }. The matrix (E — ^C^+e- 1 ) (m+)\{m + m -\ e ) is also invertible. 
Furthermore, 

\[(E - # A f<»')(m),e)~ K 2 ^)! < S D(-M°')( m )),T,K ,\s\;A<°'H m )M( X >y)' 
(5-54) IK^-^Al^ + .-D^^V^+.m-l.s)" 1 ]^^)! 

- S D(--A^ + <i-^ ( m +)\{m+ , m - }),T,K 0: |e|;A< s +<J- 1 )(m+)\{m+ : mo },m( a; ' 2/)- 

Similar estimates can be shown for s' < s and for s' = s + 9 — 1. 
Recall also that \v(n) — v(itlq )| > 2<5q for any 

neA\([ |J |J A^(m)]u[ (J (J A< s '>(m+)]), 

l<s'<s+g-l meM(s') s<s'<s+q-l j e j(s') 

due to condition (vi) in Definition 15.81 This implies \E — v(n)\ > <5q for any such n. 

Taking into account condition (iv) in Definition 15.81 and Remark l3.2[ one obtains D(itiq) < T/iA(m^ : ) 1 / 3 . 
Just as in the proof of Proposition I5.6[ one concludes that D{- \ A) 6 Sa. t.k - Furthermore, due to Proposi- 
tion Jt A + 

(5.55) ,a A , l-r. //) ; . .s 7 ,,. :A . _.|. A 



E 1 — Ha + _ , E is invertible. Moreover, 

m ,m Q 



m ,m 



(a, J/) I < s D( .. A + _),T,« ,| e |;A + 



{x,y). 



Thus, in particular, parts (1), (2) of the current proposition hold. 

The estimates in (|5.41[) are due to Lemma \2 .2 II This finishes the verification of (l)-(4). 

As we have mentioned, to verify (5) we invoke Lemma \4. 141 For (e,E) 6 ,£( s +'?~ 1 >+) u j^^+i- 1 ^) ; se t 

ai (e,E) =w(m+) + Q( s +«)(™+ A;e,E), a 2 (s, E) = v(m Q ) + (mjT, A; e, E), 

b 1 (e,E)=G {s+q \m+,m Q ,A;e,E), b(e,E) = \h(e,E)\, 

h = E-a u f = h-b 2 f^\ 

(5.56) .g , ± (e)=^+"- 1 ^(m+,A( s +^ 1 )(m +); £ ), p = 26 { Q s+q - 1 \ 

h=E- v(m+) - QC-+9- 1 ) (m+, A< s+ ' ? - 1 )(m+); e, E), 
f 2 = E-v(m Q ) - Q^+s- 1 ) ( m - ( a( s+ « -1 ) (mj); e, £), 
6 2 = IG^-^^+mo-, A^- 1 )^)^,^! 2 , Xl ( £) £) = A/a - 6 2 . 
Due to (EUD, one has 1^1, |^,o 3 -|, |&i|, \d E bx\, |-B - a,-| < 1/64. So, / € 3$j(/i,/ 2 ,&), and also 

/ G 0(1) (/it /2, fr), as required in Lemma \4. 141 Note that X — X^> Let us verify conditions (a)-(<5) needed 
for an application of Lemma 14.141 We set p :— po. Using (|5.4ip . one obtains \d%x( £ ,E) ~ d%Xi( £ > E)\ < 
4|e|((5^ + ^ 1) ) 12 , a < 2. Recall that X i(e, -B (s+ ^ 1 ' ±) (^, A( s +?- 1 )(m+); e)) = 0, and (15^51) applies to 
Xi in the role of X and q — 1 in the role of q. This implies conditions (a), (7), and (5) with a\ := 
(l/8)(inf Xi „(min 4 rW'))) 4 = 1/8. Note that X i(0,.E) = X (0,£). This implies condition (/3). Part (5) follows 
straight from Lemma \4. 141 (the last two lines in (|5.46l) are due to (|4.10[) . (|4.1ip . respectively). 

(6) The proof of this part goes word for word as the proof of part (3) of Proposition 15.61 

(7) Let < \E - E( s ' ± }(m%,A.]e)\ < (d { Q s+q ^ 1) ) 1/2 . We invoke the Schur complement formula (J2J2]) with 
JCa = E - H A ,e, A 2 := {mj, }, A x := A \ A 2 . Provided X (e, E) ^ 0, one has (see (|5.18|l ) 



T2,! ^A 2 



(5.57) 



Ho 



(E-v(m^)-Q( s+ ti(mo,A;£,E)) 



-G( s+q \m+,m„,A;e,E) 



-G<>+«) (m , m+, A; e, E) (E - v(m+) - Q( s +«) (m+, A; e, i?)) 
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(E- H A , s )-\n,m±) = -[K^T^H^n^) = -^^y E 

( E - ^M^,™-}/ 1 ^' x ^ x ' m t^)( E ~ v ( m o) ~ Q (s+q) {^4, A; e, E))+ 
(5.58) /i(a;, mj; e)G (s+9 - ) (mj, mj, A; e, £)], ^{ra+m } 

X(e^) 

(E-ffA.e)" 1 ^, mj) = ff 2 - 1 (m± mf) = ^^G^\m+ ,A;e 1 E). 
Note also that due to part (7) of Lemma 14.111 dEX\E(*+i-±)(m + a-e) ^ 0- Set 

± g^V^Ajf) - ^K T ) - Q ( * +t?) KT, A i £ 1: g^^K J A;e)) 

l^o. oil) a 

°EX\E(°+i.±)( m +,A:,s) 

It follows from (pT4"6) that a* ^ 0, 1/3*1 < 1. One has 

Res[(E - H AxB )- 1 (n,mf)]\ E=m , +q ,±^ m + tA . e) = -a* ^ 

i£A\{mjJ",m,j"} 

(£( s +9>±) (m+ , A; e) - ff A \ {m + m - (n, i) m± ; e) + ft(ar, ; e)/3 ± ] , n G A \ {m+ m }, 

< ~ 5 ' 60 ' ) i?es[(£- ^A,e) _1 (m^,m^)]| B=£;(s+g , ±)(m + jA;e) = a*, 

fles[(£-fr A , e ) _1 (m^,mg : )]| B=E(jl+4 , ±)(m + )A . e) = a ± (3 ± , 

Res[(E - HA,e)-^ mo± ]| E=E( . +a , ±)(mo+ , A;£) = «V s+<?) (-, A; e). 

This implies F A , e <? (s+9,±) (A; e) = £( s +?>±) ( m +, A; e )^( s +9.±) (A; e). Combining (|53D| with (j5~^|) and with 
the estimate (|2.28l) from Lemma |2"771 one obtains (|5.51[) . □ 

Using the notation from Proposition 15.91 assume that the functions h(m,n,e), m,n G A 
depend also on some parameter k G (fci,^), that is, h(m,n;e) — h(m,n;e,k). Assume 
that H A , e , k := (/i(m,n;£,fc)) m neA G OPR^ s +^ (m+, m^, A; 5 , r^j. Let Q( a +«) (m±, A; e, fc, £), 

, A; £, fc) be the functions introduced in Proposition 15.91 with HA, s ,k 

in the role of -ff Aj£ . 

Lemma 5.10. (1) If h(m,n;e,k) are ^-smooth functions of k, then Q^ s+q \m^ ,A;e,k,E), 
G*( s +«) (mjf, , A; e, fc, £), and £( s+< ^±) (m+, A; e, fc) are C* -smooth functions of all variables involved. 

(2) Assume also that h(m,n;e,k) are C 2 -smooth functions and for m 7^ n obey \d a h(m, n; e, k)\ < 
Bq exp(— Ko\m — n\) for \a\ < 2. Furthermore, assume that \d a h(m, m; e, k)\ < So exp(Ko|m — rnj| 1/ ' 5 ) 
/or any m e A, < |a| < 2. Then, for \ct\ < 2, we /iaue 

I^^-^a^,^-},*)- 1 ]^.!/)! < (3Bo) Q a5S(. i A\ {m J, m;} ),r, ( «„,| e |;A\ {m +, mo -}( !B .»). 

|9«G^)(m±mJ,A; £ ,fc^)|<(3S )^ ( . ;AUm ± 

< (3S ) Q |e| 1/2 exp(- Ko |m+-mo/16|), 

(5.62) \d a E < - s+q ' ± \m+,A;e,k,E)~d a v(m ,k)\ < {3B ) a \e\ 3/2 . 

Here ' ®D(,A\ {:c , y }),T,Ko,|e|;A\ {m +, m -} (W ' TO ° } " " Le ™^ 

The proof of this statement is completely similar to the proof of Lemma l3.5l and we skip it. 
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6. Self- Adjoint Matrices with a Graded System of Ordered Pairs of Resonances 

This section is to large extent an "upgrade" of Section [5j We explain only the new ingredients. We skip 
the rest of the proofs because up to the new notation, they go almost word for word as the proofs of the 
corresponding statements in Section [5] Lemma 16.41 explains how the main transition to the "upgraded" case 
goes. After that, ultimately the main difference is that we use Lemma [4.131 instead of Lemma [4.5[ and in 
Lemma T4. 141 we have this time l>\. 

Definition 6.1. Let s > 0, q > be integers and let > (o"q S+<? ~ 1 ' ) ) 1 / 4 . Using the notation from 
Definition \5.8[ assume that conditions (i)-(iv) and (vi) o f Definition \ 5. 8\ hold. Assume also that there exists 
m+ G jYC( a+9-1 ' + ) such that 

(6.1) 



(£(-+«-i))i/a < |£(«+ 9 -i.±)( m + A^+'-^Cm/)^) - £?('+«- 1 » ± )(7n+, A(-+«- 1 )(m+);e)| < ^" + * _a) , j^jo, 

(6.2) (4 s+<? - 1) ) 1 / 2 < ItfC-H-i.-) (m + A ( s+q -i) (m) . £) _ E (s +g -u±) (m + A(a+9 - 1 ) ( m +) ;£ )| ) j ^ io , 

(6.3) |£( s +«- 1 ' ± )(mj o ,A( s +«- 1 )(m+);£) - E^*- 1 *) (m£ , A^ s +^ (m+); e)\ < (S^- 1} ) 5 / & . 

Assume that the rest of condition (v) of Definition \5.S\ holds. 
Due to Proposition \6.5\ below, the functions 

K^ s+ ^(m,n,A;e,E) = (E-H A ± ± )- 1 (m,n), m,n G A ± ± := A \ {m± mfj, 

(6.4) Q('+9.±)( nij A;e,J5) = /i(m, m'; e) J K'( 4, +»' ± )(m / , n'; A; e, E)h{n' , m; e), me{m+,m+} 

rn',n'£A ± ± 
m - m j 

are well-defined for any e G (— £ s +g-2, Es+q-2) o-nd any 

E G £±(e) := (£<«+«-*.±) ( m + A^" 1 ^); e) - 2Jq S+9_1 ' 1 , E { - s+q ~ 1 ' ± " 1 (mj , A (s+<?_1) (mo); e) + 25 { a s+q ~ 1) ). 
We require that for all e, we have 

(6.5) v{m+)+Q {s+q \m+,A,E) > v{m+ Q ) + Q {s+q \m+ Q ,A-e,E) + t {1 \ E G £+(e), 
or, alternatively, 

(6.6) W (mo) + Q (s+9) (m ,A,i;) >«(mj ) + Q (s+9) (m7 , A; e,£) + £ G 8"(e), 

where > 0. W^e introduce the following notation: 
(6.7) 

m W :=m:= ((m^,mo),(mt,mj )), s (0) :=s ,s« = s+ g , s (1) :=0:=(s (o) ,s (1) ), r = (r' ', r^). 

W^it/i some abuse of notation, we set 

m + := m-Q , vrT := to+ if (|6.5[) holds, 

(6.8) or alternatively 

rn + := m^~, m _ := mj g if (|6.6[) holds. 

We say that Ha,c G GSR^ (m, m + , m _ , A; <5o, t) . PFe set s(rn ± ) = sW. We caZ/ m + ,m~ the principal 
points. We call A^ s< ) ~ 1 )(m ± ) i/ie (s^ 1 ) — 1)- set for . 

Remark 6.2. We introduce the cases (|6.5p and (|6.6[) to address all possible cases for our applications 
in Section \1(A In fact, in Section these cases exclude each other. This property is inessential for the 
development in the current section. For this reason, we do not include it in the definitions, and we consider 
these two cases as two alternatives. 
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Remark 6.3. In the next statement we will use for the first time part (5) of Definition \2.2\ 
with A 1 V ', see Remark \2.SX Here and later in this work, 9a'.t,k := Sa'.Z",t,k • Recall also that 

Lemma 6.4. (1) Let H A \e G OPF>' s+<? ') (m+, , A'; tf , t' ') . Assume t/iat (o"^ 9 ^) 1 / 4 < t (0) - ^ 
!K A < :=F- fr A , >ej Ai = A'\ {m+ m^}, A 2 = {mj}, ^ := JC A ., r ifi (fc,*) := r AiiA .(fc,£) := 5C(M), k G 
A,,£ G Aj-. For IF - F( s +?'^)(m+, A';e)| < (4 S+</) ) 1/4 /8, quantity &f = H^(m^,m^) = pi 2 - 
T 2 ,iKi 1 T ia ](mJ,mJ) is well defined, = F - v{m^) - Q^ s+q '\m^ , A' \ e, E), and 

(6.9) ±Ht(rr$,mZ)>{S$*< ) ) 1 '*/4. 

Furthermore, set D{x;A' \ {m^}) = D(x;A'), x G A' \ {mj, 771q~} 7 where D(x;A' \ {mQ~,m^}) is defined as 
in Proposition^ with A' in the role of A, D(m*;A'\{m£}) = 4 \og(S ( s+q ' . Then, £>(•; A' \ {m±}) G 
S A '\ {m ±},z-\{m±},r,«o- T/ie mirfrH!£-ff n{% ±} is invertible and 

( 6 - 10 ) ([(^--ffA'UmfhJ -1 ]^?/)! ^ S U(.;A\{m±}) > T >Ko ,|e| ; A'\{m±},<R( a: 'y)- 

(2) Set 

(6.11) Q( s +?')(m ± ,A';e,F)= E h(m ± ,m;e)(£-ff A ,\ K±}iS )- 1 (m ) n)fcK% ± ;£). 
Then, 

(3) C/sms tfie notation from part (2), set g (e,E) = g 0j ±(e,E) = E^ s+q ' - 1 ' ± \m+ , A'; e), p = 25 { s+q ' ~ 1} , 

f ± (e, E)=E- v(mt) ~ Q {s+q ' ] (m± A'; e, F), 6 2 (e, F) = |G^')(m± mj, A'; e, F)| 2 , 

(6-13) 62/ ^ 

f{e,E) = f + {e,E)-j^-±. 

Then, f G ff$ ))1/a (/+,/-,& 2 ), > r ; see Definition^ 

Proof. (1) Let |F - F^'+^+^toJ, A'; e)| < (<$ ,+? ' ) ) 1 / 4 /8. Due to part (2) of Proposition K9\ 
Q( s +9')(m^, A';e,F) is well-defined. One can see that H+ = E - v(m ) - Q (s+q '\m , A'; e, F). Due 
to (|5.46p from Proposition l5.9[ one obtains 
(6.14) 

^ 2 + U =B (^. + , (mo+ ^ ;£) = F^+)(m+, A';e) - v(m Q ) - Q^Vo ) A'; £) £( s +"'>+)(m+ A'; £ )) > r^A 

Combining ()6.14p with the estimates ()5.41j) from Proposition 15 .91 and taking into account that {SQ S+q < 
one obtains (|6.9[) for Ff^. The derivation for is completely similar. Furthermore, due to (|5.39[) 
from Proposition ^. 9[ one has 

(6.15) |[(F- H K ,^ {m + m - }s )- X \^y)\ < S D(-;A\{ m +, m ^}),T,K ,\e\;A'\{ m +,rn-},^y)- 

Due to Proposition I2.16[ the estimate ()6.10j) follows from (|6.9|) combined with ()6.15|) . The case |F — 

-)( m +,A';£)l < (4 S+9,) ) 1/4 / 8 is completely similar. 
(2) One has 

Q^{mf, A'\{mt};e,E) = l E + E + E + E 1 

m,nGAi m,n£A2 77lGAi,tl€A2 m£A2,nGAi 

(6.16) 

/i(TO^,TO;£)(F-iJ A , Um ± } J" 1 (TO,n)/i(n,m^;e) := E G r 

l<i<4 
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Using the Schur complement formula and the definition (|5.40l) . one obtains 

m,n£Ai 

(6.17) =Q^\m^k'-e 1 E) + {H 2 {m^^))- 1 \m l \ 2 , 

DJli = h(m^, to; £)J{ 1 " 1 (m, n)h(n, mj; e); 

see Lemma |2. II Similarly, 
(6.18) 



©3 = {H 2 {m^ ^m^T^him^ ,m±-e), © 4 = {H 2 (m^ , ™J))- 1 OTi/i(mJ, m±; e). 
Due to (|6TT|) , (|6~18)) . and the definition (|5T40l) . one has 

(6.19) ^ ©^g^')(m±,A^,^) + (^ 2 (mT, m J))- 1 |G( s +^)(m ± ,™ T,A'; £ ,£;)| 2 , 

l<j<4 

as claimed in (|6 . 1 2[) . 

(3) Due to (|5 .38|) in Definition I5.8[ one has /+ > /_ for any e, E. It follows from the estimates (|5.41j) in 
Proposition 15.91 that / G 3^), 1 y 2 (/+, /-, b 2 ). Furthermore, due to Definition 15.81 one has > t . □ 



Proposition 6.5. Using the notation from Definition \6.1\ the following statements hold. 

(1) Let £>(•; A(m)) be as in Proposition ] 5. 91 SetD(x;A) = D(x; A\{m+, to - }) = D(x; A\m) = D(x; A(to)) 
if x £ A(m) \ m, Z?(x;A) = Z?(x;A \ {m+,m~}) = 41og(^Q S+9 1 ^) _1 i/ x G m \ {to + ,to, - } ; and 

Z>(z;A) - 41og(4 s+,?) )- 1 G {m+,m-}. TTien, D(-;A\tn) G 9 A \ m , T , Ko , £>(■; A \ {m+, m~}) G 

£(-;A) g Sa,t 

(2) Setgx = £(« w -l.±) ( m +, A( s<1) - 1 )(m+); e) i/ ([13]) or (EE) fto&fe, respectively. Set 

(6.20) := {(£,£) : e G (-e.-x.e.-x), |J5-$i(e)| < U 2 J }■ 

For any (e,E) G £*- s< £/ie matrix (E — i?A\{m+,m-},e) * s invertible and 

(6-21) |[(-E - i?A\{ m +, m -},e)~ 1 ](a ; , < S_D(.;A\{m+,m-}),T,K ,|e|;A\{>n+,in-},<H( x : J/)' 

(3) Set 

g (s<1>) (TO ± , A;e,E) = ^ h{m ± ,m;e)(E - H A \ {m+ m - } y 1 (m,n)h(n,m ± ]s), 

m,n£A\{m+ , m — } 

(6.22) G^^m^m^, A \ {m+, mT}; e, J5) = /i(mV T ;£) 

+ h(m ± ,m;e)(E - i?A\{ m +, m -}) _1 (m, n)h(n,m T ;e). 

m,n£A\{m+ ,m — } 

LefQ^-^m^A^-^m^e.-E) oe defined as in Lemma\KJ\with A' = A( s(1)_1 )(m :t ). Then, for a < 2, 
|9^Q (s<1>) (m ± , A; e, £) - flg^C-' 1 '- 1 ) (m ± , A^" 1 ) (to±); e, £) | 
<4| £ | 3 / 2 exp(- K0 i? (s<1) - 1) )<| £ |(4 s<1> - 1) ) 12 , 

((, '" >l |5gG (s(1)) (TO+,TO-,A;e,£;)| < 4|e| 3 / 2 exp ^-1^2 | m + - ro~A 

<4|e| 3 / 2 exp(-« i?( s<1) - 1 )) < leK^ 11 " 1 ') 12 . 
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Furthermore, set p Q = ^ s<1> ~ 2) , Pl = {S { S<1} ~ 1} y/ 4 /8, g (e,E) = g ,±(e,E) = £(s (1) -2,±) ( m + ) A(m+); e), 
gi{e,E) = gi,±(e, E) = E^ s ~ l >^(m + , A{m + );e) if (|6.5[1 or ()6.6)) holds, respectively, and 

fi(e,E) =E-v(m + ) - Q (s<1)) (m+, A; e, £), / 2 (e,£) = E — »(m _ ) - Q (s<1)) (m~, A; £) B), 
(6-24) ... j,2/_ p n 

6 2 ( e ,B) = |G( s<) )(m ± ,mT,A;e, J B)| 2 , />, £) = ^(e, J5) - 

h[e,E) 

Then, f e S^fL(/i,/ 2 ,& 2 ) if (JSSJ or (HU) /wZds, respectively, > /2, > r« (tW) 2 /4; see 

Definition \4- 7\ . 

(4) Let (e, J5) € £( s<1)_1 ). JTien, E e speciJA,e */ a«c? only if E obeys 

x(e,E) := (E-v(m + )-Q^ 1} \m + ,A;e,E)) ■ (E — v(m~) - Q^^imT ,k;e,E)") 

(6.25) m " 

- |G (s 1(m+,m-,A;e,E)\ 2 = 0. 

(5) Let f be as in part (3) and let x^ be as in Definition ^. 7[ Then, x(^,E) — if and only if = 0. 
For e G (— e s -x, £ s -i), the equation 

(6.26) x U) (c,E)=0 

has exactly two solutions E^ s > + )(m + ,A;e) > E^ s( (m + , A; e) , 

(6.27) \E^ il) ^(m+,A;e)-g 1 \ < 4(^ (1> - 1 ) 1 / 8 . 

TAe functions E^ s< ,,± )(m + , A;e) are smooth on the interval (— £ s _i, e s -i). T7ie following estimates hold: 
(6.28) 

|3£x (/) l<8 /ora<2, d 2 > 1/8, 
^X (/) L B(s(1 »,- )(m+Ae) < -(r^) 2 , 9Ix (/) l E , £(8(1) , +)(ro+iA;£) > (r (/) ) 2 , 

(m+, A; e ) - (m+, A; e ) > \ [-d% X U) ,- Hm+ >A;s) + d E X ( \ E ^K +Hm+ , A;e) l 

\x U \e, E)\>- mm((E - E^ sW -\m + ,A; e)) 2 , (E - E^ sW ' + \m+ , A; e)) 2 ) , 
8 

[ ai ( e ,£0 + \ b (e,E)\}\ E=E(a(1) , +)(m+ A:5) > E^ 1} '+\ m +,A;e) 
> max(ai(s,E),a 2 {e,E) + \H £ > E )\)\ E=E <.> w .+)(m+,A; e y 

[a 2 (e,E) ~ \b(e,E)\}\ E=Eisil) , +Hm+A . E) < E^ >-\m+ , A;e) 
< min(a 2 (£,B),ai(e,£;) - \b(e, -S)l)l E=B ( S W,- )(m+iA . e) - 

w/iere 

Oi(e,B) = w(m+) + g (s<1)) (m+,A;e,£;), a 2 (e,B) = u(m - ) + Q (s<1)) (m", A; e, E), 

b(e,E) = \h(E,E)\, h{£,E) = G (s(1>) (m+,m-,A;e,E). 

(6) 

specify n {E:\E- E^-V(m+, Al' W ~V (m+); e)\ < W^-V) 1 '*} 
(6.29) = {£?(« w .+)(t4, A;e),^ s(1) '-)(m+ A;e)}, 

B( s(1) - ± '(m+A;0) = t;( m ±). 
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Let 

(6.30) (4 S<1)) ) 4 < mm \E-E^- ± \m+, A; e)\ < (<# <1>-1) ) 1/2 , E G K. 

Then, the matrix {E — H\ e ) is invertible. Moreover, 

(6-31) \[(E - i? A ,e) _1 ](a:,s/)| < s D{ .. A)7TyKo ^ e \. k:A ^(x,y), 

where D(x,A) is as in part (1). 

Proof. (1) The verification of this part is the same as for part (1) of Proposition 15.91 

(2) Let (s,E) G £( s< > ~ 1 ). Assume that (|6.5[) holds. If (|6.6p holds, the arguments are completely similar. 
Let j G \ {0, jo} be arbitrary. Then, using conditions (|6.1[> and (|6.2[) . one obtains 

(6.32) 

^(^-^(mi-.A^ 1 '- 1 )^)^)-^ < |^ (1) - 1 ^)(m+,A( s(1, - 1 )(TO,);e)-^ s(1, - 1 ^)(TO+A( s<1) - 1 )(m+); £ )| 

+\E^-^(m+,A^ 1) - 1 )(m+);e) - E\ < + (S^^) 1 / 2 < 2S^- 2 \ 

\E^ 1) - 1 '+\mj,A^ 1) - 1 \mj);e)-E\ > \E*' M ^(mf , ^{m}); e) - E^ 1) - 1 '+\m+, A<' W ~V (mf); e)\ 
-\E^-^(m^A^(m^;e) - E\ > (sf'^ - (5^-^/2 > (S^^)*, 
\E^ 1) - 1 '-\mf,A^ m - 1 \mf);e)-E\ > \E^ m ~ l '-\w+, A^- l \m+);e) - E^ (1) - 1 '+\m+, A( sW ~V (m+); e)\ 

-\E^ 1) - 1 '+\m+ 1 A^ 1) - 1 \m+);s)-E\ > (S^^) 4 . 
Due to part (6) of Proposition ^. 91 applied to e * n ^ e r0 ^ e °^ ^ A . £ ' one nas 

( 6 -33) l[(^-^A(=')( m) , e ) _1 ](2;,y)l < S Di .. A(s ' ){m)hTyKaM . A( s' ){m y m (x,y) 

for s' = s + q — 1 and any to = mj~, j G j( s+<?_1 ) \ {0, jo}- Similarly, (|6.33[) holds for any s' < s + g — 1. 
Note that 

(6.34) +\E^ 1) - 1 ^(m+, A( s(1) - 1 )(m+);£)-^ s(1) - 1 '+)(mt,A( 5<1) - 1 )(m+);£)| 

< + (4 s ' 1 '- 1 )) 5 / 8 < (4 s<1) - 1) ) 1/4 /2- 

Due to (|6.10p from Lemma 16.41 applied to H A ( S +q-i) ( m ±y E in the role of i?A',e, one has 

(6.35) \i(E - H Ms( i ) _ 1)im±Mm±} ) ](x,y)\ < s £ , ( .. A (,(i)-i) ( „ l ± ) \ {m ± })iTiKOi | £ |. A (s(i)-i )(m ± ) \ {m ± }iK (^, J/)- 

Recall that |u(n) — i^mj} )| > 2S 4 for any n G A\(J , A^ s \m), due to condition (in) in Definition 15. 81 This 
implies \E — v(n)\ > S 4 for any such n. Due to Proposition l2.161 (|6.21j) follows from (|6.33[) and (|6.35[) . 

(3) The estimates in (|6 . 23[) follow from Lemma [2.211 Let fj, f be as in (|6.24[) . Assume for instance that 
([53} holds. Due to part (3) of LemmaEH one has /± := E- u(to ± ) - Q( s<1>_1 ) (to ± , A (5<1)_1) (to*); e, G 
^1,^,1/2' with (±,1) : = (-96") : = (B^-^K.A^ 11 - 1 )^)^)), r^ 1 ) := (2p ), and with r^) > 
r(°). Due to (£3) in Definition this implies f± G 3*$, t(1) 1/2 with := ( 5o ) = {g£), r (1) := (p ). 

Due to one has |<9 Q (/i - /+)|, |<9 Q (/ 2 - /~)| < (^'"^(nunr^)) 6 , < a < 2. It follows from 

Lemma STU that fj G 5^, r<1) 3/4 , > r(°)/2. Due to ([6"3]) . / 2 - /i > rW. Due to ([6"25|) , one obtains 
|b| < ((3/4)mi nj r(^)) 6 , |d„'& 2 | '< ((3/4) min, r^) 6 |6|, |d 2 6 2 | < ((3/4) min, At^)) 6 , since r^) > r(°)/2 > 
(<5 s<1, ~ 1) ) 1/4 - Thus, / G d { ^ 2 fl /4 (h,f2,b 2 ), > t( 1 )(t(°)) 2 /4. The case when (£9 holds is completely 
similar. This finishes part (3). 

(4) Follows from the Schur complement formula. 
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(5) It follows from Definition 14.71 that x(e, E) = if and only if x^ — 0. All statements follow from 
Lemma 14.131 

(6) The proof is completely similar to the proof of parts (3) and (4) of Proposition 15.61 One can see 
that the proof of this part has nothing to do with the fact that we use part (5) of the Definition 12.21 with 
A^Z' y . □ 

Definition 6.6. Assume that the classes of matrices GSR^' S ' (m, m + , m~ , A; 5q, t) are defined for < 
s' < sW + q W - l, q W > 0, starting with GSR^^ (m, m+ , m~ , A; S , r) := GSR^ (m, m + ,m~ , A; 5q, t) 
&emp as in Definition \ 6.1l Let mf, G A. Assume there are subsets M.( s ,+ ' = |rn+ : j G 

JVt>' -5 = | m j : j G J (s,) }, A( s ')(m+) = A( s ')(mJ), j G J (s '\ itrc'tfi s < s' < s^+qW - I, and also subsets 

l<s'<s + g — 1 swe/i i/iai the following conditions are valid: 

(i) mf G M^ s<1)+9<1)_1,± \ (so, &?/ convention, 1 € j( s 1 +9 1 ), m G A(m) /or ant/ m. 

(ii) For any m, H^ m y £ belongs to one of the classes we have introduced before with m being a principal 
point, s(m) < s^ + gW — 1 ( for the notation s(m), see Definitions I3.il \5.8l \ 6.1\ ). Furthermore, 
H K (m +),s e GSR^+^-^im^t .ml ,A(m+);6 ,r). 

(iii) For any m,m' , either A(m) n A(m') = 0, or A(m) = A(rn'), in which case m,m' are the principal 
points for #A(m),e- 

(iv) Lei 6e as m Definitional^ Then, (m + S(i?/ S '))) C A( s ')(m) /or any A( s ')(to), and 
(m±+B(i?( fl(1, +' (1) ))) C A. 

(v) Lei £( s< ) ' ± )(m+,A;e) &e as in Proposition Iff. 51 Below in Proposition \6. 7| we define inductively the 
functions E^ 8 )+ ^' ± )(to, A; e). FFe require that for each G ,+ ), ^ {^i"; m r}> m ^ 
M*- 15 ^(A), s < s' < s + g, and any e G (— e s _i, £ s _i), we have 

(6.36) 

^V-i)<|^»^-W)( m + A (W-i) (m + );£ )_^ 

<4 



(6.37) 

s {1) +c "- I ] „ 1 ! , / + . ( s (l) +q W - 

As') 

(6.38) \- < \E^' ± \mf,A^\mp;s)-E^- 1 ' ± \rnt,A (s+q - 1) (mty,e)\ < S { S ~ 1] 



«- 1 )(m+); £ )|<^ 
/or s<s<s + g— 1, 



(6.39) 



^_ < |£;< s -^(m+,A( s )(m+);e) -£:( s+9 - 1 ' ± )(m+ A( s+ «- 1 )(m+);e)| /or s < s' < s« + q W _ l, 



r(s') 

(6.40) < |J5 ( *' ) (m,A ( *' ) (m);e) - ( m + A (s+9 - 1) (m+); e) | < <^ s s' < 



(vi) |u(n) - v(mf)\ > 26% for any n G A \ |J S , m A (s ')(m). 

(vii) -Dwe to Proposition \6. 7\ the functions 



(6.41) Q^ ,+ ^ , \mt,A;e,E)= £ n(m±, m'; - H^^.^-j)" 1 ^', n')/»(n', mf; e) 

in' ,n'£A\{m|,mj"} 
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are well-defined for all e £ (— e s -\i e s-x)> 

B G y ( ^ (1) w i '-i,±)( m + A (^w i '-i) (m + ) . e )_ 2 ^ (1) +^-i) ) 

(6.42) ± 

B (.w+,«- 1 ,±)( m + )A (^+^-i) (m + );e ) +2^ (I)+ ' (I) - 1 J). 
W^e require that for these (e,E), 

(6.43) v(m+ - l) + Q (s<1)+ i (1) Hm+,A,E) > v{m^) + Q( s<1) +9 (1) ) ( m -, A; e, B) + r« . 

Tnen we say iftai ff Ae € GSR [s ' s +q] ( m, mf , m 1 ,A;J ,r (1) ). We call mf , nij i/ie principal points. We 
set s(mf) = sW We caZi A (s<1)+ ' J<1) ~ 1) (m] fc ) i/ie (s« +gW - l)-set for mf. 



Proposition 6.7. Using the notation from Definition \6.6l the following statements hold: 

(1) Define inductively D(x;A) := D(x;A \ {mf ,m^}) := £)(a;;A(m)) if x & A(m) iot£/i m ^ {mf ,mj~}, 

and £>(mf ; A) := 4 log(ot <1)+9<1> V 1 - 

TTien, I>(-;A) G 3a,t, Ko) £>(•; A \ {to+, mf }) e S A \ {m + iTnr}>T)Ko - 

(2) Let £( S (1) +? (1) -i,±) := £ R (i ? (« (1, +? (1, -i ! ±)( m +,A( s(1, +« (1, - 1 )(™+); e ),2^ (1,+9(1, - 1) ). for any 
(e,E) g £(^ (1) +9 (1) -i,±) ; we have 

( 6 - 44 ) IK £; - iJ A\{m+,m-},e)" 1 ]( a; 'y)l ^ S D(- ; A) ,T,« , |c| ; A\{m+ , m ~ },SR • 

(3) TTie functions 

Q ( s w+«W) (m ± A . £> ^ = £ ft(m ± m /. £)(jB _ ff^+^rV, n)ft(n', mf ; e), 

(6.45) G (s<1)+<z<1>) (m±, mf, A \ {m+, mf }; e, E) = h(mf,mf; e) 

+ h(mf,m;e)(E - H A ^ {m + m - } )- l {m,n)h{n,m^\e) 

m,nEA\{mJ",mj" } 

are well-defined and C 2 -smooth in u 

|gg Q (.w + ,W)( TO ± A ; £ , E) - 0gQ(' (1) +« (1 >-i) A( s<1) +" (1) - 1 ) (m+); e, 25) | 

( s W+gCl)_ 1 ) 12 



(6.46) 



<4| £ | 3 / 2 exp(-. i?(^+^- 1 )) < \e\(6r +q - 1} ) 12 , 
5gG(' <15+ « (1) i(mf , mf , A; e, B) - a£ G (s (1) +? (1) -D (mf , mf, A^ <1)+9<1) ~ 1) (m ] f ); e, i5) 
<4| £ |^exp(-^ (1, ^ <1) - 1 )) < |e|( ( 5r +9<1, - 1) ) 12 , 

a|Q(« a) +« a) )( m ± A . £)£ )| < | e | 5 |£_ w ( m ±)-Q( s(1) +9 (1) )( m ±,A; £ ,i;)| < |e|, 
5g G (- (1J +« (1) )( m ± m T A . e:E y<8\e\ 1 / 2 exp(-^\m+-mi\) < |e|(# (1)-1) ) 12 



with a < 2. Furthermore, for > 0, set po = ^ +9 ^ Pi = ^ +<? ^> 9o,±{ e ,E) := gi.±(e, E) := 
S(« (1) +« w -i.±)( m + A(m+); £ ) 7 

(6.47) 

f 1 (q^;e,E) = E-v(m+)-Q( s(1)+ i <1) \m+,A;e,E), f 2 (q^; e, E) = E - v(m^) - Q(« <15 +9 W ) (™ r , A; e, £), 
WV.^O = |^ a, +^)(mf ,mf ,A; £ ,i5)| 2 , f(q^;e,E) = fi(q {1) ;e, E) - f/*/ 6 '^ . 
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Then ( see Definition^ /(gW;-) € 3% . Hs . qW} (fi(q {1) ; ■), / 2 (g (1) ; ■), b 2 (q M ; ■)), t<AC« W '-» > r<°>(l - 
£(s,gW)), r(« ^rW^ )) 2 ^-^,^))) 2 , with\(s,q) = (1 + 8-( s +?))A( S , g - 1), A(s,0) =3/4, A(s,g) < 1 
/or any s, q, 1 - £(s, g) = (1 - £{a, q - 1))(1 - 8-(*+9>) 7 0) = 0, 1 - g) > 1/2 /or any a, q. 

(4) Let (e,.E) G £(s (1) +9 (1) -l,+) y £ ( S (1) +g (1) -i,-). r /ien, £ € speciJ A>£ «/ a«d onfy i/B o&ej/s 

:= (^-t.(m + -l)-g (s<1,+ « (1,) (m+, A; e,E)) ■ (E - v(m^) - Q^+^^m^ , A; £, E)) 
- G (s<1>+<?(1)) (m+ m^, A; e, L;)G (s(1)+<?(1,) (m^, m+ A; e, = 0. 

(5) Fore € (— £ s _i, £ s -i), equation 

(6.49) x(e,-E) = 

has exac% two solutions E = £(» (1) +<7 C1) ,±) ( m + ; A; e), E [s[1) >~\m + , A;s) < ij( s(1) +9 (1) .+)( m + 5 A; e), 

(6.50) |E( sW +« (1) - ± )(m+ A;e) - B^+^-^^.A^' 15 ^- 1 )^)^)! < |e|(4' W+,W - 1) ) 3 , 

[ 0l ( e ,B) + IK£^)0U =B(s w + ,( 1 ), + , (m + iA;e) > B ( * W+9W ' +) (m+,A; £ ) 

> max(ai{e,E),a 2 (s,E) + \b(E,E)\)\ E=E(sl i )+ql i )i+)(m+ A;e) , 
(6-51) m fll 1 ' ' 

[a 2 ( £ ,£) - He,E)\]\ E=E ^ +t w. +HmtiA . e) < E {s +q '->(m+ A;e) 

< min(a 2 (£,F),ai(e, J B) - IK e > s )l)l E=B («M +e ci>,- )(m + A;e) , 

w/iere 

ai(e, J5) = «(m+) + q( s<1) +9 <1) ) ( m + ; A; e, £), a 2 (e, £) = wfrnf) + q( s<1) +'? (1) )( to - j A; e, E), 

b(e,E) = \h{e,E)\, h(e,E) = G( s<1)+<?(1) )(mi , rrq, A; e, E). 

The functions E^ '^(m^Aje) are smooth on the interval (— £ s _i, e s -i). 

(6) 

specif e n {£" : min |£ - g( s<1) +9 (1, ,±)( m + A (.M+ 9 W-i )(m + ); e)| < S^ 1 ^^) 174 } 

(6.52) ± 

= {^ (1) +^,+) (m + A;e),^' (1) +« (1) .-)(m+, A;e)}. 

If 

(6.53) (^ (1)+g(1) )) 4 <nu n |£-^ sW +« Cl) - 1 ' ± )(m+ A( s(I) +« W - 1 )(m+);e)| < S^^^-^^, Eel, 
i/ien i/ie matrix {E — i? AjE ) is invertible. Moreover, 

( 6 - 54 ) |[(J5 — J?A,e) -1 ](ar»y)| < ».D(;.;A) ) T,Ko,|e|;M.,9t( a: > 2/)) 

where D(x;A) is as in part (1). 

The proof of each statement in this proposition is completely similar to the proof of either a statement 
from Proposition 15.91 or a statement from Proposition 16.51 We skip the proofs. 

We need yet two more upgrades of the classes of matrices under consideration. We skip the proofs for 
the first upgrade and most of the proofs for the second one since they are completely similar to the proof of 
Proposition 1 5. .91 and Proposition \6.5\ respectively. Here is the first one: 

Definition 6.8. Assume that the classes GSPj s(h ' (m^, m + , m~ , A; So, t^) , 

GSR [ * (h) > s(h>+q] (m (h \m + ,m-, A;S ,t^) are defined for all h = !,...,£,£ > 2, starting with 
GS#[ s<1) ](m( 1 \m+,TO-,A;o ,t (1) ), GSR^ 1) ' sW+ ^ (m^\ m+, mT, A; S , t (1) ) being as in Definition \UJ\ 
and Definitional^ respectively. Here, C A, |m<' l )| = 2 h+1 , $W = (s<-°\ «W, . . . , sW), s^ E N, 

s (*0 < s (k+l) ) i(h) = ( r (°) ; . . . ,t^), r( fc ) > r( fc+1 ) > 0. Let H A . £ be as in (jSTTj) - (|5T4)) and let S Q S ' } , R^'^> be 
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as in Definition \3.1[ Let q be such that > (<5q S +q 1 ') 1 / 4 . Let m + ,m~ € A. Assume that there are 
subsets Mc A, A(m) C A, to € M, such that the following conditions hold 

(i) to G M, to G A(to) /or any to. 

(ii) For arty to G M, H^ m y e belongs to one of the classes we have introduced before with s(to) < 
S W -\- qW — i ( f or the notation s(m), see Definitions \3.1[ \5.8l \6.1\ \6.b\ )■ Furthermore, H^ m ±^ e G 
G5#' ) - s(<)+<! - 1 l(m( £ ' :t >,A(m ± );^,t w ) with some C A(m±), m ± G m^. Graen to g M 

swc/i that i?A( m ) j£ G GSPJ S ' ' s< ' + g'](m^ **, A(m); So, rae set s(m) := ' + g', which is the 

largest integer involved in the latter notation. 

(iii) For any m,m! , either A(m) n A(to') = 0, or A(to) = A(m'), in which case m,m! are the principal 
points for H^i m \ e . We use the notation ml = •m for the latter case. In the former case we say that 
•to does not exist and {to,»to} = {to}. Finally, »m + =/= m~ , that is, A(to + ) A(to~). 

(iv) Let to G M. There exists a unique real-analytic function E(m,A(m);e), e G (— £ s _i,£ s _i) such 
that E(m, A(to); e) is a simple eigenvalue of H^ m ^ e and E(m, A(to);0) = v(m). Furthermore, let 
to G M \ {to + , »to + , mT , »to~} be arbitrary. The following estimates hold: 

(6.55) 

(< j(* w +«-i)ji/2 < min \E(m + ,A(m + );e)-E(m',A(m');e)\ < +q ~ 2) if s(m) = + q - 1, 

(6.56) |S(m- s A(m _ );e) - £(m+, A(m+);e)| < (^ sW+9_1) ) 5 / 8 

e(s(m)) 

-2 < min \E(m + ,A(m + );e) - E(m',A(m');e) \ < ^ s(m)_1) s(m) < + g - 1. 

(v) 

(TO + 5(i?( s ( m ») c A( TO . 

(vi) |u(n) - u(m )| > 2^ / or a7l 2/ n € A \ \J meM A(m). 

(vii) .Due io t/ie inductive argument from Proposition 1 6'. ffl below, for any e G (— £ s _i,£ s _i) and arty 

(6.57) £ G (E(m+ A(m+); e) - (<j( sW+ «- 1) ) 1/2 , S(m+, A(m+); e) + (^* W+, - 1) ) 1 / 2 ), 
i/ie functions 

(6.58) Q(to ± , A;e,£:) = ^ /^m*, to'; e)(£ - i3A\{m+,m-}) _1 ("i') »')/i(n', to ± ; e) 

m' .n' GA\{m+ ,m~ } 

are well-defined. We require that for these s,E and some r^ +1 ) > 7 we have 

(6.59) v(m + ) +Q(m + ,A,E) > v{mT) + Q(mT, A; s, E) + t {1+1) . 

In this case we say that H A>e G GSR^'^m^, A; So,^) , m^ +1 ) = U±«i { '' ±} . s( ' +1) = 
( S W,..., S ( £+1 )), s^ +1 ' = sW +g, t^ +1 ) = (r(°),...,T^ +1 )). We caJZ m^ +1 ) the principal set for H\ <e and 

m + ,m~ the principal points for Ha,e ■ We set s(to ± ) = s'^+ 1 ) . Ife caJi A' s ' m • )_1 ^(to ± ) i/ie (s(to ± ) — l)-se< 
/or to^ . 

Proposition 6.9. Using the notation from Definition \6.8[ the following statements hold: 

(1) Define inductively D(x;A) = D(x; A \ {m + , to - }) = D(x; A \ m ( - e+1 ^) = D(x;A(m)) if x G 

A(TO)\m (£+1) , L>(a;;A) = D(x; A \ {m+, m"}) = 41og(o" ( ^ +1) ~ 1 V 1 if x £ m (e+1) \ {m+ , mT}, and 

D{x;A)=A\og{8f +1)) r 1 if x G {to+ ,m"} . Tften, £)(■; A \ m^ +1) ) G S A \ w (i+i) jTjWoJ £>(•; A\ {m+ m"}) G 

S A \{m+ ,m~ },Z"\{m+ ,m~ },T,k > 

D(-, A) G Sa, t ,«0 ' 
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(2) Set gi = E(m+,A ( - s(e+1) - 1 1(m + );e) and 

,( s 1/2 

(6.60) £( s<f+1) -D := {(e,E) : e € (-e.(o)_ 1 ,e. ( o,_ 1 ), \E - 9 i{s)\ < ^ ^—j- 

For any (e,E) € £^ s< + ~~ £/ie matrix (E — -ffA\{m+,m-},e) * s invertible. Moreover, 
(6-61) - ^A\{to+,to-},e) _ K^i f)l < s O(-;A\{m+,m-}),T,Ko,|E|;A\{m+,m-},SR( a; 5 J/)- 

(3) Set for (e,E) € ,G( a( * +1)-1 ), 
(6.62) 

Q (s< + >) (m ± , A;e, E 1 ) = h(m ± ,m;e)(E - H A \ {m +, m - } y 1 (m,n)h(n,m ± ;e), 

m,n£A\{m+,m~} 
m,n£A\{m+,m~} 

Q(m ± , A(m ± );e,-B) = /i(m ± , m; e)(E - i?A(m±)\{m±} : e) _1 (™, n)/i(n, m ± ; e). 

m,nGA(m='=)\{m='=} 

T7ie functions in (|6.62p are well-defined and C 2 -smooth. For a < 2, we /icwe 
(6.63) 

|agg^ +1, )(m ± ,A; £ ,£;)~agQ(m ± ,A(m ± ); e ,£;)| < 4| £ | 3 / 2 exp (-Koi^^) < kl^^) 12 , 
|d£G^ +1) >(m+,m-,A; £ ,£;)| < 4| £ | 3 / 2 exp ^^|m+ - m-|) < 4|e| 3 / 2 exp (-^i?^ 1 '- 1 )) < H^ 1 '" 1 ') 

Furthermore, set po — S^ si + ~ l \ /Oj = po; 5j = So? j = 1, • ■ • j 

A(e, E)=E- v(m+) - Q^ +1) '>{m + ,A; e, E), f 2 {e, E) = E - v[mr) - Q (s<W)) (m~ A; e, £), 



(6.64) 



6 2 ( £ ,£) = |G^ +I VW,A; E ,£)| 2 , = / X ( E ,S) - 

J2{S,E) 



Then, f e ^^^-/(/i./a.ft 2 ), 7"W > rM/2, > r^, wftere r^l = r^+D ( T b1 )2/4, j > 0, 
T [o] := r (o). see Definition^ 

(4) Let (e,.E) G X^'^ 1 '- 1 ). TTien, £ <E speciJA, £ if and only if E obeys 
(6.65) 

X (e,E) := (E- U (™ + )-Q( s<£+1) )(m+,A;e,E))-(E-- U (rn-)-g( s< ' +1) )(m-,A;e,E))-|G( s( " +1, )(m+,m-,A;e,E)^ 

(5) Let f be as in part (3) and let x be as in Definition ^. 7[ Then, x(s,E) = if and only if X = 0- 
For e G (— £ s _i, £ s _i), £/ie equation 

(6.66) X (/) (e^)=0 
ftas exactly two solutions E{m + , A; e) > E(rn~ , A;e), which obey 

(6.67) I^^.Aje) - £'(m ± , A(m ± ); e)| < 4( < #' (<+1>_1) ) 1/8 - 
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(6.68) 



The functions E(m il , A; e) are C 2 -smooth on the interval (— £ s (o)_i, e s (o>_ 1 ). The following estimates hold, 

\d E x {f) \<8 for a < 2, d% X {f) > 1/8, 
^X (/) U £(m -,A;e) < -(r U) ) 2 , d a E x U \ E{m+ A;e) > (t (/) ) 2 
E(m+,A;e)-E(m-,A;s) > \[-d a E x U) \ eMm - ,A-,e) + ^X (/) le,£( m +,A ; e)], 
"^X (/) |e,E (m -,A; E ) , dgx (/) | e ,B(m+ ,A ; s) > ^4 (E(m + , A; e) - E(mT , A; e)) 2 

\x U) (e, E )\>1 ™H( E - E ( m+ > A ; £ )) 2 > ( £ - . A ; £ )) 2 ) 

[ ai (e,E) + \b(e,E)\]\ E=E{m+A . £) > E(m+,A;s) 
> m'Ax(a 1 (e,E),a 2 {e,E) + \b(e, E)\)\ E=E(m + A . e) , 
[a 2 (e,E) - \b{e,E)\}\ E=E(m+A . £) < E(m~,A;e) 
< mm(a 2 (s,E),a 1 (e,E) - \b(e, E)\)\ E=E{m - a . e) , 



(6.69) 

where 

(6) 
(6.70) 



Furthermore, let 
(6.71) 



ai(e,E) = v(m + ) +Q (s< ' +1)) (m+, A; e,E), a 2 {e,E) = v{mT) + Q (s( * +1)) (m~, A; e, E), 

b(e,E) = \h(e,E)\, h(e,E) = G (s<f+1>) (m + , m", A;e,E). 



speciJ A , £ n {\E - E(m + ,A(m + );e,E)\ < 



¥1\ 



2 J 

= {E(m+,A;e),E{m~,A;e)}, 

E(m ± , A;0) = i^m*). 
< minl^ - ^(m*, A;e)| < 24 s< ' +1) ~ 1) , £ G E. 



Then the matrix (E — H^.e) is invertible. Moreover, 

(6-72) \[(E - H^y^y)] < S D( ., AlTtKoM , k . A ^(x,y). 



Here is the second and last upgrade of the classes of matrices. 

Definition 6.10. Let £ G N be fixed. Assume that the classes 

GS'i? [s<f+1> ' s(f+1)+9 ' 1 (m (< ' +1) ,m + ,m-,A';(5o,i( < '+ 1 )) are defined for all q' = 0,...,q- 1, starting with 
G SR^ t+1) ^ e+1) ]( m i^) ) m+, m - ) A';5 ,t(^) := GSR^ t+ ^ (m^ 1 ), m+, m~ , A'; 6 , t^) being as m 
Definition \6.8[ Let A and m + ,m~~ € A be given. 

Assume that there are subsets Mc A, A(m) C A, to £ M, such that the following conditions hold 

(i) m ± € M, to G A(to) /or any to, A(m + ) = A(m - ). 

(ii) For any m G M, H\( m \ e belongs to one of the classes we have introduced before with s(to) < 
s W-\-qW — 1 ( for the notation s(m) , see Definitions \KT[\5. 81 \6. 1U 6. 61 1 6. 8\ ) . Furthermore, H A i m +),e G 

G5i?^ +1) ^ +1) +«- 1 ](m^+ 1 ),TO+,m-,A(m+); ( 5o,t( £ + 1 )) with some m^ 1 ' C A(m+). 
(iii) For any m,m' , either A(m) fl A(to') = 0, or A(to) = A(rn'), m which case m, m' are the principal 
points for i?A(m),e- We use the notation to' — •m for the latter case. Ln particular, •m + = mT . In 
the former case we say that •m does not exist and {to, »to} = {to}. 
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(iv) Let to G M. There exists a unique real-analytic function E(m,A(m);e), e G (— £ s _i,£ s _i) such 
that E(m,A(m);s) is a simple eigenvalue of #A(m),£ an d E(m,A(m);Q) = v(m). Furthermore, let 
m G M\ {to+,to~} be arbitrary. The following estimates hold: 

34 s<f+1)+9 ~ 1) < min min \E(m", A(m"); e) - E(m', A(m'); e) \ < 

m" £{m+ ,m } m'Glm.^m} 



max min |£?(m", A(m"); e) - E(m', A(m'); e) | < 6$ +q ~ 2) if s(m) = s (m) + g - 1, 

-2- — < min min |£(m", A(m"); e) - #(m', A(m'); e) | < 

max min \E(m",A(m");s)-E(m',A(m');e)\ < 6 { s{m) - 1] if s(m) < s^+q-1. 



(v) 

(to + B(R^ m ») C A(to) /or any A(m), 
(m ± |i](J?( s " +1, +'»)cA. 

(vi) |u(n) - t)(m )| > 2o^ /or any n G A \ LLeM a (to). 

(vii) £>«e to i/ie inductive argument, for any e G (— e s (o)_ 1 ,e s (o)_ 1 ) and any 

(6.73) E G U(^(™ ± ,A(to+); £ ) -2^ +1)+9 - 1 \^(m ± ,A(m+); £ ) +24 s< ' +1)+9 - 1) ), 

± 

t/ie functions 

(6.74) Q( s( ' +1) +^(to ± ,A; £ , j B)= ]T ^(m* to'; £ )(E - ff A \{ m +, ro - } r V, «>(«', m ± ; e) 

m / ,n'GA\{m+ ,m _ } 

are well-defined. We require that 

(6.75) v(m+) + Q( s(<+1) +«) (m+, A, E) > v( m -) + Q^^+ol (m~, A; e, £) + r< £+1 ) . 

Jn to case we say that H A , E G GS'.R[ s( * +1) > s( * +1)+9 l (m^ +1) , to+, m~, A; o" , t (£+1 ') . We caZ/ m+.m" toe 
principal points. We set s(m ± ) = s (e+1 ^ + q. We call A^ s ( m± ^ _1 )(m ± ) the (s(m ± ) — l)-set for m ± . 

Theorem 6.11. Let H A , £ G GPR^ it+1) < s<4+1) +i\ (m^ +1 ) , m+ , mT ,A;5 , t^ +1 )) . The following statements 
hold: 

(1) Define inductively D(x;A) = D(x; A \ {to+, to - }) = D(x; A \ m (£+1) ) = D(a;;A(m)) if x e 
A(TO)\m< £+1 ) 7 D(a;;A) = Z?(a;; A \ {to+, m~}) = 41og(4 s< ' +1)+9 ~ 1) )- 1 x G m^ +1 ) \ {m+, m"}, and 
D(x;A) -41og(^ +1)+9) )- 1 */xG {m+,m-}. TOen, #(.;A\m^ +1 )) G g A \ m( , +1 ), T , Ko , A\{m+, m"}) G 

(2) Lei ,C(« c<+1) +«-i.±) :=£ K (i : ;(TO ± ,A(TO+); e ),2^ +1,+ ' z - 1) ). For any (e, E) G ,c(« (<+1) +«-i.±), 

(6-76) |(E - # A \{ m +, m -}, £ )~ 1 (:E,y)| < s D(-:A\{m+,m-}),T,K ,\e\:A\{m+,m-}M( x ,y)- 

(3) TTie functions 

Q(° (e+1) +o)(m±,A;s,E) = 
^2 h(m ± ,m;e)(E - H A \ {m+ ^ n - } y 1 (m,n)h(n,m ± ;s), 

m,neA\{m+,m-} 

(6.77) 

G (s +«)(TO ± ,TO =F ,A;e,£;) = h(m ± ,m^;s)+ 
h(m ± ,m;e)(E - H A \ {m+im - } y 1 (m,n)h(n,m T ;e) 

m,nGA\{m+ ,m~ } 
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are well-defined and and C 2 -smooth in the domain £( s< + +9 _1 >+) U £( s< + 
\ga Q ^ +g ) (m±j A . gj i?) „ a gQ( S (i+1 '+ 9 -D ( TO ±, A(m+); £, £) | 

<4| £ |^exp(- K0 ^ (4+1) ^)) < leK^^)", 

|d« G (^ +1) +?)( TO ± ; TO T ? A; £) E ) _ d%G {s{t+1)+q - 1) {m ± ,m^, A(m+);e, E)| 

(6.78) <4| £ | 3 / 2 exp(- K0 ^ +1) ^-)) < H^'^^^) 12 , 

|0gQ<» cw3 +<r)( m ± )A ; e ,.E)| < |e|, | J B- W (m ± )-Q^ +1, +")(m ± ,A;e,i?)| < |e|, 

\d%G^ +1)+ "\m+,m-,A;e,E)\ <8| £ | 3 / 2 exp ^-Z^| m +- m -f) < |e| 3 / 2 exp (_„ fl(« ( ' +1, -D) 

<N(^r i, - i) ) 12 . 

Furthermore, set p = S ( - s(i+1)+q ^ 1 \ pj = p , gj = g , j = 1, . . . , I, 
(6.79) 

fi(e, E) = E- v(m+) - Q^ +1) +^ (m+, A; e, E), f 2 (e, E) = E ~ u(m") - Q( s< ' +1)+ «) (m", A; e, E), 

b\e,E) = IG^'^VW^i?)! 2 , /(£,£) = A( £ ,i?) - 

Then, f G S^i) t _ 4 _* (/i, / 2 , & 2 ), r^ 5 > r (/: > > r^ +1 l/4, w/iere r^ 1 ! is tfie same as in Proposi- 

tion [679\ 

(4) Let (e,E) € £(s ( ' +1) +9-i,±) . Then, E G spec# A , e i/ and on/j/ i/E obeys 

X(e,-B) := (E-v(m + )-Q^ e+1)+q \m+,A;e,E)) ■ (E - u(rrr) - Q( s<£+1)+ ^ (m~, A; e, £)) 

(6.80) . 

-|G (s )+ «V+,to-,A;£,£)| 2 = 0. 

(5) Lei / be as in part (3) and let \^ be as in Definition ^. 7[ Then, x(z,E) = if and only if X = 0- 
For e G (— £ s (o)_i, £ s (o)_i), f/ie equation 

(6.81) X (/) (e^)=0 
ftas exactly two solutions E(m + , A; e) > .E(m _ , A; e), which obey 

(6.82) | J B(m ± ,A;£)- J B(m ± ,A(m + );£)| < 4|£|(ot < ' +1)+9 ~ 1) ) 1/8 , 

[oi(e,S) + |&(e,E)|]|B=J5(m+,Ai e ) ^ A;e) 
> max(ai(£, E),a 2 {e, E) + \b(e, E)\)\ E=E{m +, A . e) , 

(6.83) 

[a 2 (e,E) - |6(£,-B)|]U=s( ro +, A ; e ) < E(m ,A;e) 
< mm(a 2 (e,E),a 1 (e,E) - \b(e, E)\)\ E=E{m - :A . e) , 

where 

ai (e,E) =v{m + ) +Q {s(t+1)+q) (m+, A; e,E), a 2 (e,E) = »(m _ ) + Q (s( ' +1)+<?) (to", A; e, E), 

b(e,E) = \h(e,E)\, h(e,E) = G (s(£+1>+ « ) (m+, m", A;e,E). 

The functions E(rri^ , A;e) are C 2 -smooth on the interval (— £ So _i, £ So -l) a7la ' obey £/ie estimates (|6.68[) . 
(6) 

f ^ + 1) +9-l)W2 

(6.84) specify H ||.E-.E(m+ A(m + );e,.E)| < ^ '- } = {E(m+, A; e), E{mT , A; e)}, 

^(m*, A;0) = ^(m*). 
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Furthermore, assume 

(6.85) (sf +1)+q) ) 4 <mm\E~E(m ± ,A;e)\<2S ( s(e+1)+q - 1 \EeM. 
Then the matrix {E — -Ha.e) is invertible. Moreover, 

( 6 - 86 ) \i( E ~ HA^y^ix-.yjl < s D{ . lA)yTyKo ^ e \. k:A ^(x,y). 

(7) Let tpkty (A; e) := <p^'(-,A;e) be the eigenvector corresponding to E{irr n , A;e) and normalized by 
^(m^Aje) = 1. Then, 



I^^A;^!^^ 1 / 2 J2 exp(- 7 - Ko \n-m\y 
(6.87) memW 



((/^^(m, A;e)| < 1 + 4 * for any m e m 



For any ?i € A(m + ), we /iai»e 

(6.88) |^ ± )(n,A; e )-^ ± )(n,A(m + ) ;e )| < 2|e|(<# ( ' >+9 - 1) ) 5 - 

Proof. The proof of each of the statements (l)-(6) is completely similar to the proof of either a statement 
from Proposition 15.91 or a statement from Proposition ^. 51 and we omit them. Let us prove (7). We discuss 
the cases £ < 2. For £ > 2, the proof is completely similar. Let £ = 1. We follow for this case the 
notation from Proposition 15.91 In particular m^ 1 ' = (m^,™^). Due to part (7) in Proposition 15.91 the 
eigenvectors (p( s 1 '^(A; e), normalized by (p^ s 1 (mj, A; e) — 1, obey (|6.87[) with £ = 1, q = 0. Let 
^(s 1 _1 )(A^ S 1 -1 )(mg");e) be the vector defined in part (6) of Proposition 13.31 with ^v( s(1) - 1 )(m+) £ * n 
role of £Za, s - Set £(n) = (^ s<1) » + )(n, A;e), n € A^-^mJ). Recall that m+ + J B(i?( s<1) - 1 )) C A (s<1>_1) (mj) 
and ^ A* 5 ' _1 )(mg~). Therefore, using (16.871) . one obtains 

(6-89) ||(^ (1) '+)(A;e) - H M ^_ 1){mt) ^\\ < exp (-Koi^ 1 '- 1 )) . 

It follows from part (4) of Proposition 13.31 that 
(6.90) 

speci? A(s(1 ,_ 1)(r<) n{|^ <1, - 1 )(m+ A(° W -V(m l t);s)-E\ < S^^} = {^'^(mf , A^^COje)}. 

Clearly, \\ip^ W -^ (•, A^ 1 '" 1 ) (m+); e)|| , ||p|| > 1. Combining (5335)1 . (|6~W1) with standard perturbation theory 
arguments, one concludes that there exists £ with |£| = 1 such that 



(6.91) ||C 



g o exp(-^ (1) ^)) /^(.W-irt 
||^< 1 )-i)(A(- (1) -D(m+);e)|| 11 ~ P \ 2 " J 



Note that \\<p(' lli - 1 \-,A(' lli - 1 Xrn£y,e)\\ < 2. Since <^ s<1) - 1 )(m+, A^ 1) - 1 '>(m+);e) = 1, <^(m+) = 1, one 
concludes that \\<p( sll) (A( sll) (m^); e) — ip\\ < exp(— ■y-i?^ 1 ' -1 )), as claimed. This finishes part (7) for 
I = 1, q = 0. The case £ = 1, q > is similar. 

Let £ = 2, q = 0. Using the notation from Definition 16. 11 assume that ()6.5[) holds, m + := , toT = rnt. 
Recall that m^ 2 - 1 = m = ((mjj",m^~), { m t i m 7 ))- Due *° Proposition 16.51 (|6.21[) holds. As above, (|6.87|) 
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i?es[(£;-i/A)- 1 (m ± ,m ± ) 
i?es[(£;- J ffA)- 1 (m ± ,TO =F )]L_ R(s (i), ±) , + =a ± t ± 



follows from (|6.21l) and Lemma f2. 71 As in the proof of part (7) of Proposition 15.91 one obtains 

Res[(E-H A )- 1 {n,m ± )]\ E=E(3 a), ±Hm + tA . s) =-a ± 

xGA\{m+ ,m~ } 

(6.92) (£ ,(s<1) ' ±) (™ + , A;e) - H A \ {m + im - } )~ x (n, x)[h(x, m ± ; e) + h(x,m T ;e)f3 ± }, n G A\{m + ,m~}, 

l_E=£(=( 1 ',±)( m +,A;e) = a± ' 
lE=B(»W.±)( m +,A;s) 

with < lo^l < 1, 1/3^, 1^1 < 1. In particular, 

ff A ,.^« (1) > ± )(A;e) = £;(' (1) - ± )(m+ ) A;e)^' C1J - ± )(A;e) > 

(6.93) V ( aW ' ± )(A;e)(m ± ) = l, ^'^(A; £ )(m T ) = t± 
^ (1) ^)(A; e) := (a ± )- 1 (i? es [(i : ;-ffA)- 1 (n,™ ± )]| f;=£;(s(1 ,, ±)(mo+ ^ ) ) n6A . 

The rest of the arguments for part (7) is completely similar to case 1=1. □ 

Remark 6.12. Assume H Ke G GSi?[ 5< ' +1) ^ +1> +«] (m^ +1 \ m+, m~, A; <5 , t (£+1 )) . Definitions^ andKM 
do not require any upper estimate for the quantity diam(m^ +1 ' ) ). This estimate is needed for an effective 
application of the estimate (|6.87|) on \<p^ (n, A; e)| from Theorem \ 6.11\ In applications we always assume 
the following condition, 

\m+-m-\ <i?^ +1)+1 V4, 

^ 6 - 94 ) m^ +1 ) c\J(m ± + B(R^ e+1) -V/4)). 

+,- 

Although the first line implies the second one, it is convenient to keep it this way for the sake of referring to 
them. Recall that due to Definition [6JR (to ± + B(i? (s< * +1)+,? )) C A. Therefore, <|6T87]> combined with (|6J4|) 
yields 

(6.95) \^(n,A;s)\ < {e] 1 ^ 2 exp (-^ Ko R^ t+1)+ ^ , n e A\ \J (m± + B(JZ<' (4+1)+ «>). 

Let#A 3 ,e G G5i?[ B(£+1) ' s( " +1)+9 ](m^ +1 ),m+,m-,A J -;5o,t (w) ), j = 1,2, with the same principal set m< £+1 ) 
and with the same principal points m ,m _ . We denote by v(n,j) the diagonal entries of H A . e . We assume 
that v(n, 1) = v(n, 2) for n G Ai n A2. Let ^(to 1 * 1 , Aj; e) be the eigenvalue defined in Theorem 16.111 with 
H\. e in the role of H A ^ £ , j = 1, 2. 

Corollary 6.13. Assume that condition (|6.94l) holds for A = Aj, j = 1,2. Then, 

(6.96) |E(m ± ,A 1 ;e)-.E(m ± ,A2;e)| < |£|(<^ +1)+g) ) 5 . 

Proof. The proof is similar to the proof of Corollary 13.61 However, since the eigenvalues E^m^ , Aj-,e) arc 
almost double degenerate, some additional arguments are required. Let (Aj; e) be the vector defined in 
part (7) of Theorem f6. Ill with H Aj<e in the role of H A<e . Set <p ± (A 2 ;e)(n) = (p^ (Ai; e)(n) if n G A 2 n Ai, 
£> ± (A2;e)(n) = otherwise. It follows from Remark 16.121 that 

(6.97) \\(E(m ± ,A 1 ;e)-H A2!£ )(p ± \\ < exp (-^i^^ 



Since Ij^H > |</? ± (m ± )| = 1, one has 

(6.98) dist(^(m ± ,A 1 ;e),speciJ A2 ,e) < exp (-1^- R^ e+1) +^ 
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Since the principal set m^ +1 ) is the same for both Aj, one can use induction, like in the proof of Corollarv l3.6[ 
to verify that in fact 

(6.99) dist^rn^ Ai; e) , {E(m+, A 2 ; e), E(m~, A 2 ; e)}) < exp ^Z|£i?( s<£+1) +<?)^ . 

If E(m + ,A 2l e) - E(m~,A 2 ;e) < exp(-^i? (s<£+1>+ ^), then we are done. Assume E(m + ,A 2l e) - 
E(m-,A 2 ;s) > exp(-^i?( s< " +1>+ 9)). Assume \E(m+, Ai,e) - E(m,-, A 2 ;e)| < exp(-^fai?( sW +«)). Since 
(>( + )(Ai;e), ^-)(A x ;e)) = 0, it follows from RemarkEjJthat (^ + (A 2 ; e), £~(A 2 ; e))| < exp(-^§ai?( sW +9)). 
Since ||</5+(A 2 ; e)|| > 1, combined with (|6.97|) this implies |(speci?A 2 ,e) C\ {\E - E(m~ ,A 2 ;e)\ < 
cxp(— ■ ! | 1 i?( s< ' !,+9 ))}| > 2. However, E(rn + , A 2 ; e) is the only eigenvalue of Ha 2 ,e different from 
E{mT ,A 2 ;e) that may belong to {|£ - £?(?7i~, A 2 ;e)| < exp(— 4f.R( s * +? ))}. This contradicts the as- 
sumption \E(m+A 2 ;e) ~ E(m-,A 2 ;e)\ > exp(-^i?( sW+ ?)). Thus, \E{m ± 1 A x ;e) - £(rrT, A 2 ;e)| < 
exp(-^fai?( s< ' )+ ?)) is impossible. Similarly, |J5?(Tn.= t , Ax; e) - £J(m+, A 2 ; e) | < ex^{- 7 -f-R ( - sW+q )) is im- 
possible. Since E(m + , Aj; e) > E(m~, Aj;e), the statement follows from (16.99[) . □ 

Using the notation from Theorem 16.111 assume that the functions /i(m,n,e), m,n £ A, depend also on 
some parameter k € (fci,fc 2 ), that is, h(m, n\e) = h(m, n;e, k). Assume that -Ha.e./c := (h[m, n; e, fe)) m neA € 

GS'i?[ s<f+1, ' s(f+1, +9](m( £ + 1 ),m+,m-,A; ( 5o,t^+ 1 )) for all jfe. Let q( s<£+1) +9) (m*, A; e, fc, E 1 ) etc. be the func- 
tions introduced in Theorem 16.111 with i?A,e,fc in the role of Ha, s - 

Lemma 6.14. (1) If h(m,n;e,k) are C* -smooth functions of k, then + )+<? ) (m ± , A; e, E) etc. are C t - 
smooth functions of all variables involved. 

(2) Assume also that h(m,n; e, k) are C 2 -smooth functions that for m ^ n obey \d a h{m 1 n; e, k)\ < 
Bo exp(— Ko\m — n\) for \a\ < 2. Furthermore, assume that \d a h(m, to; e, k)\ < Bq exp(Ko| m ~ m + \ 1 ^ 5 ) 
for any to € A, < \a\ < 2. Then, for \a\ < 2, we /iaue 

|9 Q (£; - i?A\{ m + : „ l -} : fc)~ 1 ](a;, y)| < (3 J B ) Q £>^ ( . ;AUm+:m - }):TiK0; | ir |. A \ {m+im - } (2:, y), 

(6 100) |9a ° (S+?)(m± ' A ; £ ' fe ' £ )l ^ ( 3S o) a | £ |SS(,A\ {m +, ro -}),T, reo ,| e | ; A\ {m+ , ro -}(^ ± ^ ± ) < (3i?or|e| 3/2 , 
|5 Q G( s+ «)(7n ± J m = F ) A; £j fc,S)| < (3Bo) a SS(,A\ {m +, m -}),T )Ko ,| £ | i A\ {m+ , ro -}(™ ± ^ =F ) 

< (3 J B ) a |£| 1/2 exp(-K |m + -m-/16|), 

(6.101) la^m^Aje.fc^-a^m*,*:)! < (3B ) a \e\ 3/2 . 

The proof of this statement is completely similar to the proof of Lemma 13.51 and we skip it. 

7. Matrices with Inessential Resonances Associated with 1-Dimensional Quasi-Periodic 

schrodinger equations 

Let c(n), ne1 u \ {0} obey 



c(n) = c(—n) , n £ Z^, 

(7.1) v ' K ' 

\c(n)\ < exp(— ko|ti|) , n G Z y , 

where < ko < 1/2 is a constant. 

Fix an arbitrary 7 > 1. Given 7 — 1 < \k\ < 7 and e > 0, set A = 2567 and consider e with |e| = A _1 e. 
With 

v(n;k) = \- 1 (noj + k) 2 , n£Z" , 

hn(n,m) = X~ 1 c(n — to), 

(7.2) V ' ; . 

h(n, to; e, fc) = v(n; k) if to = n, 

/i(n, to; e,k) = s ho(n, to) if to 7^ n, 
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consider H £ ^ — (h(m, n; e, &)) m ngz </- This is consistent with the notation in (I3.1[) - (I3.4[) of Section [3] with 

(7.3) B 1 =\- 1 . 

We denote by iF\':£,fc the submatrices (h(m, n; e, k)j neA o A' C V . We assume that the vector w satisfies 
the following Diophantine condition, 

(7.4) \nu\ > a \n\- bo , n e Z" \ {0}, 

with some < ao < 1, v < &o < oo. Just for the sake of normalization of some estimates in this section, we 
assume that ||cj|| < 1, so that |mcj| < \m\ for any m E 7L V . 

Let ao, bo be as in (|7.4p . Set b\ — 326o, [3\ — b^ 1 — (326o) _1 - Fix an arbitrary R\ with logi?i > 
max(log(100a " 1 ), 2 34 /3 1 _1 log Kg l ). Fix also k e R. Set 
(7.5) 

i?«=i? 1; ^:=4°) = (i?«)-A, 4"- 1 )=e X p(-(logi?(«- 1 )) 2 ) ! u = 2,..., 

Let us remark here that the definition (|7.5|) is consistent with (|3 - 9[) . In particular, log^Q -1 > 2 32 /3^~ 1 logK^ 1 . 
Another remark is that, due to the Diophantine condition, one has 

(7.6) |mw| > a |mr ho > a (48R {u} )- ba > (i?( u ))- 2b o = (o^ 1 ') 1 / 16 if < \m\ < 48F> } . 

Define 
(7.7) 

jfe± = ± (r(m) with <r(m) = 32(4 S_1) ) 1/6 if 12J2«'- 1 > < |m| < 12i? (s) and a{0) = 32(4 0) ) 1/6 , 

^m,s = ^ 64 (<5q ' l ) 1 ^ 2 , s > 1, fc TO := fc ? ^, 

r<s-l, (<5<, r, ) 1/2 <ff(™) 

where F^ ) := 0. Note the following identities, 

Lemma 7.1. (1) For |m| < 12i?^ 1 \ i/ie intervals (fc~ 2 j 2) are disjoint. We denote by Ij(s) the connected 
components o/K \ Uo<|m'|<i2i?W 

(2) For s > 2, eac/i ij(s) is a subinterval of some Ft(s — 1). 

(3) For j ^ k, dist(Jj(«), J fc («)) > 64( ( 5^ 1) ) 1/6 . 

Proof. All statements follow readily from the definitions (|7.7[) . □ 

Lemma 7.2. (1) Le£m e Z", < 5 < 1/16 be arbitrary. If\v(m,k)—v(0,k)\ < S 2 , then min(|mo;|, |2fc+ 
771a; |) < 325 i/7 < 4 cmd min(|mw|, |2fc + mw|) < 256<5 2 if 7 > 4. 

(2) 7/min(|mw|, |2fe + mw|) < (5 < 1, £/ien |u(m, fc) - u(0, fc)| < 6. 
Assume s > 2 and k e R \ U <| m '|<i2i^> ( fc m^> fc m'J- Then, 

(3) Ifmm(\mu\,\2k+mu\) < 32(S ( S ~ 1) ) 1 / 2 , thenk + muj e R\U| m '|<i2Bw( fc m', s -i> fc m', s -i)- ^eower, 
i/ m addition sgn(fc + rncj) = sgnfc 7 then k,k + raw belong to the same connected component of 
R \ U|m'|<l2ijw( fc m',s-l' fc m',s-l)- In particular, if \v(m, k) - v(0, k)\ < 4 ; then k + mtu € 

K \ U|m'|<12fl< s ) (kfn',»-l' ^m',s-l)- 

(4) 7/0 < |mi-m 2 | < 12i?< s ), thenmaxj \v(mj, h)-v(0, > {8 [ Q s ~ 1) ) 1 / 2 forany\k 1 ~k\ < (5^ S ~ X) ) X / 2 . 
In particular, if < |m 2 | < 12i?( s ), t/ien |u(m 2 ,fci) - u(0,fci)| > (4 S_1) ) 1/2 - 

Proof. (1) One has |«(m, k) — v(0, k)\ = A _1 |mo;| • \2k + mu\. Hence min(A _1 / 2 |mcj|, A _1 / 2 |2fc + muj\) < 5. 
So, if 7 < 4, A < 2 10 and the claim holds. Assume now 7 > 4. Assume for instance A _1 / 2 |2fc + mu)\ < 5. 
In this case, \mu\ > 2\k\ - 5A 1 / 2 > 2 7 - 2 - 7 1 / 2 > 7. Hence, \2k + muj\ < ±\v(m, k) - v(0, k)\ < 256S 2 . If 

A _1 / 2 |tow| < 6, then \2k + muj\ > 2\k\ - 5X 1 ' 2 > 2 7 - 2 - 7 1 / 2 > 7. As before it follows that \mw\ < 256S 2 . 
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(2) Assume that \muj\ < 6. Then, since A > 4max(|fc|, 1), one has 

\v{m, k) - v(0, k)\ < \- 1 (2\k\ + 5)5 < 5. 
This verifies (2) in this case. The verification in the second possible case is similar. 

(3) Assume that \mu>\ < 32(<5 ^ 1) ) 1/2 , k G K \ Uo<|m'|<iaflW ( fc m', s > k ™>,s)- Reca11 that < J ( m ') > 
32(4 S_1) ) 1/6 > 32(4 S ~ 1) ) 1 / 2 if < |m'| < 12i?( s ). Hence, 

k + ttilu e R \ |J (A;",,. + 32(^- 1) ) 1 / 2 , fe+ >a - 32(^- 1) ) 1 / 2 ) Cl\ |J (fc m , ^, fc+ , ,_ x ). 

0<|m'|<12i?< s ) 0<|m'|<12_R( s > 

Assume that |(fc + w) - (-fc)l < 32(<5<T 1} ) 1/2 . Since - Uo<K|<i2flW fc, s > *W, J = 
Uo<\ m >\<i2RM( k m >,s> k i>J> one has " fc G K \ U < | m ' | <i2flW (*W k ™> ,, ) ■ Therefore, fc + muj G K\ 
Uo<|m'|<i2_R( s > (^m' s-i'^m' s-i)- Moreover, if sgn(fc + tow) = sgnfc, then k, k + row belong to the same 
connected component of K \ U| m '|<i2fl( s ) i k m' s-v k m' s-i)- This finishes the proof of the first statement 
in (3). The last statement in (3) follows from the first one with part (1) of the current lemma taken into 
account. 

(4) Recall that due to the Diophantine condition, |(m2 — mi)w\ > ao(l + |m 2 — mi|)~ 6 ° > ff(m2 — mi). 
Let k G K \ Uo<|n|<i2fl( s ) i k n,si k n,s)- We prove (4) first for fci = k. Assume that max 3 \v(rrij, k) — v(0, k)\ < 
9(<5o S_1) ) 1/2 - Then, due to part (1), one has mm(|m,w|, \2k + mj u>\) < 32 • 3((5^ 1) ) 1 / 4 < I28(5 i s ~ 1) ) 1 / i , 
j = 1,2. If \ mj Lj\ < 128(^ s_1) ) 1 / 4 , j = 1,2, then 256(<5 Q S ~ 1) ) 1 / 4 > \{m 2 -mi)u\ > a{m 2 -m{). Due to (TT71) . 
this implies \m,2 ~ mi| > 12R^ S \ contrary to the assumption in (4). Similarly, if \2k + mjU>\ < 

j = 1, 2, then |m 2 — m\\ > 12R^ S \ Assume now that, for instance, |miu>| < 128((5q S ~ 1 ' ) ) 1 / 4 and \2k + m 2 cj| < 
128(4 S_1) ) 1/4 - Then, \2k + {m 2 -m x )u\ < 256{5 { S ~ 1) ) 1 ^ < a{(m 2 -m x )), since |m 2 -mi| < 12i?( s ). Hence, 

m'uj ajrnf) m'uj | <r{m') \ + 

2 2 ' 2 2 J ^ m'.s' m',s) 

with m' — ni2 — mi. Combined with the assumption fe G M \ Uo<|m'|<i2/?( s ) (^m' s'^m' s)> *^is implies 
|m'| > 12i?( s ). This contradicts |m 2 - m x | < 12i?( s ). Let now \k x - fc| < (5 s ~ 1) ) 1/2 . It follows from the 
above arguments that in any event |fc + myw| < A + l. In particular, X (\k + m,jLj\ + |fci +m,jUj\) < 5. Hence, 

\v(mj,ki) - v(mj,k)\ = \~ x \k - ki\(\k + mjU> + h + mjU>\) < 5(4 S_1) ) 1/2 , 

|«(0, fci) - v(0,k)\ = \- y \k - k x \{\k\ + |fci|) < hs^) 1 / 2 , 

and the statement follows. □ 

Remark 7.3. (1) For any AcZ", the matrix -f/A,e,fc obeys conditions (|3.2p - (|3.4j) from Section^ Due to 
statement (1) of Lemma \ 7. M i?A.e,fc G ^N''- 1 -' (no, A, 5g) with 5' — 5' (A,no, k) := A -1 [min meA \{, i() -j min(|(m — 
no)w|, \2k + (to — rio)o;|)] 2 ,, provided k and e is sufficiently small. 

(2) For the rest of this work we use the notation 7, A without reference to 7 > 1, 7 — 1 < |A;| < 7, 
A = 2567. It is convenient for technical reasons not to assume here that 7 is an integer. 

We will repeatedly use the following basic properties of the matrices -ff A ,e,/c- 

Lemma 7.4. Let A C Z" , to G 1 v be arbitrary. 

(1) Consider the map S : A — > m+A, S(n) = n+m, n G A. Giuen ?/'(') £ C A , set S'*(i/')(n / ) = ip(n'—m), 
n' G (m + A). T/ie map S* : ip S*(ip) is a unitary operator, which conjugates ff m +A,e,)t wit/i 
Ha. 

(2) Consider the map S : A ->• -A, S(n) = -n, n G A. Given V(-) € C A , set S*(^)(n') = %j){-n'), 
n' G —A. T"/ie map S* : ^» — > §*(V ; ) is « unitary operator, which conjugates i?A.e,fc wf/i ff_A,e,-fc- 
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(4) The matrix -ffA-m ,e.fc+m ^ with the subsets •* — m C A — m , s' = 1, . . . , s — 1, A^ s )(to — 
m ) := A' s )(to) — to C A — to , to £ M^ s ^ belongs to 3\f( s ) (7?/ ) — to ,A — to ,<5o) (resp., 




fined as in Proposition \3.3\ (resp., Theorem \6.11\ with H At£ ^ in the role of H Ae . Then, 
£ , ( s )(r7,(°), A;e, k) = i?( s )(n (0) - to , A - to ; e, k + m Q uj) (resp., E(m + ,A;e, k) = E(m + - m , A - 
m ; e, k + m uj)). 

(5) The matrix H-A,E-k with the subsets -M^') C -A, s' = 1, . . . , s—1, A^(-m) := -A^'Xm) C -A, 
m g M^ s ') belongs to 7^'\-n^\-A,S ) (resp., H A>e € GSR^ (e+1 ^ (m^ +1) , A; S Q , t^ +1) ) ). Further- 
more, E^(n^°\ A;e,k) = E^(-n^°\ -A; e, -k) (resp., £;(m ± ,A;e,fc) = E(-m ± , -A;e, -k)). 

Proof. (1) Both statements follow from the definition of the matrices i/A,e,fe- 

(2) The statements follow from the definition of the matrices i?A,E,fc and the symmetry u(n, fc) = 
u(-n,-fc), n e Z", fc e K. 

(3) For k i |Z K , any A', n' e A', and sufficiently small |e|, H A ', s ,k € (n' , A', <%) with S' = 
§o(A', n , k) := A -1 [min mej y\{„ } min(|(m — n' )cj\, \2k + (m — n' )ui\)] 2 . In particular, all functions in (|7.8|l 
arc well-defined for sufficiently small |e|. The identities in (|7.8p follow from Proposition 13.31 and (1), (2) of 
the present lemma. 

(4) &(5) Assume that i?A,e,fe with some given subsets M( s ') C A, s' = l,...,s-l, A< s ')(to) c A, to e M( s ') 
belongs to Jv- a >(n^°',A,6o). Let to be arbitrary. We will verify that i?A-m ,e,fe+m w € NW(n' ' — to , A - 
too,5o). The proof goes by induction over s = 1,2,.... Note first that v(n,k) = v(n — mo,k + ttiqU}) 
for any k, n, mo. Furthermore, due to part (1), H A ,s,k and Hx- mo ,e,k+m uj are unitarily conjugate. In 
particular, these matrices have the same eigenvalues. Secondly, recall that since -f?A,e,fc S 3M~( S ' (n^\ A, <5o), 
£;( 5 ')(n( ), A; fc, e) is the only eigenvalue of i?A,e,fe which is analytic in e and obeys i?( s )(n( ), A; k, 0) = 
u(n(°), fc). If flA-mojS.A+mow € N( s )(n( ) — to , A — to , <5o), then £W(n' ' — to , A — to ; fc + to w, e) is the 
only eigenvalue of i?A-mo,e,fe+m a; that is analytic in s and obeys E^ s '(n^ — mo, A — mo;fc + mow,0) = 
t)(n^ ^ — mo,k + TOow) = i^n*- ), k). Since the matrices have the same eigenvalues, these two functions are 

equal. We use these remarks for an induction argument over s = 1,2, If i?A,e,fc & N^ 1 ' (n^°\ A, So), 

then i?A-mo,£,k+ma> €E NW(n'°) — too, A — too,$o); see Definition 13.11 Assume that the statement holds for 
s' = 1,2,..., s—1 in the role of s. Clearly, conditions (a), (b), (d), (/) of Definition 13 . 1 1 hold for -ffA-m .e.fc+m w 
since they hold for i?A i£j fc. Condition (c) of Definition 13.11 holds due to the inductive assumption applied to 
each H A ( r ) e k with r < s — 1. Due to the previous remarks, we see that condition (e) of Definition 13.11 holds 
for i?A- mo , e ,fc+ mot j since it holds for H Ai£j k- This finishes the proof of (4) in case i?A,e,fc € ^ ( n i A, So)- 
The proof of (5) in case ffA,e.fc G (n^ , A, So) is completely similar ( of course, one should again use the 
fact that the matrices have the same eigenvalues and are self-adjoint ). The proof of both (4) and (5) in case 




□ 



Given two sets A', A" C Z", we introduce the following relation: 



(7.9) 



A' § A" if A' n A" ^ and A' n (Z' y \ A") ^ 0. 
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Set 

A«(0) = B(2i?W), kem\ |J (fe-,, ,fe+,o) 

0<|m'|<12_R( 1 > 

Mjj}={m:|«(m,fc)-i((0,fe)|< S /W}, fceM\ |J (k m ,^k+, 1 ) 

0<|?ri'|<12_R< 2 > 

A[ 1 \m)=m + Ai 1 l m jO), m e Mjg 
Af(0) = S(3i?( 2 ))\( |J A«(m')) 

m' EM^iA™ (m')()-B(3fl,( 2 ))) 

Mg = {m:Km,fc)- V (0,fc)|<34 1) /4}, fceM\ |J (fe",, 2 , fc+,, 2 ) 

0<|m'|<12_R< 3 > 

Ai 2) (m) = m + Ag ma; (0), m e Mjg, fceM\ |J (*-,, 2 , k+, , 3 ) 

0<|?ri'|<12_R< 3 > 

(7 - 10) Mg7_ 1 } = {m:|t;(m J fc)-i;(0 J *)|<3^- a V4}, keR\ \J (A",^, fc+^J 

0<|m'|<12i?( s - 1 > 

M^ } _! = {m : |«(m, fc) - »(0, fc)| < (3<^ s ' _1) /4) - E 



s'<s"<s-l 



m£ |J |J A { k s \m")}, Ks'< S ~2 

8'<s"<s-i m „ eM (s2 i 

Mg_ x = {m: Km,fc)-v(0,fc)| < (4°Vl6)- X! (5 " S "" 1) 

Ks"<s-1 

U U 4 S "V)}, fc ^R\ u (k-, tB _ 1 ,k+, tB _ 1 ) 

s'<s"<s~l m „ eM (°") i 0<|m'|<12fl( s -D 

a1 s V) = to + aL s ;L(0), meM^l,, fceK\ |J (fc m , s _ 1 ,fc+, s _ 1 ). 

0<|m'|<12fl( s - 1 > 

A«(0) = S(3i*«)\( (J (J A«(mO), 

r=l,...,*-l m , e3v[ W_ 1 :Aj. r) (TO')SB(3iiW)) 
0<|m'|<12_R< s ) 

Remark 7.5. .ft follows from the definitions in (|T. 10[) t/iai 

(«)0e<1- /# 

(&) ^ti s l-i n M^'li = V a «2/ s' <s" <s-l. 

(c) Dtie to (|7TT0]> . for any r, we have B(2R^) C Ajj. r) (0) C B(3R^). In particular, A^ _1) (0) C A[ s) (0). 
Furthermore, we use the notation A 1 ^ \m) and not A^ J_ 1 (m) . This is because if m € for some s± < s, 
the set m + Aj.V ma; (0) is still the same. 

(d) If s' < s - 1, m e M^-i, then 



i S ' ] /±)- E ^""- 1) <Km,*)-t;(0 J fc)|<(34' , - 1 V4)- E 

s' + l<s"<s — 1 s f <s" <s—l 
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Furthermore, it follows from the definition of the set M.^ s ^\ and part (4) of Lemma \7.S\ that for any m £ 
Mfc"7_i \ {0} with \m\ < 12R<- S \ we have 

(<5^ 1) ) 1 / 2 < \v(m, k) - v{0, k)\ < 36 { s - 2) /4. 
Lemma 7.6. Let s > 2 and k eR\\J 0<m , l ^ 12R(3 - 1) (k m , s _ 1 ,k+, s _ 1 ). Then, 

(1) // m l € M^2_ x , 1 < s' < s - 1, i = 1,2 and m% ^ m 2 , i/iera |mi - m 2 | > UR^'^, 

dist(A^' ) (mi),A^' ) (TO 2 )) > 6R( S '\ 

(2) Assume that for some m\,m 2 € 1? , s\ < S2, we have 

\v(mi,k)-v{0,k)\< (35^/4)- J2 S o"~ 1 ^ i = 1 > 2 ' 

Si <s" <s— 1 

Then, 

(7.11) \v(m 1 -m 2 ,k + m 2 Lu)-v(0,k + m 2 Lu)\<3S i Sl ' 1) /4:- ^ <So"" _1) - 

Sl<S // <S2 — 1 

(3) Assume that for every 2 < s f < s — 1, the following condition holds: 

(6,0 Ifk &^\Uo<\ m '\<i2RiMk-'y- 1 ,k+ ftS ,_ 1 ) > mi e Mj$_ x , «i < - 1, |mi| < 12^'), 

then e l t/ier A^ si) (mi) C A^' } (0) or AjfVi) n A^'^O) = 0. 

Then, for every s > 2, the following statement holds. Assume that for some S\ < s — 1, \m\\ < 
12R( S \ we have 



\v(m 1 ,k)-v(0,k)\<(3S^- 1) /4)- S o 

Then: 



y-i) 

si<s" <s — 1 



either (a) mi <E Ajjf^fma) for some s% < S2 < s — 1, m 2 € M^Li, 
or (/3) mi £ M^Li and A^^mi)) n A^ 2) (m 2 ) = for any m 2 £ M^i ^2 7^ m x with 

Si < S2 < S — 1. 

In case (a), one /ias mi +A^ rtltl) (Q) C A^^tt^). 
(4) XTie condition (© s ') ZioZrfs /or eac/i s' = 2, . . . , s. 

Proof. (1) Since k G R \ Uo<|m'|<12iK-D *W, s -l) C R \ Uo<|m'|<i2flC') fe/' fc ™',-')' part ^ ° f 

Lemma T7.2I applies. Therefore, |mi — m2| > 12i?( s It follows from the definition of the sets h!^\m) that 

A<L r) (m) C (m + B(3R^)) for any m,r. Thus the second statement in (1) also holds. 

(2) We have 

|w(mi — m 2 , k + m 2 ij) — v(0, k + m2w)| < |v(mi, k) — u(0, k)\ + \v(0, k) — v(m 2 , k)\ 

(7.12) si<s"<s-l s 2 <s"<s-l 

si<s"<s 2 — 1 

as claimed. 

(3) The proof goes via induction over s = 2, 3, . . . . Note first of all that due to part (3) of Lemma T7.21 

k + miu) 6 R \ Uo<|m'|<iiR<»i>(*m^ 1 -i> fe m',«i-i)» s0 A k+ mi J°) is well-defined in any event. Let s = 2. 
The only possibility here is Si = 1 and there is no room for case (a). Due to part (1) of the current lemma, 
one has dist(Al (mi), A[ (7722)) > 6i?W for any m 2 € JVC^ 1 ^ , m 2 7^ mi- This proves part (3) for s = 2. It is 
important to note here, for the sake of the proof of (4), that for s = 2, the proof of (3) does not require any 
additional condition; in particular, the condition (62) is not required. Let s > 2 be arbitrary. Assume that 
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(3) holds for any s' < s in the role of s. Assume that (a) fails. Then, mi G 3VC£ S ^_, , just due to the definition 
(|7.10|) . With part (1) of the current lemma taken into account, it suffices to consider |mi — 777-2 1 < 
with si < s 2 < s — 1, 77i2 G ^kJ-i- Note that 

(7-13) rni-m 2 <tAi s >i 2W (0). 

Indeed, otherwise mi G (m 2 + w (0)) = A^^tt^), contrary to the assumption that (a) fails for mi. 

Note also that due to part (3) in Lemma [721 k + m 2 uj G R. \ Uo<|m'|<i2ii< s 2) (&m' s 2 -i'km' s 2 -i)- Since 
|mi — m2| < 12i?( S2 ^ and (I7.1ip holds, one can apply the inductive assumption for part (3) of the current 
lemma to k + m 2 ui in the role of fc, (mi — 7712) in the role of mi, and s 2 in the role of s. So, either (a) or 
(j5) hold. Consider first case (a), that is, assume that mi — m 2 G A^ TO9W (m') for some s\ < s' < s 2 — 1, 

m' G Mfc+m w s 2 -i' ^ ne inductive assumption for the very last statement in part (3) implies that in this 
case one has 

(7-14) (mi - ma) + A&^O) C A^Jm'). 

It follows from (j7TT3l) that 

(7-15) A<l w ( m ')gAW aW (0). 
It follows from (|7.15|) and condition (© S2 ) that 

(7-16) Ai!; ) m2 Jm')nAi-| Tl2 jO)=0. 
Combining f|7. 14[) with (|7.16[) . one obtains 

(7-17) (mi + A£& iw (0)) H (m 2 + A^JO)) = 0, 

which is what is claimed for mi in (/3). This finishes the proof if (a) holds for mi — 7712. Assume now that 
(/3) holds for mi — 7712, that is, 

(7-18) ((mi - m 2 ) + A^JO)) n A^ u (m') = 

for any si < s' < s 2 — 1, 777' G M^.^, s i- Since |mi — m2| < 12i?( S2 ' and (|7.11|l holds, one has 
(mi — m 2 ) G ^tfe+m2w S2-1- Since (|7.13p holds, condition (6 S2 ) implies 

(7-19) ((mi - ma) + A^JO)) H Aft^JO) = 0. 

The relation (|7.19p implies (J77T7J) . This finishes the inductive verification of the dichotomy in (3). To finish 
part (3), assume that (a) holds for mi. So, mi G m 2 + ^k+ m2 u(®) ^ or some s i < s 2 < s — 1, m 2 G M^_ x . 
Recall that (|7. 1 1|) holds. Due to the inductive assumption, either (a) or (/?) holds for (mi — 7772). Consider 
first the case (0). Then, (mi - m 2 ) G M^^^. Since (mi — m 2 ) G A^^ 2W (0), due to condition (6 S2 ), 
one has (mi — m 2 ) + Ajj^j (0) C Aj^j!^ w (0). This implies the second statement in part (3) in this case. 
Consider now case (a), that is, mi — m 2 G ^+ rn3U ( m ') f° r some s\ < s' < s 2 — 1, m! G s i- 

Since (mi - m 2 ) G A^ aU| (0), due to condition (6 S2 ), one has A-^^Jm') C A^ 2W (0). Furthermore, 
I mi — m2| < 12R( S ' < 12i?^ 2 ^. Due to part (2) of the current lemma, (I7.11[) holds and one can apply the 
inductive assumption for the second statement in part (3) of the current lemma with mi — 7772 in the role of 
mi , m' in the role of 7772 , and s 2 in the role of s. Hence, (mi - m 2 ) + A^ lU {0) C Ajj^JO). This finishes 
the inductive proof of (3). 

(4) Once again the proof goes via induction over s = 2,3, ... . Let us verify (62)- The only possibility 
here is s x = 1 and mi G M.£{. Assume A^(mi) n A^ 2) (0) ^ 0. Then, clearly, A^(mi) n B(3RW) f 0. 
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Note that A^fmi) n (Z u \ 5(3i?< 2) )) = 0. Indeed, otherwise A^\mi) $ B(3R ( ^)). Since 

(7.20) Aj*>(0)=iJ(3ijC a >)\( |J A«(m')), 

that would imply A., (mi) fl A^ (0) = 0, contrary to the assumption. Let m! be an arbitrary vector in the 
union in (|7.20j) . Since mi is not included in the union in (|7.20[) . m' 7^ mi. Due to part (3) of the current 
lemma, A^(m') n A^(mi) = 0. Combining this fact with A^(mi) n {Z v \ B(3i? (2) )) = 0, one concludes 
that A^ (mi) C A^ (0). This finishes the case s = 2. Assume that (<5 S <) holds for any s' < s — 1. Let us 
verify (& s ). Using the notation from (<5 S ), one can assume that (mi + A^+ m w (0)) n A^ (0) 7^ 0. Since we 
assume that (6> S ') holds for any s' < s — 1, we can apply part (3) to mi. Consider first the case (/?). In this 
case, mi € (mi + A^, lU (0)) = Aj~ si) (mi). Recall that 

(7.21) AW(0) = S(3EW)\( (J (J A«(m')). 

r=1 8-1 ro'eM^,!^ 1 (m')p(3HW )) 

Clearly, this implies A^ l) (m 1 )nB(3i?( s )) ^ 0. Note that A { k si \mi) n (Z v \B(3R^)) = 0. Indeed, otherwise 
A k 1 \ m i) § B(3R^)). This would imply A^^mi) n A^ s) (0) = 0, contrary to the assumption. Let m! be an 
arbitrary vector in the union in (|7.21[) . Since mi is not included in the union in (|7.2ip . m' 7^ mi. Due to part 

(3) of the current lemma, A^'^mOnA^^mi) = 0. Combining this fact with Aj[. Sl) (mi)n(Z 1 '\.B(3.RW)) = 0, 
one concludes that Aj^(mi) C Aj^(0). Consider now the case (a). Using the notation from case (a), one 
has mi + Aj^JO) C A^ 2) (m 2 ). Note that for m 2 , case (/3) takes place. Clearly A^ 2) (m 2 ) n a£°(0) ^ 0. 
Hence, A^ S2) (m 2 ) C Aj> s) (0) and we are done. □ 

Remark 7.7. (1) We remark here that in the proof of part (3) in Lemma \ 7. 6\ we did not use the definition 

of the set A^ ] (0) from (fTTH)! . We did use the definition of the sets A^ (rn'), s' < s— 1 from (|7. 10p . part (1) 
of Lemma \ 7. 6\ and condition (S s _i) only. We will invoke this fact in Remark \ 7. 20\ We use the latter in 
Sections [3 and\^ 

(2) For technical reasons related to small values of \k\, we need to introduce for those k some auxiliary 
sets A^ sym (m) C Ajj. (m), which give a very good "approximation" o/A^ (m) and at the same time obey 

- A klym( m ) = 4%m(™)! *<* Lemma\7J$ 

Lemma 7.8. For any k e R, r, s, we have M^l = -Mj; r) , A^-m) = -A^\m). 

Proof. One has v(— m, — k) = v(m,k) for any m, k. This implies the first statement, = — DVtl r \ Using 
this, one can easily verify the second statement using induction in s. □ 

To proceed with the definition of A^ sym (m), we need some combinatorics. 

Definition 7.9. Let s > be an arbitrary integer. Let A = (ai,...,a n ) be an arbitrary word over the 
alphabet {1, 2, . . . , s}. We say that the word A is correct if it has no sub-word A = [aj, . . . , a^) with j < k, 
o.j = ak, and maxj<i<fc a.; < aj . Otherwise, the word is called incorrect. By convention, each one letter word 
A = (ai) is correct. We denote by A(s) the collection of all words over the alphabet {1,2, ...,s} and by 
A c (s) the collection of all correct words in A(s). We also say that the word A — (a±, . . . , a n ) has length n. 

Lemma 7.10. If A = (a\, . . . , a n ) € A c (s), then n < 2 s — 1. 

Proof. The proof goes by induction on s. For s = 1, the only correct word is A = (1). Assume that the 
statement holds for the alphabet {1, . . . , s — 1}. If a < s for every j, then A S A c (s — 1) and the statement 
holds due to the inductive assumption. Assume that aj — s for some j. Then, <Zfc < s for every k 7^ j since 
otherwise A ^ A c (s). Let A\ = (01, . . . , dj-i), A2 = (a-j+i, ■ ■ ■ > Then, clearly, Ai,A2 € A c (s — 1). Due 
to the inductive assumption j — 1 < 2 S_1 — 1, n — j < 2 S_1 — 1. Hence, n < 2 s — 1. □ 
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Lemma 7.11. Suppose A = (a,i,...,a n ) (fc A c (s). Let A — (a,j,. . . ,a^) be a minimal length incorrect 
sub-word of A. Then, aj = au, on < a,j for any j < i < k and k — j < 2 aj — 1. 

Proof. Obviously, a minimal length incorrect sub- word A — (aj, . ..,a.fc) ^ A c (s) exists. Due to the min- 
imality, the words A\ = (aj+i, ■ • ■ , Ofc) and A-2 — (dj, . . . , ak-i) are correct. On the other hand, A has a 
sub-word (cij+t, ■ ■ • , <2fc_ m ) such that aj+e = ak- m , Oi < for any j + £<i<k — m. Since both A\ and 
A2 are correct, £ = and m = 0. So, dj = ak, on < a,j for any j < i < k. In particular, A\ G A c (aj). Due to 
LemmaOHl k - j < 2 a * - 1. □ 

Definition 7.12. (1) Consider arbitrary subsets A', A" C Z". Assume too* A'nA" ^ 0, A' £ A", A" <£ A'. 

In i/izs case, we say i/iai A' and A" are chained. A sequence AW, ^ = l,...,n irai/i n > 2 is called a chain 
if A^' and A^ +1 ' are chained for every £ = 1, . . . , n — 1. 

(2) Lei £ fee a system of sets A C Z w . Lei t(A) &e a function A G £ wii/i values in N. We 
say that (£, £) is a proper subtraction system if the following conditions hold: (i) For any a G N, 
i? a := min A ',A''6.C:t(A')=a,t(A")=a,A'#A" dist(A',A") > 0, (n) Let A € £ &e arbitrary, a = t(A) + 1. There 
exist subsets Sj C A, j = 1, . .. smc/i i/iai diam(Sj ) < 2~ a R a , A = UjHj, and if for some for some A' G £, 
A n A' j= 0, i/ien 3, n A' 7^ /or any j. 

(3) Lei (£,£) oe a proper subtraction system. Given an arbitrary set Ao,o, C Z 1 ', we se< 

(7.22) A 0l< = Ao^_i\( (J A). 

Ae£:A^A ,*_i 

Lemma 7.13. Le£ (£, i) 6e a proper subtraction system. 

(1) Let A, A' G £, An A' ^ 0. Lei a = t(A) + 1. Lor any x G A, we ftaue dist(x,A') < 2~ a R a . 

(2) Lei a e I and Zei A^, £ = l,...,n be a chain, A<^> e £, i(A^) < a, £ = l,...,n. T/ien, 
dist(A( 1 ),A(™)) < (n-l)2- a L' a . 

Proof. (1) Let Ej C A, j = 1, ... be as in (m) of part (2) of Definition 17.121 Since A n A' ^ 0, one has 
3j n A' 7^ for any j. Given x G A, there exists j such that cc G Sj. Since diam(Sj) < 2~ a R a , the claim 
follows. 

(2) The proof goes by induction in n = 2, . . . . For n = 2, the claim is clear since A^ n A^ 2 ' ^ 0. 
Let n > 2. Assume the claim holds for any chain with n — 1 sets. Clearly, A^- 1 , £ = 1, ... , n — 1 is a 
chain. Hence, dist(AW, A^ 1 )) < (n - 2)2~ a R a . Therefore there exist x G A^\y G A^™" 1 ) such that 
\x-y\ < (n- 2)2" a i? a . By part (1) of the current lemma, dist(y, AW) < 2 "i? a . Hence, dist(x, A (n) ) < 
|a;-n|+dist(?/,A(™)) < (n-l)2- a i? a . □ 

Lemma 7.14. Let Aq^ be as in (|7.22p . Let 

VU = {A € £ : A n ^ 0, A n (Z v \ A ,/-i)^ 0}. 

(1) Assume that Ao,£ ^= Ao,t-i, I = 1,. .. ,t\. Let A G Ule 1 - There exists a chain A^\ £ = 0, . . . ,£\ such 
that A(°) = A ,o, A^ = A, AW G 3^, I = 1, . . . ,h, and in particular, A^ ^ A^ if £ < £' . 

(2) Assume that s = sup Ae£ t(A) < oo. There exists £q < 2 s such that Aq^ = Aq.£ , for any £ > £q. 

(3) Let £q be such such that Ao,£ +i = Aqj . Then, for any A G £, we have either A C Ao,^ or 

Ac (Z"\A 0A ). 

Proof. (1) The proof of the first statement goes by induction over £\ = 1,2,.... Assume that Ao,i 7^ Ao^- 
Then, O^i 7^ 0. Just by the definition, A G 9ti if and only if A is chained with Ao,o- Assume that the 
statement holds for any £' = 1, 2, ... ,l± — 1 in the role of £\. Assume that A G Ot^. One has the following 
cases. 

(a): An(Z"\ A ,4_ 2 )^ 0- Since A 6 51^, one has A n A 0/l _i ^ 0, A n A ^ 1 _ 2 7^ 0- Together with the 
assumption of the case, this implies A G 91^-1, which in turn implies A n Aq^^i = 0, which contradicts 
A G Ot^. Thus, this case is impossible. 
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(/?): An _i A'\ 0- In this case, there exists A' G such that An A' 7^ 0. Note that 

A C A' is impossible, since in this case one would have A n Aq,^— 1 = 0, contrary to the assumption that 
A e s Jl£ 1 . Assume that A' C A. Since A G OT^-i, this would imply AnA 0j £ 1 _ 2 7^ and An (Z u \A j 1 - 2 ) 7^ 0- 
This means A G 91^-1. This is again impossible, since in this case one would have A n Ao^-i = 0. Thus, 
A is chained with A'. Applying the inductive assumption to A', one obtains the statement for A. Assume 
AW = A^'), £ < £'. Then A^ € m e and at the same time A^ G 9fy. This is inconsistent with the definition 
of the sets Ao^-i and *Jtf. 

(2) Assume that Ao,^ 7^ Ao 1, £ — 1, . . . ,£1 for some > 2 s . Due to part (1) of the current lemma, there 
exists a chain A^, £ = 0, . . . such that A^) G Vli, £ — 1, . . . Consider the word A = (ai, . . . , a^), 
aj = t(A^) over the alphabet {1, . . . , s}. Since £\ > 2 s , due to Lemma[7T0l A £ A c (s). Due to Lemma r7.Hl 
A has a sub- word A = (oj, . . . , afc) such that a,j — a*, < Oj for any j < i < k and fc— j < 2 ai — 1. Due to part 
(2) ofLemmaEH there exist x G A^ +1 ),y G A^" 1 ) with \x-y\ < (k-j -2)2~ a i R aj . Since A^nA^' +1 ) ^ 0, 
due to part (1) of Lemma 17.131 one has dist(x, A^) < 2~ ai R aj . Similarly, dist(y,AW) < 2~ a] R aj . Hence 
dist(A^), AW) < (k-j)2- a *R aj < R aj . On the other hand, due to part (1) of the current lemma, A® ^ A^. 
Since t(A^) = t(A( fe )) = cij, this contradicts the definition of the quantities R a . Thus, there exists £q < 2 s 
such that Ao/ = Ao/ +i. It follows from the definition (I7.22j) that Ao^ = Ao.£ , for any £ > £q. 

(3) This follows from the definition (fT22|) . □ 

Set §(n) = -n,ne . 

Lemma 7.15. Let s>2 and k G R \ Uo<|m'|<i2_R.< s - 1 ) (Kn>.s-n k m>. s -i)- Assume \k\ < <5q S_2) . 

(1) If \v(m, k) - u(Q, k)\<5, with 5 { a s ~ 2) /2 < $ < 1/64, then \v{S(m),k) - v(0, k)\ < 45/3. 

(2) Let s' < s, raj G ^k]—i> 3 = 1>2> and assume that S(mi) 7^ m 2 . Then, 
dist(S(Aj."' ) (mi)),Ai"' ) (m2)) > QR {s ' } - 

Proof. (1) Note first of all that 7 = 1, A = 256. Since \v(m, k) — v(0, k)\ < 6, it follows from (1) in Lemma I7T21 
that min(|mo;|, \2k + muj\) < 325 1 / 2 . In particular, \muj\ < 325 1 / 2 + 2\k\ < 325 1 / 2 + 25. One has 

\v(S(m), k) - v(0, k)\ = \v(-m, k) - v(0, k)\ = A _1 |mw||2fc - muj\ < A _1 |ma;|(|2fc + mu\ + 4\k\) 

(7.23) 1 

= |»(m,Ar) -u(0,fc)|+4A _1 |mw||fc| < & + 77t(32<5 1/2 + 2<J)(2<J) < 45/3. 

64 

(2) One has \v(rrij,k) - v{Q,k)\ < 3^ s ' _1) /4, J = 1,2. Note that 3(5 s ' _1) /4 > 4" _2 V 2 > since we assume 
s' < s. Due to part (1), one also obtains |u(§(mi),fc) — u(0, fc)| < <5q S . Due to part (4) of Lemma 17.21 
one has |S(mi) - m 2 | > 12i?( s '), since S{m x ) ^ m 2 . This implies dist(S(A { k s ' ] ( mi )), A[ s>) (m 2 )) > 6i?( s '>. □ 

Definition 7.16. Assume s > 2, \k\ < 5 { Q S _2) . It follows from (UU) and ^TTTJ) thoi fc G M \ 
Uo<|m'|<i2_R<»- 1 ) (^m',«-D ^m',s-i)- ^' ^ e ^ e collection of all sets A(m) := A^'(rn) U S(Aj c ' s ^(m)), 

l<s'<s — 1,toG 3VC£ s s ' l _- l . We say i^at A(m,\) ^ A(m 2 ) */ s i = s 2j arl <^ either m\ — m,2 or S(mi) = TO2- 
Clearly, this is an equivalence relation on £' . Let DJl be the set of equivalence classes. Clearly, each class has 
at most two elements in it. For each m G 9Jt, set A(m) = UA(mi)em^( mi )- Set £ = {A(m) : m G 9Jt}. Let 
A(m) G 2, A< s ')(m) U §(A( s ')(m)) G m. Set t(A(m)) = s'. T/iis defi nes an N-valued function on £. Set also 
Pm = \jn, §(m)}. Clearly, the set p m depends only on m. 

Lemma 7.17. Using the notation from Definition \7.16] the following statements hold. 

(1) For any A(m 3 ) G £, j = 1,2, suc/i i/iai f(A(mi)) = i(A(m 2 )), mi 7^ m 2 , we Ziawe dist(A(mi), A(m 2 )) > 
g^(t(A(mi)))_ 

(2) For any m, we have 

(7.24) |J ((TO + B(2^ t ( A ( m )»))) C A(m) C |J ((m + B(3i? (4(A(m))) ))) . 



ON THE INVERSE SPECTRAL PROBLEM FOR THE QUASI-PERIODIC SCHRODINGER EQUATION 81 

Furthermore, A(m) = S(m) U§(S(m)), where diam(S(m)) < 6-R(*( A ( m ^. 

(3) If mi 7^ m z , then A(rni) ^ A(m 2 ). 

(4) The pair (£, t) is a proper subtraction system. 

(5) For any m, we have A(m) = S(A(m)). 

Proof. (1) Let A^">(mj) U SfA^'^m^)) € ttij, j = 1,2. Since m x 7^ m 2 , p mi n? m , = 0. Therefore, 
dist(A( s ')(mi),A( ;5 ')(m 2 )) > 6R (s '\ dist(S(A( s ')(mi)), §(A^ s '\m 2 ))) > 6R^ S 'K Furthermore, due to part (2) 
of Lemma [7111 dist(S(A< s ') (mi)), A< s ') (m 2 )) > 6J?( S '), dist(S(A< s ') (m 2 )), A< s ') (mi)) > 6i?<>'). This implies 
the statement in (1). 

(2) Let A( s ')(ra')US(A( s ')(m')) G m. One has 

(7.25) (m' + B(2R^ m ^)) c A< s ' V) c (m' + B(3i? (t(A(m))) )). 

Furthermore, {m',S(m')} =p m . This implies the first statement in (2). The second statement in (2) follows 
from Definition 17.161 

(3) Let mi ^ m 2 . If i(A(mi)) = i(A(m 2 )), then (3) follows from (1). If i(A(mi)) 7^ i(A(m 2 )), then (3) 
follows from (2). 

(4) Assume that t(A') = t(A"), A' ^ A". It follows from (3) and (1) that dist(A', A") > i?W A '». So, (i) 
from part (2) of Definition 17. 121 holds with R a > R( a >. Let A(m) be arbitrary, and set a = i(A(m)) + 1. Due 
to part (2), one has A(m) = S(m) U S(S(m)) with diam(S(m)) < 6i?W A ( m >» = GR^ 1 ^ < 2- a R^ < 2- a R a . 
Furthermore, let A(m') be arbitrary. Assume A(m) fl A(m') 7^ 0. Once again, due to part (2), one has 
A(m') = S(m') U §(B(m')). This implies H(m) n A(m') ^ and S(3(m)) n A(m') ^ 0. Hence, (n) from part 
(2) of Definition 17.121 holds as well. This finishes the proof of (4) . 

(5) This follows readily from the definition of the sets A(m). □ 

Assume \k\ < 6 { Q S ~ 2) . For £ = 1, 2, . . ., set 

(7.26) B(a,Q) := B(3i? (s) ), = <B(s,£ - 1) \ ( |J A(m)). 

me£DT:A(m)gQS(s/-l) 

Lemma 7.18. (1) There exists £ < 2 s such that <B(s,£) = <B(s,£ + 1) for any £ > £ . 

(2) For any A e £, we have either A C %(s,£q) or A c (z v \ «B(s,£ )J • 

(3) Set A^ m (0) = «B(s,4)- Then, for any A^'^m), we We eit/jer A^m) fl A^ m (0) = or 
Af'WcA^jO). 

(4) S(<B(M)) = *B(a,£) for any £. In particular, §(A^ m (0)) = A<^ m (0). 

(5) For any £ > 1, we have 

(7.27) {n € f8(s,£- 1)) : distfa.Z" \ <B(s,£- 1)) > 6i? (s - 1} } C C 5B(s,£- 1)). 

Jn particular, B(2R^) C Ajg ym (0) C B(3flW). 

(6) A^ m (0)cAi s) (0). 

Proof. Parts (1), (2) follow from Lemma [7. 141 

Let A^ s (m) be such that A^ \m) n 93(s, £0) 7^ 0- Let m be the equivalence class containing A^ s \m) U 
§(A^'\m)). Then, just by definition, A^'\m) C A(m). In particular, A(m) n Q3(s,4) ^ 0. This implies 

A(m) C &(s,e Q ). Therefore, A^'^m) C <B(Mo)- This finishes the proof of (3). 

To verify (4) note that §(Q3(s, 0)) = 93(s, 0). Combining this with part (5) of Lemma [7.171 one obtains 
T(<B(s,l)) = *B(s,£) for any £, as claimed. 

Consider an arbitrary A(m). It follows from (|7.24[) and Definition 17. 161 that there exists m such that 

A(m) C ((m + B(6i? ( * (A(m))) ))) U S((m + B(6i? (t(A(m))) )). 
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Assume that A(m) § *B(s,£ — 1). Due to part (4) of the current lemma, S(Q3(s,£ — 1)) = Q3(s,£ — 1). Hence, 

{n G Q5(s, £ - 1)) : dist(n, Z" \ Q5(s, £ - 1)) > m^ 1 ^ C <8(s, £ - 1) \ A(m). 

This implies (|7.27p . The second statement in (5) follows from (|7.27p since £q < 2 s . 

Statement (6) follows from the definition of the sets A k s \ ym (0), A^^O). □ 

Proposition 7.19. Let s > 1 and k 6 E \ Uo<|m|<i2fl< s ) 

in Definition \3. 11 For e € (— e s , e s ), i/ie following statements hold. 

(1) For s = 1 and any < \m\ < 12R.W , \ki - k\ < 6(1) := 2S^ 0) , we have \v(m, ki) - v(0, h)\ > 5 . If 
s> 2, < |m| < 12R( S \ m £ Ui<r<s-i U m > e M<£ ) s _ 1 ( m ')> then \v(m,k) - v(0,k)\ > 5$. 

(2) The matrix -^ <s) (o)efc belongs to 74^(0, A k (0),o~o). If s > 2 and \k\ < 5q 2 \ then the matrix 
H .(») , Q , . belongs to N( s )(0, A^ (0),o"o)- W^e introduce an additional notation A^(0), which 
means A<; s) (0) i/ |fc| > <5^ 2) , and eii/ier o/a£°(0), A^ ym (0) if |fc| < 6 { Q S ~ 2) . For s > 2, the 
subsets from Definition \3j\ are as follows: M^ r) (A^(0)) := M^_ x n A^(0), A k r) (m'), ml G 
<Li(A£(0)),r = l,..., S -l. 

(3) Assume that k G K \ U| m |<i2i?( s ) (^m, si ^m,s)- 27ien /or any m G the matrix H A (=) , ^ £ k 
with the subsets m + M^fA^^O)), A«(m') := ™' + Aj# m ,jO), r = 1, . . . , a - 1 belongs to 
NM(m,A«(m),4 0) ). 

(4) For |fc - fci| < 6(1), the matrix # A (D (0)£fel belongs to the class 3\fW (0, A^^O), 5 ). For s > 2, 
k\ G (k — <5(s), fc + S(s)) with S(s) :— 2Sq S 2 \ the matrix H A ( S ) , Q , g fei im£/i £/ie subsets M^(A^(0)), 

&£\ m ')> m ' e M i r) ( A M(°))' r = 1 &eZon 5 s to i/ie dass ^ s )(0, A^(0),(5 ). Lei 

gW(0,A^(0);e,fci,J5), £W(0, A^(0);e, 6e defined as in Proposition^ with (0) e fel in 

the role of H^ t£ . The following estimates hold for s — 1, \ki — k\ < or s > 2, \k\ — k\ < S(s)/8: 

(7.28) |^£?W(0,AW(0);e,fc 1 )-5^t;(0 J fc 1 )|<| e | 17 / 16 , a < 2. 



(sgn fe^F^O^O);^) > ^1, 



(7.29) 



< a < 2 



(8 g nA 1 )S o, A 1 £;W(0,AW(0); e ,A ;i )>^l- ]T MO^ ) 5 , a > 2, < a < 2, 



s'>l:|fe|>4*''/2 



(7.30) |F^(0,A2(0);e,fc 1 )-F( s )(0,A^(0); £ ,fc)|<3|fc-fc 1 |. 

Furthermore, if k2 G (fc — <^(s), fe + <5(s)) and k2 G E\lJ| m | <12 j j , (s) (fc m fc^ s _ 1 ), so t/iaf i/ie current 
proposition applies to k%, then 

(7.31) |£W (0, A« (0); e, fcx) - F< s ) (0, a£ q (0); e , < 3| e |(^— x) ) 6 . 

(5) Let ki G (fc-<5(s),fc + (5(s)). Let Q {s ">(0, A[ s '\o); e, k u E), E^(0,A k s '\o);s,kx) be defined as in 
Provosition \3.3\ with H A (<>>)^ ek in the role of H\ e . Then, for \a\ < 2, 

(7.32) \d^\0,Ai s \0)-E,k 1 )-d^ 1 E^^0,Ai s - 1 \0y,s,k 1 )\ < kK^"^) 5 - 
Here, E^ (ml, A'; k', e) :— v(m' , k'), as usual. 
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(6) Let < fc < fc' < 7, fc, fc' € R \ U| m |<i2iiC a ) ( k m,si k m,s)- Define k ~ s k' if k,k' are in the same 
connected component o/R \ Uo<|m|<i2_R( s > ( k m si k m s)? k otherwise. 
Then, 

(0, A« (0); e, fc') - 2J« (0, A^ s) (0); s, fc) < ^(fc' - k) + 3\e\(S { s) ) 5 
for any < fc < fc' < 7 if s = 1, and for fc' — fc < Sq S 2 "* i/ s > 2, 

( 7 - 33 ) (0, A$ (0); e, fc') - E^ (0, A^ s) (0) ; e, fc) 

if s = 1, 

if s > 2 and k ~ s fc', 







-fc 2 ) 


-3k|(4 0) ) 4 






-fc 2 ) 


-3|£|(4 S) ) 4 






-fc 2 ) 





i(4 S,) ) 4 if s>2 andkoc s k'. 



(7) 



S( s ) (0, A«(0); e, fc) = £?W(0, A« (0); e, -fc), 
(7-34) (0, Ai 1} (0); e, fo) = £ (1) (0, A« (0); e, -k t ) if |fc|, |fci | < 6$\ 

E (s} (0, Ag„ m (0); e, h) = E« (0, A«, m (0); e, -fci) « > 2, |fc|, |fc x |< <5<T 2) /2. 
Proof. In the proofs below we verify the statements for H.( S ), , . The verification for H.( 8 ) , n , , is 
completely similar. Let fc 6 R \ U|m|<i2i?< 1 ) (^m o> 0) ana - suppose \ki — fc| < (5(1). Consider m satisfying 

< |to| < 12i?< 1 ). It follows from part (4) of Lemma El that \v{m,h) - u(Mi)l > (<5o 0) ) 1/2 = <*o- This 
verifies the first statement in (1); see Definition 13.11 The second statement in (1) follows immediately from 

(r) 

the definition of the sets M. k s _ 1 . 

The proof of parts (2)-(7) goes by induction in s = 1,2,.... Let s = 1 and let fc e R \ 
U|m|<i2fl , < 1 ) (Kn 0' o)- First of all, part (5) is due to (13.70)) from Lemma 1531 part (7) is due to part 
(5) of Lemma T7.4I and Lemma I7T51 It follows from part (1) that for \k\ — fcl < 6(1), the matrix H.(i),. 

belongs to the class INT^ 1 ^ (0, A^(0), So)- This gives the base of the induction for part (2) and for the first 
statement in part (4) . The second statement in part (4) is due to (|3.70p from Lemma 13.51 Taking into 
account that d%h(m, n; fc, e) = if m ^ n, and 

\d%h(m,m;k,e)\ = 2A~ 1 |fc + mw| < 8exp(|m| 1/5 ), 
so that Bq — 8 in the notation of the lemma, one obtains the estimate (|7.28[) . Assume |fc| < 5^/2. Note that 
A k\°) = - A fc 13 (°)' Due t0 P arts ( 4 ) and (7) of the current proposition, the function E^(0,A^\o);e,ki) 
is well defined, C* 2 -smooth, obeys (0, A^ (0); e, fci) = E^ (0, A^ (0); e, -fci) for |fci| < 5^ and 
^Ef^O.Af'tOjje^) > 7/4A with A = 256. This implies (17^1) . Assume 1 > fc > <^ 0) . Note that 
A = 256 in this case. Since (0, A^ 1 ' (0); e, fci) = E^(0,A^(Q);e,ki), one obtains using $HZ8§ , 

d kl E^(0,A{ s) (0);e,k 1 )>d kl v(0,h)-\e\ 17/W 
(7.35) 7h 

= { 2/\)k 1 -\e\^> 7 -^>(5 Q f 

for |Ai - k\ < S ( Q Q) /4 in case fc > 0. A similar estimate holds for fc > 1 and for fc < 0. So, (|7.29[) 
holds in any event. The estimate (I7.30[) follows from (|7.28p . The estimate (I7.31|) is trivial for s = 1 since 

4!Jym(°) = A i 1} (°) = A i 1 2 ) (°)- This finishes P art ( 4 ) for s = I- 

Assume that fc e R\U| m |<i 2 flW 0m,2> fc m, 2 )- Then > due to LemmaEl k+mu e ^\\J\ m \<i2Rm( k m,v k m,i) 

(2.) 

for any m € M. k 2 . Therefore, due to part (2) of the current lemma with s = 1 and part (4) of Lemma T7.41 
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the matrix H^i), . g fc belongs to the class JjW (m, (to), Sq). This is the base of the induction for part 
(3). 

We will now verify (6). The upper estimate follows from (|7.28[) . Let us verify the lower estimate. Let 
[k'j, k'J] be the connected components of the set ^\Uo<|m|<i2i?,< 1 ) (^m,2> ^,2)' enumerated so that k'J < k'j +1 . 
Assume k[ < k < k' < k'J for some i. Assume also that k' — k > 8q. Set t = k + tSq , t = 0, . . . , t' — 1, 
where t' = [(^VH^' - k )\ - 1 , ®v = k'. Combining (f7T29l) with (ITTBTj) . one obtains 

(7.36) E^(0,A^(0) ]e ,e r )-E^\0,A ( elM^ d r-i) > ^ 2 T -x) - ?>\e\{C? ■ 
Adding up (|7.36[) over r = 1, . . . ,t', one obtains 

(7.37) i?W(O,A«; e ,fc0-i? (1 H0,Ai 1) (0); £ ,fc)>^((fc0 2 -fc 2 )-3i'| £ |(4 o) ) 5 . 

Recall that in (6) we assume k' < 7. So, t' < (<Jq Hence, (|7.37p implies in particular the lower 

estimate in (|7.33l) . The argument for the case fc' — fc < 5^ is completely similar. Consider now an arbitrary 

1/2 

fc + 7 > fc' > fc. Recall that k'j +1 — k'J > min| m | <12 jj(i) ct(to) > 4e ' . Let [fc^,fc"] be arbitrary such that 
k'J > fc. It follows from the definitions in ()7.7[) that (— 5$ , S^) C [fc^, fc"] for some £. Since fc belongs to one 
of the [k' m , fc"J, one concludes that fc" > 5q ^ > ejj/ 2 . Due to part (5), one has 

(7.38) E^^O^iVjO^e^'^-E^^A^me^'J) > [v(0,k' j+1 )-v(0,kj)]-2\e\ > l^{{k' ]+1 f~{k'Jf). 

Combining the estimates (|7.38|) with the estimates (|7.37l) . and taking into account fc— fc' < 1, one concludes 
that 

(7.39) ^ 1 )(0,AW(0);e,fc')-i?W(0,Ai 1) (0);e,fc)>g(fc' 2 -fc 2 )-12| £ |(4 0) ) 4 . 

So, the lower estimate in (|7.33p holds in any event. 
This finishes the case s = 1. 

Let s > 2 be arbitrary. Once again, part (5) is due to (|3.18|) from Proposition 13.31 and part (7) is due 
to part (5) of Lemma [7.41 Assume that statements (2)-(4) hold for any s' = 1, . . . , s — 1 in the role of s. 

We will now verify that # A u> (0) £ k G 3^(0, a£ s) (0), S ). Condition (a) of Definition GO holds. Due to the 

definition, one has Ml fl 3Vtl = if r < s. Due to Lemma 17. 6[ the second part in (6) of Definition 13.11 
holds. To verify condition (c) of Definition 13. l\ note that fc G R\ Uo<|m'|<i2i?( s ) (Kn' s-i'^m' s-i) C M\ 
Uo<|m'|<i2_R< s ') i^m' s''^m' s') f° r an y s' < s — 1. In particular, due to the inductive assumption, part (3) 
of the current proposition applies with s' in the role of s. This implies condition (c) of Definition 13.11 for 
s' = s- 1. Let a' < s- 1, m G M^A^O)). Then, |u(m,fc) - w(0,fc)| < 4 s '" 1 '- Part ( 3 ) of Lemma O 
applies. So, fc + mw G R\ Uo<|m'|<i2i?( s ') i^m' s'-i> s'-i)- Therefore, the inductive assumptions apply to 
fc + moj in the role of A: and s' in the role of s. In particular, H. (s n , , G N( s ') (0, a['* 1 _ L,, ,(0), Jn). Due 

to part (4) of Lemma l7~4l this implies condition (c) of Definition 13.11 for s'. 

Recall that to' + B{2R^) C AM(to') for any to' and r. Therefore, condition (d) in Definition 13.11 holds. 
Condition (/) in Definition 13.11 follows readily from the definition of the sets Mi . 

We will now verify condition (e) in Definition 13.11 Let s' < s — 1 be arbitrary. Using the inductive 
assumption, and combining the estimate of part (5) with s" = s', . . . , s — 1 in the role of s, one obtains 

(7.40) \E(*- l \0, Aj^O); e, fc) - E< s '\0, A?\o);e, k)\ < 2\e\(S^) 5 . 
Let m G Mjj, 8 ' be arbitrary. Due to part (4) of Lemma 17.41 one has 

(7.41) E {s '\m, A { h s ' } (m); e, fc) = E {s ' ] (0, A^ JO); e, fc + mw). 
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Let us verify first the lower estimate in condition (e) in Definition 13.11 Consider the case s' < s — 1. Recall 
that due to (d) in Remark 1 7. 5 1 

(7.42) lL4 s 'Vl6< (34 s ' } /4)- £ <\v{m,k)-v(0,k)\< (36^~ 1) /i)- £ ^"^ 

8 / + l<S // <S — 1 S'<S"<S — 1 

Note that k + muj e K \ Uo<|m'|<i2fl( s ') (^m',s'> ^w,s')> °-ue to Lemma [7^1 Note also that \k + muj\, \k\ G 
® \ Uo<|m'|<i2_R< s ') (^m' s" ^m' »')• By Lemma 17.11 |fc|,|fc + muj\ belong to the same connected com- 
ponent of K \ U| m ,| <12fl(s) (fc~, s l , fc+, s jj. Using the inductive assumption for parts (6), (7) of the 
current proposition, (|7.42[) and the fact that k, k + raw belong to the same connected component of 

R \U|m'|<12flC»)( fc m',a-l» fc m',a-l)> one obtains 

\E (s 'H0, A^L(O); e, k + mu) - E^(0, a[ s '\o); e, k)\ > 1- \(k + ra,) 2 - k 2 \ - 12\e\(5^) 4 
(7-43) '~ 8A ( 

= ~|«(m, k) - v(0, k)\ - 12|e|(# } ) 4 > — # > - 12| e |(# >) 4 . 

Combining (|7.40p with (|7.41j) and (|7.43l) . one obtains 

l^'" 1 ) (0, Ai s - 1} (0); e, k) - E«\m, A.<j?\m); e, k)\ 
(7-44) 77 ,(*') 

> ILS^ - 12\e\(S^y - 2| e |(#>)« > \. 

This verifies the lower estimate in condition (e) in Definition 13. II for s' < s— 1. The derivation of the upper 
estimate is completely similar and we omit it. This finishes the verification of condition (e) in Definition 13. II 



1. The verification in case s' = s — 1 is completely similar. So, we have ^A (s) (o)efc ^ 

N( s )(0, A[ s) (0),S ), that is, part (2) of the proposition holds. 

The verification of part (3) is completely similar to the one in case s' = 1. 

We will now verify the first statement in (4), that is, for k\ € (k — S(s), k + S(s)), the matrix H. ( S ). . 

with the subsets M^A^O)), A^ r) (m'), m' G (A ( k s) (0)) , r = 1, . . . ,s - 1 obeys conditions (o)-(/) of 
Definition l3.il Conditions (a), (6), (d) hold for obvious reasons. Let s' < s— 1, m € M^. s ^(Aj^(O)). Then, as 
we explained above, k + mui 6 R\ Uo<|m'|<i2ii< 3 ') (^m' s'-i> s'-i)' ana - the inductive assumptions apply to 
k+muj in the role of fc and s' in the role of s. Since Iffci+mcj) — (fc+mu;)| < <5(s) < 5(s'), H . r 3 t) , e 

v/' A^. + ^ w (0),e,fci-{-mcj 

N( s ')(0,Aj^ row (Q),tf ). Due to part (4) of Lemma El ^ £ ^ s ">(m,A < k s ' ) (m),S ), that is, condi- 

tion (c) of Definition 13.11 holds. The verification of condition (e) is completely similar to the one we did for 
^A (s) (o) e k' Thus the first statement in part (4) holds. 

The estimate (|7T28|) is due to IpTTOjl from Lemma EU Let us verify ([T29]) . Assume |fc| < 
4 S_2) / 2 - Recall that A^ m (0) = -A^ } (0). Due to parts (4) and (7) of the current proposi- 
tion, the function (0, A^ m (0); e, hi) is well defined, C7 2 -smooth, obeys £?W(0, A^ m (0); e, h) = 
^(O.AfcimC );^-^) for l fc il < d o~ 2) and ^ 1 - BW (0,Ag tfm (0);e,*i) > 7/4. This implies (O for 
|fc| < 5q S 2 -*/2. For |fe| > 5q S ^ /2, (|7.29p follows from the inductive assumption regarding (|7.29p with s — 1 
in the role of s combined with part (5). 

The estimate (fT30)) follows from (f7~28|) . The estimate (1731]) is due to Corollary l3~6l This finishes the 
proof of part (4). 

Let us verify part (6). The upper estimate follows from (|7.28[) and (|7.31|) . Let us verify the lower estimate. 
Let [k'j, k'J] be the the connected components of the set K \ U| m |<i2RCs) (^m «+d s+i)> enumerated so that 
kj < kj +1 . If k, k' 6 [fcj, fc"] for some j, then the proof goes just as for s = 1 with use of (|7.29|) . So, assume 
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ke [k' e , k'{\, k' € [k' m , k'n], £ < m. Note first of all that 

£«(0,A«(0); £ ,A£) - E«(0,Aj>>(0); e ,fc) > ^-({k'lf - fc 2 ) - I2\e\{5^)\ 

(7.45) ' 8A 

E^{Q,^){Q);e, k') - £7«(0,A«(0);e,C) > gT^') 2 - (^) 2 ) - 12|e| (^) 4 - 

Using part (5) and the inductive assumption for part (6) with (s — 1) in the role of s, one obtains 

£7« (0, Ag (0); e, O - (0, A« ( ) ; e , 

>[^- 1 )(0,Air 1) (0); £ ,fc;j-^- 1 )(0,A(r 1) (0);e,fc;0]-2|e|(^ 1) ) 5 

(7.46) _ m f 

> ^((O 2 - (fc;') 2 ) - 26|si 53 (4 s,) ) 4 - m(st iy f- 

s'<s-l:k' m -k' e '>S^ s ' 

Combining (|7.45|l with (|7.46j) . one obtains the lower estimate in part (6). □ 

Remark 7.20. (0) Using the notation from the last proposition, let A^ s,1 ^(0) be such that for any A^ s \m) 
with s' < s, we have either A^'\m) C Ajj. a,1) (0) or A[ s '\m) n A^ ,:L) (0) = 0. Assume also that B(R^) C 
Ajjf (0). Then, Proposition \7.1@\ applies with A^ 5 ' 1 (0) in the role o/A^ (0). In particular, H^,,i) , . g fe £ 

NW(m,A[ s,1) (m),^ 0) ). 

(1) ifere we iwanf io remark again that the condition \k\ > (8q) 1 / 2 has not been used anywhere except for 
part (6) of the last proposition. 

(2) Let 12R( S -V < | TO (o)| < 12R^ be arbitrary. Assume that k G M \ 
Uo<|m|<i2RW,m^OT(°)(^m,s-n^m,s-i)- Then, obviously, Proposition \7.19\ applies with s-1 in the 
role of s. Furthermore, let JA,^J_ 1 , A^, s \m) be defined as in (|7.10j) . Due to part (2) of Remark \7.7[ part (3) 
of Lemma \7. 6\ applies. Therefore, conditions (a) -(d) in Definition \3.1\ hold. The derivation of (|7.43[) . (|7.44p 
for s'< s-1, to' ^ goes the same way as in the proof of Proposition \7.1@[ Assume that G Mr: 1 . 
Then, for \k\ — k\ < 2S^ S , we have 

(7.47) |S('- 1 )(m( > 1 A[ , " 1) (m (0) );E.*i) - ijO 5 - 1 ) (0, A^ -1 ^ (0); e, fei) | < 3||fci + to (0) w| - |fei|| + (# -1) ) 8 

and 
(7.48) 

l^- 1 ) (m<°> , A[ s "^ («,(«)); e, h) E^ (0, A^ 1 ) (0); e, h) \ > ^(fc W M* " tfl " 12|e|(# _1) )*. 

8. Matrices with an Ordered Pair of Resonances Associated with 1-Dimensional 

Quasi-Periodic Schrodlnger Equations 

Definition 8.1. Let s > 1, q > n G Z 1 ', < |n | < 12i2< 1 > «/ s = 1, and 12-RO -1 ) < \n Q \ < 12R^ if 
s > 2. Assume that 

(8-1) (fc no -2 < 7(n ),A no ,+2^(no))cK\ |J (K^s-v 

0<|m'|<12i?("), m'^no 

with k no = —uquj/2 and cr(no) as defined in (|7.7[) . We set 3l' S:S '(w, no) := (fc no — 2a(no), k n0t + 2er(no)). 

Remark 8.2. (1) The intersection of 3?( s ' s ) (uj, no) and K \ Uo<|m'|<i2_R( s ) (^m' s-i>^m' s-i) * s a non-empty 

set Xng := (fc no — 2<7(n ), fc„ , + 2er(n )) \ (fc~ g _i,fcjJ s _ 1 ). In particular, Proposition \ 7.19\ applies to 

k G OCno ■ For technical reasons, we need to verify that in fact Proposition \7.19\ applies on a slightly bigger 
set; see part (3) of Lemma \8.4\ below. 

(2) If k E ^-^(w.no), then -k G & s ^{uj, -no). 
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(3) Since |n | < 12i?( s ), one has due to 1(73)1 . |fc„ | > \{5 { s ~ 1) ) 1/le '. 
Lemma 8.3. Lei jfc e ^( s ' s ) (w, n ), < |m| < 12i?( s ), m ^ n . L/ien, ||fc + tow| - |jfe|| > (6^~ 1) ) 1/16 /2. 
Proof. Assume fc„ > 0, fc + mw < 0. Then, 

(8.2) ||fc + mw|-|fc|| = |2fc + mw| > |(m - n )oj\ - 2\k - k no \ > (S^ 1 ^ 16 - 4a(no) > (<5^ 1) ) 1/16 /2. 
The verification for the rest of the cases is similar. □ 
Lemma 8.4. Let k E %. {s ^ (w,n ). Then, 

(0) n eM[ s ;X 

(1) The subsets in (|7.10[) are well-defined. For \k' — k\ < 2Sq 8 2 \ each matrix HjJ^(m) e fe ,j r < s — 1 
belongs to the class 3\f( r ) (to, A^T (m), 5q ). 

(2) Let TO(j~ = 0, to,q" = no. Lor |fc' — k\ < (<5q S 1 ^) 1 / 6 ) t/ie matrices H \(s>), fe , o&ey aZ/ conditions 
stated in DeHnition \5.1\ ( except for the fact that the set A is not defined ). 

(3) Assume that \k - k no \ > (o^ 1 )) 7 / 8 . Let A^(0) be as m ((7T0| . L/ien, # A oo (0)efe € 

N( s )(0,Ai s) (0);<5 ). 
Proo/. Clearly, fc G R \ Uo<|m'|<iajK- 1 ) ( fc m',s-i' fc m',s-i)- 0ne has 

|n w| < 2|fc| + 1, 

(8 31 

|«(no, fc) - v(0, k)\ = 2\- 1 \n Lo\ ■ \k - k no \ < 4A~ 1 (2|fc| + l)o-(n ) < 256(4^ 1} ) 1/6 < 3<5 s ~ 2) /4, 

which means no € 'M < ^' s l\, due to the definitions in (|7.10l) . 

Part (1) is due to part (2) of Remark 17.201 after Proposition 17. 191 

To prove (2), note that all conditions except (|5.6[) and (|5.7p are due to part (2) of Remark l7.20l Further- 
more, due to part (2) of Remark 17.201 one has for any m £ M^ 5 T^j, 

(8.4) |£7(«- 1 )(m,Ai'- 1) (m);e J fc / )-£ ( '- 1) (0 J Ai'- 1) (0);e,fc , )| > + mco) 2 - {k'f\ - A2\e\{&'- 1) ? . 

Take here to ^ 0, no. Then, combining (|8.4[) with with Lemma 15731 one obtains condition (|5.6p . Once again, 
due to part (2) of Remark l7.20[ one has 

< 3||fc' + n w| - |fc'|| + (4 S_1) ) 5 < 6<r(n ) + 6|fc' - fc„ | + (# -1) ) B < (# -1) ) 1/8 > 



as required in condition (|5.7[) . 

Assume that |fc - fc„ | > (o^- 1 )) 7 / 8 . To prove part (3), we need to verify the lower estimate in the first 
line in condition (|3.1ip in Definition 13.11 only Assume for instance, \k\ < 1. In this case, A = 256. Recall 
that due to ([775]), |n w| > (6 { S ~ 1) ) 1/W . Due to part (2) of Remark 1772711 one has 
(8.6) 

IL^- 1 ) (n , A!*' 1 W fc) ~ £ (s ^ 

as required. The case |fc| > 1 is completely similar. □ 

Remark 8.5. From this point to the end of Provosition [^7771 we always assume that k € "J6 S ' S ^ (u), n ); and 
moreover, 

(8.7) |fc-fc„ | < (<5 (s - 1) ) 3/4 . 



8,x 



DAVID DAMANIK AND MICHAEL GOLDSTEIN 



On the set (8^ s 1 )) 7 / 8 < \k — k no \ < (S^- s 1 ^) 3 ^ 4 , we will be able to apply both Proposition \7.lQ\ and Proposi- 
tion \SU\ 

Let T be the reflection map T(n) = —n + no- For s > 1, due to Lemma [8.41 the subsets in (|7.10p arc 
well-defined, and each matrix ^A (r) (m)efc' r — s — •"■ belongs to the class N^(m, A^ (m),#Q ). Assume 

that n G A^ s) (0). Then, # A (») (0)ei . G OPpJ 3 ) (0, n , A^ s) (0); tf ) . We will now re-define the set A^ s) (0) 

so that H A{s){0)£k G OPR (s) (0,n Q , A { k s) (0); d ,T^ 0) ) . To this end we will define the set \{ s) (0) so that 

T(A^(0)) = A^(0), where T(n) = —n + hq. Provided that k ^ k na , this symmetry will imply condition 
(|5.19[) in Definition \5.5\ with some r^ ' — T^(k) > 0. For s = 1, set 

(8.8) A^(0) = 5(3i? (1) ) U T(B(3i? (1) )). 

For s > 1, the "new" set A^ (0) will be a "relatively small perturbation" of the set 

93(710, s) := B(3RM) U T(B(3R^)). 

Lemma 8.6. (1) If\v(m,k)-v(Q,k)\ < 5, with (4 S ~ 1} ) 1/2 /4 < S < 1/256, then \v(T(m),k)-v(0,k)\ < AS/3. 

(2) Let s > 2, 1 < s' < s — 1, m,j G M^, s ^ 1? j = 1,2, and assume that T(mx) 7^ m2- Then. 
dist(T(A( s ')(m 1 )), A( s ')(m 2 )) > 6i?(A 

Proof. (1) Since fc G Di( s ' s ) (w, no), one has |now| < 2|/c| + 1. Since \v(m,k) — v(0,k)\ < 5, it follows from (1) 
in Lemma \7. 21 that \mui\ < 2\k\ + 1. One has 

KT(m), ft) - u(0, fc)| < \v(T(m), k) - v(m, k)\ + \v(m, k) - v(0, k)\ 

,<V!)I < \- 1 {\n L)\ + 2\mu)\)\2k + n oj\+6 < 8A~ + l)^" 1 )) 3 / 4 + 0" < 45/3. 

(2) One has \v(m,j,k) - v(0,k)\ < 35(*' _1 >/4 < (^ s '- 1 )) 1 / 2 /4, j = 1,2. Due to part (1), one also obtains 
\v(T(mi),k) -v(0,k)\ < (S^'- 1 ^) 1 / 2 . Due to part (4) of LemmaOl one has \T(mi)-m 2 \ > 12i?( s '>, since 
T(mi) 7^ m 2 . This implies dist(T(A( s ') (mi)), A< s ') (m 2 )) > 6i?( s '>. □ 

Definition 8.7. Let £' be the collection of all sets A(m) := A( s ')(m) U T(A( s ')(to)), 1 < s' < s - 1, 
say fiai A(mi) « A(m 2 ) i/ Sx = s 2 , and either mi = m 2 or T(mi) = m 2 . Clearly, 
this is an equivalence relation on £,' . Let 9Jt 6e £/ie set 0/ equivalence classes. Clearly, each class has at 
most two elements in it. For each m G 9H, set A(m) = UA(mi)em^( TOl )' &et ^ ~ {A(m) : nx G £e£ 
A(m) G £, A^'^m) U T(A (s ')(to)) G m. Set t(A(m)) = s' . This defines an N-valued function on £. Set also 
Pm = {m,T(m)}. Clearly, the set p m depends only on m. 

Lemma 8.8. Using the notation from Definition \8.7\ the following statements hold. 

(1) For any A(tUj) G £, j = 1,2, such that £(A(rtli)) = i(A(m 2 )), mi 7^ m 2 , we have dist(A(mi), A(m 2 )) > 

Jj(t(A(m 1 ))) < 

(2) For any m, we /iaue 

(8.10) (J ((m + B(2i?« A ( m »)))) C A(m) C |J ((m + 5(3i? (t(A(m))) ))). 

Furthermore, A(m) = S(m) U T(S(m)), w/iere diam(S(m)) < 6i? (t(A(m))) . 

(3) J/mi 7^ m 2 , tften A(mi) 7^ A(m 2 ). 

(4) T/ie pair (£, t) is a proper subtraction system; see Definition \7.12\ 

(5) For any m, we have A(m) = T(A(m)). 

Proof. (1) Let A^fm,) U r(A< s ')(m,)) G trij, j = 1,2. Since m x ^ m 2 , p mi n p mi = 0. Therefore, 
dist(A( s ')(r7ii), A( s ')(m 2 )) > 6R (s '\ dist(r(A( s ')(mi)),T(A( s ')(r7i 2 ))) > 6R^ S '\ Furthermore, due to part (2) 
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of LemmaEB dist(T(A( s ')( mi )), A( s ')(to 2 )) > 6R^ S '\ dist(T(A< s ')(m 2 )), A^'^tox)) > 6R^ S '\ This implies 
the statement in (1). 

(2) Let A( S ')(W) U T(A^(m')) G m. One has 

(8.11) (W + B(2R^ A( - m ^)) C A( s ')(m') C (to' + B(3i? (t(A(m))) )). 

Furthermore, {m! , T(m')} = p m . This implies the first statement in (2). The second statement in (2) follows 
from Definition 18.71 

(3) Let mi ^ m 2 . If i(A(mi)) = f(A(m 2 )), then (3) follows from (1). If i(A(mi)) ^ t(A(m 2 )), then (3) 
follows from (2). 

Now we will verify (4). Assume that t(A') = t(A"), A' ^ A". It follows from (3) and (1) that dist(A', A") > 
i?W A '». So, (i) from part (2) of Definition EH] holds with R a > #H Let A(m) be arbitrary, a = <(A(m) + l. 
Due to part (2), one has A(m) = S(m) U T(S(m)) with diam(S(m)) < 6i?W A ( m ») = 6R<- a -^ < 2- a R^ < 
2~ a R a . Furthermore, let A(m') be arbitrary. Assume A(m) n A(ra') ^ 0. Once again, due to part (2), one 
has A(m) = S(m') U T(H(m'))- This implies 3(m) n A(m') ^ and T(S(m)) n A(m') ^ 0. Hence, (ii) from 
part (2) of the Definition 17.121 holds as well. This finishes (4). 

Part (5) follows from the definition of the sets A(m). □ 

Set 

03(n o , s) := B(3i? (s) ) U T(B{3R {s} )), 
(8 - 12) 05(no,M) = 05(n ,^-l)\( (J A(m)) 

meart:A(m)gQS(n ,s^-l) 

for£= 1,2,.... 

Lemma 8.9. (1) There exists £q < 2 s such that 05(no,s,£) = 05(no,s,£ + 1) for any I > £q. 

(2) For any Ae£, we have either A C 03(n o , s, £ ) or A C (if \ 05(n , s, £ )\ . 

(3) Set A^. s,1) (0) = <B(n ,s,£ ). 2%en, /or any A( s ')(m), we We eitfier A( s ')(m) n A { k s,1) (0) = or 
A< s ')(m) C A^ 1} (0). 

(4) T(05(n ,s,f)) = 05(n ,M) for any t. In particular, T(A^ 1} (0)) = A^ 1} (0). 

(5) For any £ > 1, we Ziaue 

(8.13) {n G <B(n ,M- 1)) : dist(n, Z" \ 05(n , s, £ - 1)) > 6i? (s " 1} } C 05(n ,s,£) C «8(n 0) s,£ - 1)). 
Jn particular, B(2R^) U (n + B{2R^)) C A^ 1} (0) C B(3ijW) U (n + B(3i?W)). 

Proof. Parts (1), (2) follow from Lemma [7. 141 

Let A^ s )(m) be such that A^ s ) (m) n05(rio, s, ^o) 7^ 0- Let tn be the equivalence class containing A^ s \m)U 
T(A( s ')(m)). Then, just by definition, A (s '\m) C A(m). In particular, A(m) n 05(n , s,£ ) ^ 0- This implies 
A(m) C 05(n ,s,4)- Therefore, A (s ')(m) C 05(no, s,^o)- This finishes the proof of (3). 

To verify (4) note that T(03(rtOj s, 0)) = 03(no, s , 0). Combining this with part (5) of Lemma [8.8[ one 
obtains T(05(n , s, £)) = 05(n o , s, i) for any £, as claimed. 

It follows from HHUDD that diam(A(m)) < ei?^ 1 ) for any m. Combining this with (|8.12p . one obtains 
(|8.13p . The second statement in (5) follows from (|8. 13[) since £q < 2 s . □ 

Remark 8.10. (1) If k G ^ s ^(uj, n ), then -k G Ji {s - s) (u, -no), \ -k-k- no \ = \k-k no \, and A { ^ } (0) = 
-A^(0). 

(2) Let (S^-V) 7 / 8 < \k- k no \ < (J^ 1 )) 3 / 4 . Due to part (3) in Lemma gg} tfie sM&set A[ s) is well- 
defined by (|7.10|) : moreover, ^ A Cs)/ j e fc G N^(0,A^ (0);<5o)- notation A^ (0) is introduced to avoid 
ambiguity. 

Proposition 8.11. Assume that k € ft( s ' s )(w, n ), \k - k na \ < (o^ 1 )) 3 / 4 . 
Assume k„ > 0. Let Eq, e s be as in Definition \3.1[ Let e G (— e s ,e s ). 
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(1) If s = 1, then for any < |m| < 12R^\ m ^ no, and any \ki — k\ < 6(1) := |e|(^o°^) 5 ' we have 
\v(m,h) -v(0,ki)\ >5 . Ifs > 2, < |m| < 12i?« m $ Ui<r< s -i U m , eM M_! A ^ (m,) ' i/ie " 
|w(m,fc) - w(0,fc)| > (5 /2. 

(2) For any fe„ < fc' < k no + (S^ 1 ^ 4 , we have H^,^ € OPF>) (0, n , A^ 1} (0); S , t<®) , 
rW = [min(2^ /4 ,fc„ /256)]|fc'- k no \. For any k no - (J^ 1 )) 3 / 4 < fc' < fc„ 07 we have # A ( S ,D (0)i£ . fc , € 

(3) For k no < k' < k na + (S^ s ~^) 3 / 4 , we denote by E^(0, A k s ' 1} (0); e, fc') i/ie functions defined in 
Proposition 15.61 im£/i -ff A (s,i)( ) E fc / ^ e r oZe o/ i?A,e- Similarly, for fc„ — (J^ 1 )) 3 / 4 < k' < k no , 

we denote by E^'^ (no, A^' 1 ^); e, fc') the functions defined in Provosition 15.61 Then, with k^ :— 
mm^e 3 / 4 , fc„ /512), one /ias 

9 e i?( s ' + )(0, A^ 1} (0); e, fc„ + 0) > (fc^) 2 0, > 0, 

8.14) ,* 

^••-)(0,Ai' ,1) (0);e,fe no +6) < -(fc (o) ) 2 0, 9 > 0, 

8.15) E^ ± \0,Ai s ' 1) (0y,e,k no +e)^E (s ^(n o ,A^ 1 \0y,e,k no ~9), 9 > 0, 

8.16) |cW s ' ±} (0, A^ 1} (0); e, k na +9)\<2, 

8.17) |BC'. ± )(0 J A(*' 1) (0);e,A 1 )-£("' ± )(0 ) Ag' 1) (0);e,A 1 )| < \e\(S { Q s) ) 5 , < \ kl - k nQ \ < \e0-^) 3 /* 

8.18) E^'+HO,^^)^,^) - E^-HO,^^)^,^) > (fc(°)|fc'-fc„J) 2 /2. 
(4) 

8.19) \E('*\0,A ( ? 1 \Q)]e,e) - E^XOtA^Wie,*?)] < 4|e|(o^~ 1) ) 1 / 8 . 
Here, E^ (m! , A'; e, fc') :— v(m' ,k'), as usual. In particular, 

8.20) |£(''+)(0,AS ! * >:l) (0);e,fc)-S( i ' + )(0,A^ :l) (0);e,* / )| < 9|e|(4 s_1) ) 1/8 - 

(5) ^fceK\U| m |<i2^),™^„( fc ™. S ' fc ™,J^ ('5 (s - 1) ) 7/8 < |fc-fc«ol < (o^" 1 )) 3 / 4 . Fften, ff A w» (0) ^ G 

(0, A^ 1} (0); S ) . Furthermore, 

E(8)fn A (..i)/ 0VF m _ f^ +) (0,Ai s ^(0);e,fc) < fc - fc„ < (tf-Djs/*, 

1 ' fc W ' ' J \£?(«.-)(0,A^ 1) (0);e,fc) i/ (tf- 1 ))^ < fc„ - fc < (^- 1 )) 3 / 4 . 

(6) For any fc„ < fc' < fc„ + (<5( s - 1 )) 3 / 4 7 we have H^,^ {Q)£k , e OPR^ (0,n , A { k ' 1} (0); 6 ,t^) . For 

any k na - (S^) 3 / 4 < fc' < k m> we have ^..u^^ G OP.RM (rc , 0, a£° (0); S , t™) . Furf/jer- 
more, 

£ (s ' i '(0,Af ) (0);£,fc') = B (s ' ±) (0-Ai M) (0);e,-fc')- 
Proof. The verification of part (1) goes the same way as in Proposition 17.1 91 

It follows from (2) in Lemma El that (Q) £ fe; G OFF>) (0, n , A^ 1} (0); <5 ) . Now we will verify 

()5.19j) in Definition 15.51 ^4s we mentioned before, the symmetry T(A^' 1 \o)) — A k s,1 \o) plays a crucial role 
for that matter. Set for convenience A = Ajj, s,1 ^(0), — 0, rriQ — no, A m + m - = A^ (0) \ {0, no}. As in 
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(|5.11[) . consider the functions 

K {s) (m, n, A; e, fc„ + 9, E) = (E - Ha + _ , ei *„ o +0) _1 ("i, n), m,neA + -, 

m ,m Q ' 

Q( s )(™±,A; £ ,fc no +0,£;) 

= ^2 h(mo,m'\s,k no + 6)K^\m\n';A;e,k no + 0,E)h(n\mo;s,kn + 0), 
(8.21) m'.n'eA + _ 

m Q ,m 

G (s) (m^,mf , A;e,k no +9,E) = h(m^ , ; e , fc„ +0) 
+ /i(mg , m'; e, k na + 9)K {s) {m! , ri; A; e, k no + 9, E)h(n',m£; e, k n „ + 9) 



m',7i'EA + _ 



with |0| < (^ 1} ) 3 / 4 , 
(8.22) 

|e| < e , \E - v(m Q 

\e\ <£ S _ 2 :=e - X! ^ I* 7 _ s( * -1) ("*o> A^ 1) (m+); e, fc„ + 0)| < po := 2^ 1) , s > 2. 



|e| < £o, 1-E — tifmj )| < <5 /4, in case s = 1, 



Ks'<s-2 



One can estimate d$Q^(m^,A;e,k no +9,E), dg e Q^ s \m^, A; e, k no +9,E) using Lemma [3.51 Like in the 
proof of Proposition 17. 191 taking into account that 

deh(m, n; e, k na + 9) = 0, if m ^ n, 

(8.23) \dgh(m,m;e,k no + 9)\ = 2A~ 1 |fc„ + 9 + moj\ < 8 exp(|m| 1/5 ), 

dgh(m, m; e, k„ +9) = 2A _1 , 

one obtains for a < 2, 

|^QW(m± A; £ ,fc no +9,E)\ < |e| 4 / 3 = (eA" 1 ) 4 / 3 , 

(8.24) |9?Q (s) (^, A ie) fc no +9,£)-^Q(- 1 )(fB ± 1 A(m±);e,fe no < H(# -1) ) 5 , 
|a e a GW(m±m^A; e, fc„ + 0, £) < |e| 4 / 3 exp ( - ^|n |) = (eA" 1 ) 4 / 3 exp ( - ^|n |) . 

Now we invoke the symmetry T(A) = A. Note that T(mg ) = . In particular, T(A m + m -) — A m + m ~ . 
Note also that h(m, n; s, k) = ec(n — m) for m ^ n, that is, it does not depend on k. Finally, note that for 
k' = k no + 9, we have —(k 1 + uquj) = (k no — (k' — k no )) = k no — 9. Using Lemma l7.4| one obtains 

(m, n, A; e, fc„ + 9, E) = (T(m), T(n), A; s, k no -9,E), m,n e A m + m - , 

(8-25) Q (s) (m±, A; e, k no + 0, E) = (mj, A; e, fc„ — 6, E), 

G^(m^,m^ 1 A;s,k no +9,E) = G« (mj , m± A; e, fc„ - 0, £). 

Note also that u(toq , fc no + 0) = «(mQ, k ng — 9). 

Assume first k na > 1. Note that k no < 7 = A/256 < fc„ + 1 < 2k no . For -((jC*- 1 )) 3 / 4 < 6> < (t^ 1 )) 3 / 4 , 
we have 

1/64 > 2A- 1 fc„ + 2(^ s - 1 )) 3 / 4 + 4 /3 > d e (v(m+,k na +9) + Q^(m+, A; e, k no + 9, E)) 
1 ' Ji " > 2A- 1 fc„ - 2(^- 1 )) 3 / 4 - 4 /3 > 1/512 - 2(^ s - 1 )) 3 / 4 - e* /3 > 1/1024. 

So, for (J^- 1 )) 3 / 4 > 9 > 0, we have 

(8.27) v(m+, k no +9)+ Q« (m+ , A; e, fc„ + 0, - v(m , fc„ + 9) - (m„ , A; e, fc„ + 0, E) > 9/512. 
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Taking here 9 = k! — k no , one concludes that condition (I5.19[) in Definition 15.51 holds with H A ( a ,±), , g fc , in 
the role of H AtS . Thus, {a)£k , e OPR^ (0, no, A k s) (0); 6 , t™) if fc„ < fc' < k no + (S^) 3 / 4 . If 

k no ~~ (<5^ S ~ 1 ^) 3 ^ 4 <k'< k m , one just has to switch the roles of and no- 

Assume now 1 > k no > 256(2(<5( s - 1 )) 3 / 4 + £q /3 ). Note that in this case, A = 256. Like above, one 
concludes that 
(8.28) 

1/128 > d e (v(m+,k no + 9) + Q( s )(m+,A; £ ,fc no +9,E)) > 2\- 1 k 1lQ - 2(S^) 3 / 4 - e 4 Q /3 > 2^ /3 , \9\ < J^ 1 )) 3 / 4 , 

v(m+,k no +6) + Q (s) (m+, A; e, k no +9,E)- v(m^ , k no + 9)- Q (s) (m " , A; e, k no + 9, E) 

>2e 3 Q /4 9, 0<9<6^) 3 / 4 . 

Finally, assume < k no < 256(2(<5< j s " 1) ) 3 / 4 + e 3/4 ). Once again, A = 256. Find r such that {S^) 1 ' 2 < 
k no — [$<[ 1 ') 1 ^ 2 - Note first of all that in this case ( see Remark 18.21 ). 

(8.29) K|>12i?M, s>r, fc„ > (S^) 1 '*. 

Let for instance k > k no , so that tUq — 0. Recall that due to parts (2) and (4) of Proposition 17.191 the 
function Q^(0, A { k r) ; e, k no +8,E) is well defined for < k„ < 6 { Q r ~ 1} /2, \9\ < 6 { r ~ 1] . Furthermore, due to 

(8.30) d 2 e (v(0,k no +9) + Q ir \0,A k r) ;e,k no +9,E)) > 2A" 1 - (eA" 1 ) 4 / 3 > 1/256. 

Recall also that v(0,k') + Q (r) (0, A^ r) ; e, k',E) = v(0,-k') + Q^(0,A k r) ;e,-k',E). For k no + 9 > 0, this 
implies 

(8.31) d e (v(0, Ko +0)+ Q (r) (0, A[ r) - e, fc„ + 0, £)) > (fc„ + 0)/256. 

Now, we invoke the second estimate in (|8.24[) . applied to Q^ 1 ^ (0, A k ri ^ ; e, k n „ + 9,E)), with n in the role of 
s, running r% = r + 1, . . . , s. This yields 

(8.32) \deQ {r) (0,A { k r) ;e,kno+9,E))~d e Q {s) (0,A[ s) ;e,kno+9,E)\ < 2\e\(S { r) ) 5 < (fe no +0)/512. 
Combining (|8.31|) with ()8.32|) . one obtains 

d e (v(0,kno+9) + Q^(0,A { k s) ;s,kno+9,E)) > fc„ /512, |0| < (S^ 1 )) 3 / 4 , 

(8.33) v{m+,kn„ +9)+ Q« (m+ , A; e, 9, E) - v{m^ , fc„ + 0) - Q< s > (m , A; e, 0, £7) 

>fc„ o 0/256, < 9< (8 (S -V) 3 / 4 . 

This finishes the proof of part (2). 

To prove part (3), recall that due to Proposition EH ^'^(0, A^' 13 (0);e, fc')> k' = k no +9, 9 > 0, are the 
solutions of the equation 

(8.34) 

X (e, 9, E) := (E - v(m+,kn +9)- (m+ A; e, fc„ + 0, i?)) • - «(m^, fc„ + 0) - Q (s) (m , A; e, k m + 9, E)) 

- \G^(m+,mo,A;s,k no +9,E)\ 2 = 0. 

To proceed with the verification of (|8.14p - (|8.19p . note first of all that part (4), which is (|8.19p . is due to 
([5T2T|) from Proposition EU combined with the fact that # A o>,i5 (0) e fc , € 0-Pi? (s) (0, n , A^f'^O); S 0) r (0) ) . 

To verify (|8.14p . we invoke Lemma |4~To1 with ^ = 1, ai = v(m^,k„ + 9) + (mj, A; e, k m + 9,E), 
a 2 = v(m+, k no ~ 0) + Q {s) (m+, A; e, k no -9,E),b = G^(m+, , A; e, fc„ +0, £), 9 < (S^) 3 / 4 . For that 
we first invoke part (9) of Lcmma l4.HI Let us verify the validity of the needed conditions. First of all we need 
the conditions \E - a*|, 6 2 , \d%^ aa Oi\, |5^ Q2 6 2 | < 1/64 from Definition S3 The condition |E - Oj| < 1/64 is 
due to Proposition 15.61 The rest is due to (|8.24l) ( note that \dg v(mQ , k no + 9)\ < 1/256 ). Now we turn to 
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the conditions of (9) in Lemma |4"TT1 Due to (lg~2"oT) . (|g~2"8"j) . (lg~3"3")) . one has dgai < - min^ 4 , fc„ /512) = 

-fc<°>. Due to (IQ4t . |<9£|o| 2 | < exp(-^|n |) < e X p(-^i?( s ~ 1 )) < (S^~ 1} ) 2 , a < 2. Combining this 

with \k no \ > (4 s " 1 ') 172 , one concludes that \d$b 2 \ < (fc(°)) 2 /8. Recall also that a 2 (e,E,9) = ai(e, E, —9), 
\b(e,E 7 9) = \b(e, E, — 9)\. In particular, x{ £ i^,9) = x{ £ iE,—9). Thus, all conditions needed for (9) in 
Lemma T4 . 1 1 1 hold . Hence, (I4.35[) from (9) of Lemma 14. lll holds. Now (18. 14)) follows from Lemma T4. 151 

The identity (|8~15)) is due to the symmetry flgTgg) . The estimate ((8"Tg)) follows from ([8~T4"]) . 

To verify (18.161) we invoke the following Feynman formula, well-known in the general perturbation theory 
of Hermitian matrices. Let H (9) = (H(m, n; 9) m ,neh: |A| < oo be a real analytic Hermitian matrix-function 
of 9 G (#i,6?2). Let E m (9), ip m (n;9), m,n e A, be a real analytic parametrization of the eigenvalues and 
normalized eigenvectors of H(9), respectively. Due to Rellich's Theorem, such a parametrization always 
exists. Then, 

(8.35) d e E m = \i> m (n;9)\ 2 d e H(n,n;9). 

neA 

Thus, 

(8.36) ^(•• ± >(O,Aj>' 1) (O);e,fc Bo +0) = iM*'^" 2 ^ l^fae, e)\ 2 d e v{n, k no + 9), 

neA 

where ^ a '^(n; e, 9) stands for the eigenvector corresponding to i?^ s,± ^(0, A^ s,1 ^(0); e, fc„ +9). Due to (|5.5ip 
from part (7) of Proposition [531 one has Hv^'^H > 1 and 

(8.37) \<pl'&(n;e,0)\ < I^IexpC-^V - 0|) + exp(-^|n - n \)}, n { {0,n }. 

Note that \d g v(n, k no + 9)\ = 2A~ 1 |fc„ + 9 + nu>\ = 2A _1 | - fc„ + 9 + (n - n )u>\ < 1 + \n - n \. Similarly, 
\dev(n, k 1lg + 9)\ < 1 + \n\. Combining (|8.36p and (|8.3Z[) with these estimates and taking into account that 
\e\ < So, one obtains (|8.16[) . 

The estimate (I8.17|) follows from Corollary 16. 131 

Assume (d^- 1 )) 7 / 8 < \k - k no \ < (d^- 1 )) 3 / 4 . The proof of # a (.,d (0) e k € ^ (s) (0, A^fO); S ) goes the 
same way as the proof of part (3) of Lemma l8~4"l see also part (0) of Rcmark l7.20l To finish (5), consider for 
instance the case k no + (J^ 1 )) 7 / 8 < k < k no + (o^ 8 " 1 )) 3 / 4 . Recall that due to (|5~23l) from Proposition [5751 
one has 

spec^.^^^.niliJ-^-^^A^-^Wj^^KS^- 1 )) 1 / 4 } 

(8.38) = (0, A<'" 1) (0); e, k),E^(Q, A^(0); e, k)}, 
E^+\o, Aj^fO); 0, k) = v(0, fc), , £<••->((), A { k s ' 1} (0); 0, k) = v(n , k). 

On the other hand, E^(0, Aj. s,1 ^(0); e, k) is the only eigenvalue of H A ( S ,i)^ g fc , which is an analytic function 

of e and obeys E^(0, A^'^O); 0, fc) = v(0,k). Hence E^ s ^ (0, A^ 1} (0); e, fc) = E^ (0, A^ 1} (0); e, fc). This 
finishes the proof of (5) in this case. The proof for the second possible case is completely similar. 

The arguments for part (6) are completely similar to the arguments for part (7) of Proposition 17. 191 and 
we skip them. □ 

Remark 8.12. Assume that k = k no . Assume for instance k no > 0. Provosition \8.11\ says that for 
any k no < k' < k no + (o^" 1 )) 3 / 4 , we have ff A c,i) (0) e k , € OPR^ (0, n , A^ 1 ' (0); 8 , t( ') , and for any 

k no - (<5 (s ~ 1} ) 3/4 < fc' < k no> we have ff A c«,i) (0) e k , € OPR^ (n , 0, A^ !l) (0); S , r (0) ) . ft does not say 
anything about k' — fc„ . The only reason for that is that the expression on the left-hand side of ()8.27j) 
vanishes for 9 — 0. In fact, due to the symmetry (|8.25|) . one has 

(8.39) v(m£,k no ) + Q {s) {m+,A;e,k no ,E) = v(m^ , k na ) + Q [s) (m^, A; e, k no , E). 
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In Provosition \8. lS\ we analyze the case fc' = k no via the limit k' — > k no with k' ^ k no . 

Proposition 8.13. Let e € (— e s ,e s ). 

(1) The limits 

(8.40) E^{0,A^ (0);e,fc„ o ) := lim (Q, Aj£ (0); e, h) 

o ki ->fc no o 

exist. Moreover, 

specif, n{E:\E-E^- 1 H0,Ail- 1 \0);e,k no )\<8(St 1) ) 1/4 } 

(8.41) kn ° ' 

= {^+)(0,A< s) (0) ;e ,fc„ o ),i?( s -)(0,A( s) (0);e,k no )}. 

fina/if/, ^ s '+'(0,A^ ) (0);£,fc„ o ) > B( 8 "'(0,A^(0);e, fc„ ). 

(2) B = (0, Ajj.* (0);e,fc„ o ) obeys the following equation, 

(8.42) B - «(0,fc no ) - Q^(0, A^O);^) T |G W (0,n o , A« (0);e,S)| = 0, 
w/iere 

Q (s) (0,A^ (0);e,£) := Q«(m+ A;e, fc„ ,B), 

(8.43) 

G«(0, n , A« (0);e, £) := G«(m+ m„ , A; e, k m ,E); 

see (jOTj) . 

Proof. We will consider the case s > 2. For s = 1, the argument is completely similar. Let, for instance, 
< k no < k' < k no + (S^) 3 / 4 . By Proposition EU fl^.j „ € OPJJ« (0, no, A^J (0);5q,t^). Due 

to part (3) of Proposition 15. 61 one has 

specif £k ,n {E:\E- e( s ~^ (0, A^~^(0); £, fc')| < 8(<5<T 1} ) 1/4 } 

(8.44) 

= {E^ (0, A« (0); e, fc'), E^ (0, A« (0); e, k')}. 

Due to Remark [7201 £( a_1 )(0, A^ 1} (0); e, fc') is a C 2 -smooth function of k', \k' - fc„ | < 25^ 2) . 
Clearly, i? A («) ( ) e fc' * s a G 2 -smooth matrix-function of fc'. Finally, recall that E^ s,+ \0,A^ ;s,k') > 

E( s '~~\0, A^ (0);e, fc'). Combining all that, one concludes that part (1) is valid ( of course, only conti- 
nuity of the functions involved matters here ). 

To prove part (2), recall that _E( s,± )(0,A^ (0);e, fc') are the only two solutions of the equation (|8.34[) 
with k' = k no + 0. Recall also that the functions Q^(m^, A; e, k no + 9, E), G^ (m^ , , A; e, k no + 0, E) 
defined in ([g^Tj) are C 2 -smooth in the domain |0| < (S^'^f/ 4 , \E - E {s - 1 \m+ , A ( *~ 1] (m+); e, fc„ + 0)\ < 
2Sq S 1 ' . Taking also into account (|8 . 39|) , one concludes that E = E^^ (0, A^ (0) ; e, k no ) obeys the following 
equation, 

(8.45) (E ~ v(0, k no ) - (0, A^ (0); e, E)) 2 — | G« (0, n , A^ (0); e, E) \ 2 = 0. 

Recall now that due to part (2) of Proposition 15. 61 one has with fc' = k no + 9, 

£< a ' ± >(0,Aj> ) (0); £ ,fc')> W (n ,fc„ ) + g^(no,A^ (0); e, 0, £^(0, A« (0);e,fc')) 

(8.46) 

+|G« (0, n , A« (0); e, B^±)(0, A« (0); e, fc')) | . 

Combining ([5^51 with (JH35J, one concludes that E = i?( s >+) (0, A^ (0); e, fc„ ) obeys (ET32"|) . The argument 
for £ = B( s ^)(0,A^ s) (0);e,fc„ o ) is similar. □ 
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Remark 8.14. For \k — k no \ — > 0, we need a stronger version of the estimate (I8.20[) in Provosition 1 8. 1 il 
For that we invoke Remark \5.7\ from Section [5l 

Corollary 8.15. Using the notation from Provosition 1 8. 1 il the following estimate holds, 

(8.47) |i^+)(0,A£ o %); E ,fci)-I^ 

provided \k\ — k no \ is small enough. In particular, using the notation from Proposition 1 8. 1 31 one has 

(8.48) \E^+\0,A^\0);e,k no )-E^-\0,A^\0y,s,k n0 )\ < 2| £ | exp(-^|n |). 

Proof. We consider the case s > 2. The case s = 1 is completely similar. Using the subsets Ajjf ' (m) with s' < 

s — 1, one can define a subset A'(0) so that the following conditions hold: (i) i?A'(o).e,/c G INf' s_1 ^ (0, A'(0); <5o) 
if \k-k no \ < (t^- 1 )) 3 / 4 , (it) A'(0) = -A'(0), (Hi) A'(0) D B(R), where |n |/8 < R < \n \/4. Set 
A' (no) = n o + A'(0). Then, H A , (no)iE<k G (n , A'(n ); 6 ) if |fc - fe„ | < (S^) 3 / 4 . Furthermore, let 

£l( s_1 )(0, A'(0); s, k), E( s ~^ (no, A'(no); e, k) be the corresponding eigenvalues. Due to Lemma \7. 41 one has 
S( s - 1 ) (0, A'(0); e, fc„ + 6) = E^~^ (n , A'(n ); e, fc„ - 0). In particular, 

(8.49) \E^ (0, A'(0); e, k no +0)- (n , A'(n ); e, fc„ + 0)| < exp(-fl), 

provided 9 > is small enough. Thus both conditions mentioned in Remark 15.71 hold. This implies the 
claim. □ 

9. Matrices with Ordered Pairs of Resonances Associated with 1-Dimensional 
Quasi-Periodic Schrodinger Equations: General Case 

Let us start with the following 

Lemma 9.1. Assume that q > 1 and k G K \ Uo<|m'|<i2fl(«+«-i), m'#« ( fc r»'. s+g -i, k ™>,s+ q -i)- Then > 

(0) |fc| > (4 s - 1) ) 1/16 /4. 

(1) Let 5 < <5 s 1} . If \v(m,k) - v(0,k)\ < 6, then either (a) \mw\ < 2 12 5 15 ^ 16 , \2k + mu)\ > S 1 ^ 6 /^, 
\(k + mw) - fc„ | < 2 12 S 15/16 + \k- k no \, or (b) \2k + mu>\ < 2 12 8 15 / 16 , \mu)\ > S 1 / 16 /!, \(k + (m - 
n )uj) - k no \ < 2 12 (5 15 / 16 + 3|fc - fc„J. In both cases, \\k + mw\ - \k no \\ < 2 12 S 15 / 16 + 3|fc - k no \. Finally, 
no =/= ±2m. 

(1) ' Suppose \v(m, k) — v(0, k)\ < 5 < 5q S . In case (a), we have 

\v(m + n , k) - w(Q, fc)| < 2 6 5 15 ' 16 + \k - k m \, 
( ' U ' |(m + no)w| > (4'~ l) ) l/16 /2, \v(m - n ,k) - v(0,k)\ > ( ( 5^ 1) ) 1 / 16 /256, 

and we have case (b) for m + hq. In case (b), we have 

\v(m~n Q ,k)-v(0,k)\ < 2 6 6 15/16 + \k- k na \, 

(9 2) 

\(2k + (m~noM>(5i s - 1) ) 1 ^/2, \v(m + n a , k) ~ v(0, k)\ > (S^) 1 / 16 /256, 
and we have case (a) for m — no. 

(2) Assume \v(m,k) - v(0,k)\ < S^''^, 1 < s' < 8-1. Then, k + muj G E \ 

Uo<|m'|<12_R.< s - 1 ) (^m',s'> ^m',s')- 

(3) Assume \v(m, k) — v(0, k)\ < Sq S , s < s' < s + q — 1. Then, in case (a), one has \(k + mw) — k\ < 

4((5 ( S '-l) ) 15/16 7 k + rmJ g R\U 0< , m ,|< la „(.<>, roVno 

(-fc)| < 4(^'- 1 V 5/16 , k + mw G R\ Uo< K |<iaflC3, m^-no(*m',y-l» *&',.'-!)■ 

(4) 7/1 < s' < s - 1, < | mi - m 2 | < 12i?< s '), t/ien max|u(mi,fc) - v(0,k)\ > (4 S ' _1) ) 1/2 . If s < s' < 

s + q-1, \v(mi,k)-v(0,k)\ < (^ s ' _1) ) 1/2 , * = 1,2 and < |mi-m 2 | < 12i?( s '), thenm 1 -m 2 G {n ,-n }. 
Furthermore, if we have case (a) for ui\, then we have case (b) for m 2 . 
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(4) ' Assume \k-k no \ < 2a(n ). Then, k G R\Uo<|m'|<36flW, m'^^^M' fc m', s+g -i)- Furthermore, 
if \v{m,i, k)-v(0,k)\ < (4 S 1] ) 1/2 , i = 1,2 and < \mi - m 2 \ < 36i? (s \, then mi — m,2 £ {no, —no}. 

(5) Assume \k - k na \ > (S^- 1 ^) 7 / 8 . If \v{m t ,k) - v{Q,k)\ < <5 s '~ 1} , s < s' < s + q - 1, i = 1, 2, and 
mi 7^ mi, then \m\ — m%\ > 12R( S 

Proof. (0) Recall that due to flU), we have |fc„J > (S^-^) 1 / 16 /2. This implies (0). 

(1) Assume \v(m,k) — v(Q,k)\ < 5 < 8q S 1 \ Due to part (1) of Lemma \7.2\ one has min(|mcj|, \2k + 
mui\) < 32(5 1 / 2 if 7 < 4, min(|ma;|, \2k + muj\) < 256(5 if 7 > 4. Consider first the case 7 < 4. Then 
A < 1024. Assume \mw\ < 32<5 1 / 2 . Then, using (0), one obtains \2k + mu\ > 2\k\ - \mu\ > ((5^ 1) ) 1 / 16 /4, 
\muj\ = \\v(m,k) - u(0,fc)||2fc + mw^ 1 < 2 12 S(S G ° ) )-^ 16 = 2 12 5 15 / 16 , as claimed in (1). Furthermore, 
I (k + mw) — k no I < 2 12 ^ 15 / 16 + \k — k na |. This establishes all inequalities incase (a). The estimation in case 
(b) is completely similar. Note that (a) and (b) obviously exclude each other. Finally, assume no = ±2m. 
Due to (I7.6p . one has \n uj\ > (<5 Q S 1 ^) 1 / 16 > 5 1 / 2 . Therefore, we cannot have case (a). So, we must 
have case (b). Then, \Ak + m uj)\ < 5 1/2 for some 1 £ {-1,1}. Recall that \2k + n uj\ < 64(4 S ~ 1) ) 1 / 6 . 

Hence, |n w| < <5 1/2 + 64(4 S_1) ) 1/6 < 65(4 S ~ 1} ) 1/6 - This contradiction with proves that n = ±2m is 
impossible. Consider now the case 7 > 4. Assume \muj\ < 2566. Then, \2k + mu>\ > 2\k\ — \muj\ > 3fc/2 > A, 
\muj\ = X\v(m,k) — v(0,k)\\2k + muj\~ 1 < 6. Furthermore, \(k + muj) — k no \ < 6+\k— k no \. This establishes all 
inequalities in case (a). The estimation in case (b) is completely similar. The proof of the rest is completely 
similar to the case 7 < 4. 

(1) ' Recall first of all that A _1 |A; no | < 1/256, A" 1 ^ > 1/512 if \k n „\ > 1, A = 256 in case \k no \ < 1. In 
case (a), one has 

\v(m + n a , k) - v(0, k)\ = 2A" 1 |m^ + ™<H|fc + (row/2) - k na \ < (2 6 S 15/16 + \k- k no \), 
\v(m — no, k) — v(0, k)\ = 2\~ 1 \muj — now||fc + (tow/2) — k no + 2k no \ 
> 2A- 1 ((4 S - 1) ) 1/16 ~ 2 12 «5 15 / 16 )(2|£ :ilQ | - 2 12 «5 15 / 16 - \k - fe„ |) > (S^) 1 ' 16 /256, 

as claimed in ([13]). Furthermore, \(m + n )u)\ > \n uj\ - \mu\ > (t^" 1 )) 1 /" _ S 1 / 2 > (S^- 1 ^) 1 / 16 /2. Clearly, 
we have case (b) for m + no- The verification of (|9.ip in case (b) goes in a similar way. 

(2) Note that k € K\ Uo<|m'|<i2,R.( s - 1 > ( k m> s-t^m' s-i) smce n Q > 12-R^ S_1) . Therefore, this part follows 
from part (3) in Lemma 17.21 . 

(3) Assume \v(m, k) — v(0,k)\ < <5q S " 1 \ s<s'<s + q— 1. In case (a), one has |(fc + tow) — k\ = 
\mu\ < 4(^ s ~ 1 ))i5/i6. This implies, in particular, k + mu e R \ Uo<|m'|<i2flf'), m ^ no ( k m', s >-i> k m', s '-i)' 
see the definition (17.7[) . In case (b), one has \(k + muj) - {-k)\ = \2k + mu)\ < 4((5 s ' _1) ) 15 / 16 . Note 
that -k e R \ Uo<|m'|<i2fl(*+c), m'#-«o( fc r7 l ', s '-P fc m', s '-i)- This implies, in particular, k + mu: e R\ 
Uo<|m'|<i2H(»'), m'/-nofe )S '-i' fc m',y-i)- This finishes part (3). 

(4) The proof of the first statement in (4) goes the same way as the proof of part (4) in Lemma [7T21 since 
k E R \ Uo<|m'|<i2fl( s - 1 ) i k m' s'-v k m' s'-i)- To prove the second statement, assume, for instance, that we 
have case (a) for mi and case (b) for 777,2. In this case, 

ke (-^ - --p + ^ c 

to w a(m ) muj a(m ) 



C (k m , ,_i, k. 



1' n m',s'-lJ 



where to' = n%2 — mi. Assume \m'\ < 12R^ S \ Then the only possibility is to' = no, that is, 7772 — toi = no. 
The proof for the rest of the cases is similar. 

(4)' Since \k — k no \ < 2cr(no), the first statement in (4)' follows from (|7.7|) combined with (|7.6p . ( If 
q > 1, then > 48i?« and therefore k e R \ Uo<| m '|<48^> , m ^„„ (^, s+9 -i- ^, fl+ ,_i) ^ont 
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any additional condition for k. ) Applying the same arguments as in part (4), one obtains the second 
statement in (4)'. 

(5) Assume |fc-fe no | > (o^ 1 )) 7 / 8 , \v( mi ,k)-v(0,k)\ < (S^'^^), s < s' < s + q-1, i = l,2andmi + rn 2 . 
Assume first that s<s'<s + q — 1. To prove the statement in this case we again repeat the arguments from 
the proof of part (4) in Lemma [7T2l Note that in this case, 

"l))l/2 < (j( S -l))7/8_ the Qnly p 0ss i b ili ty 

is |toi — m 2 \ > 12i?( s \ This proves the statement for s' > s. Consider now the case s' — s. If we have case 
(a) for both mi, 7722, then 2 13 (<5q S 1 ^ ) ) 15 / 16 > \(m 2 — mi)uj\. Due to (|7.6p . this implies \m 2 — m\\ > 
Similarly, if we have case (b) for both mi,m2, then \m,2 — m\\ > 48i?^ s ^. Assume now, for instance, that we 
have case (a) for mi and case (fa) for m 2 . Then, \m x w\ < 2 12 (4 S_1) ) 15/16 , \2k + m 2 iv\ < 2 12 {S i s ~ 1) ) 15 / 16 . 
Assume also that \m 2 — mi\ < 12i?( s ). Then m 2 — mi + no, as before. But this implies 

\2k + m 2 uj\ = \2k + miu) + n ui\ > 2\k - k no \ - \m x u\ > 2{5 { Q S ~ 1) ) 7/S - 2 12 (ot~ 1) ) 15/16 > {S^) 7 / 8 . 
This contradiction implies |m 2 — mi| > 12R^ S \ as claimed. □ 

Remark 9.2. In this section and later in this work, when we refer to the cases (a) and (fa), we mean cases 
(a) and (fa) of Lemma \9.1l 

In this section we use the same notation as in Section [5] We always assume that k € Jt^ s - S ^ (uj, no). In 
particular, 

(9.4) \k-k no \ <2o-(no) = M(S^) 1 / 6 . 

Definition 9.3. For q > 0, let ft( s < s +«) (w,n ) be the set of k € K \ 

Uo<\ m '\<i2B^\ m ^k-,^ 1 ,k+, s+q _ 1 ), < \k-k no \ < 2a(no). Fori < r < s-1, k> G ^\u;,no), let 

A^(0) be the sets from Proposition \7~19\ ( see also (|7Tu| for the definitions ). For < \k'-k no \ < (c^^) 3 / 4 , 
let All (0) be the set from Provosition \8.lf\ 

Let q > 2. Assume that the sets Ay '^(O) are already defined for all s < s' < s + q — 1, provided 

(9.5) OK^-k^K^f/*-* J2 (^) 15/16 

s-l<t<s'-l 

ana Assume also that the sets Ay 8 ^(0) are already defined for all 1 < s' < s + q — 1, 

provided 

(9.6) (St 1] ) 7/8 + ^ £ (rt ) ) 15/16 <\k'-k no \<2a(n ) 

s-l<t<s' 

and k! £ Jl^ s ' s \uj,no). Assume the same for —no in the role of no- Assume also that Ay s ^(0) C A« ^(0) if 
s' <s" < s + q-1, and A^'^O) C A^" ]1) (0) if s < s' < s" < s + q - 1. 

(A) Assume that for k' — k, we have (|9.5|) with s' = s + q and k' £ Ji^^+Q- 1 ) ( w ( nQ ) , Assume also that 
k ^ ^Z", so £/iat |/c + mw| 7^ |fc„ | > 0, provided no {2m, —2m}. 

(1) Lef m be such that \v(m,k) - v(0,k)\ < 5S^ s+q ^ 2) /A, |m| < 12R^ s+q \ Assume also that v(m,k) > 
v(0,k no ) if v(0, k) > i>(0,fc„ o ) (resp., assume that v{m,k) < v(0,k no ) if v(0, k) < v(0,k no )). Then we say 

that m £ ^kt+q-^ ( res P-! 171 G N-kt+q-i )• Combining (|9.5|) with (1), (3) from Lemma \9.1\ and with the 

fact that \k + muj\ ^ \k na \ > 0, unless no {2m, -2m}, one concludes that is well-defined. We 

setAi s+ ^\ m ) = m + AiZL hl] (0)- 

(2) Given s < s' < s + q — 2, assume that for any s' < s" < s + q—1, the sets "M.^ s ^~J_i, A^ s ^ q _ 1 (m") are 

already defined. Let m be such that \v(m,k)-v(0,k)\ < (3^' _1) /4)-E S '< s »< s + 9 -i So"'^, \ m \ < ^R [s+q) ■ 
Assume also that m ^ U s '< s »< s + g -i U m // eM ( s " +) ^-i; S \m")- Then we say that m £ M^ s s '^_ 1 ifv(m,k) > 
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v(Q, k no ), v(0,k) > v(0,k no ), respectively, m G a+q-i v(m,k) < v(0,k no ), v(0,k) < v(0,k n<) ). We set 
A{ s '\m) = m + A%£L (0). As in (1) above, A { k s ^± (0) is well-defined. 

(3) Given s' < s, assume that for any s' < s" < s + q — X, the sets Tvl^ J\_ q _ lt A^j. _ 1 (m") are already 
defined. Let m be such that \v(m,k) - v{Q,k)\ < (3^ s ' _1) /4) - E s '< s "< s+9 -i S a"~ 1} > H < 12-R (s+<?) . 
Assume also that m (fc U s '<s"<s+i!-i U m « EM ('") ^if \m"). Then we say that m G Mj. s g+g _ 1 and we set 

A£'\m) = m + A$ mu (p). 

(4) For s < s' < s + q — 1, we enumerate the points of Jtf.^ as , j G J^ s ' . Set 

_ _ jrn+ + n ifv(0, k) > v(0, k no ), sgn(fc + mfu) = - sgn(n w), 
J \mf-no ifv(0, k) > v(0, k n „), sgn(/c + m+w) = sgn(n w), 

(9.7) , \mj+n if v(0, k) < v(0, k no ), sgn(fc + mjui) = - sgn(n w), 

l m i — n ° ^) < w (0;^no)> sgn(fc + . w) = sgn(n w), 

A^mj) = Af \mj), M^_ x := M^_ x U M^_ r 

(B) Lei fe &e as in (JESJ ™^ s' = s + g - 1. T/ien we de/me M^+g-i, A-j^m") just as in (f7TT0|) . 

Remark 9.4. (1) In i/ie ?asi definition and for the rest of this work, we do not use the notation A^ +q 1 (m) 
for any m except m = 0. This simplifies the statements in what follows. For m — 0, we use the notation 
A^ +q 1 ' 1 \m), which includes both possibilities. We use also the notation Mjj, 8 ^ 1; which includes all 
possibilities. None of that will produce ambiguity since in the proofs, we always specify the cases the notation 
applies to. 

(2) Ifr<s- 1, then B(2R^) C A^(0) C B(3R^). This property holds due to (f7TTU|) . For r = s, we 
have 

B{2R^) U (n + B(2RW)) C Ajj. r,1) (0) C B(3R.W) U (no + B(3i? M )) z/sgn(fc) = - sgn(n w), 

(9.8) B(2R^) U (-n + B(2R^)) C A^ 1} (0) C B(3R (r) ) U (-no + B(3i? M )) i/sgn(fc) = sgn(now), 

B(2R (r) ) C Aj> r) (0) C B(3i? (r) ) if part (B) in Definition^ applies. 

For r = s, the first two relations in (19.81) . addressing the case \k - k no \ < {S'* 3 - 1 ')) 3 / 4 , are due to part (5) 
of Lemma \8.9[ The third one, addressing the case \k - k no \ > (5<- s ~V) 7 / 8 , is due to part (c) of Remark\T^\ 
For r > s, we will establish (|9.8[) inductively in the corresponding domains ofk. Note that (|9.8I) implies in 
particular A^ r,i) (0) C A^'^O), A[ r) (0) C A^'^O) for any s < r < r' . 

(3) n Mt+L = ®> M ts +q -i n ^ttU = 9, n = if «(o, fc) > «(o, fc„ ) ; 

Sl < S2 . Respectively, ^^l+q-i n = 0, n M&J_! = 0, n M^^_ x = */ 

«(0, fc) < u(0, kn ), s l < s 2- 

(4) G M^", 1 ;^ ifv{0,k) > v(0,k no ); G ^t+g-i^ ifv(0,k) < v(0,k n „). For notational conve- 
nience, we assume that G 

(5) Let s < s' , v(m,k) > v(0,k no ), v(0,k) > v(0,k„ o ), m G M^ s '^_ 1; orv(m,k) < v(0,k„ Q ), v(0,k) < 
v(0,k na ), m G 3Vtfe* s +g_i, or let s' < s, m G T/ien, 

(9.9) (34 S 'V4)- E 4 s "- 1) <|«(m,fc)- W (0 ) fc)|<(34 S '" 1) /4)- E ^o 5 "^- 

s'+l<s"<s+g— 1 s'<s"<s+ij-1 

(6) For any |n| < 5i? (s+(? ) suc/i that n £ (Ui< S '< s+ „U fM (-',) A^'^m)), we /iaue \v{n, k) - v{0, k)\ > 
(So) 4 - 



ON THE INVERSE SPECTRAL PROBLEM FOR THE QUASI-PERIODIC SCHRODINGER EQUATION 



09 



Remark 9.5. In Lemma \9.1\ and Definition \9.3\ we assume that k belongs to the com- 
plement of Uo<|m'|<l2H(-+«-i),m'^no( fc m', s +g-l' fe m' >s+g -l) instead of the complement of 
Uo<| m'|<i2_R( s +<!), m'^n (^m' ,s+q-i' ^m' ,s+q-i) because of the further development in Section Q7J The 
latter condition is needed only in Proposition \9.16\ 



Lemma 9.6. Assume that (|9.8j) holds for all r > s. 

(1) me A^, s \m) for any s' and any m € ]+ q -i- 

(2) Let k be as in d?T5) with s' = s + q. Then M^ ) fg _ 1 n M[ S2 s ) +q _ 1 = for any 1 < s x < s 2 < s, 
Ks+ q -l n M K]-l =9foranyl< Sl <s< s 2 , M^]., fl M^_ x = /or any S < 8l < s 2 . 

Proof. (1). The statement follows from (|9.8p and the definition (|9.7I) . 

(2) The statement follows from the condition m ^ U S '< S "<s+o-i U -m< s "> Al s \ m ") m Defmition l9.3l 
and part (1) of the current lemma. □ 

Lemma 9.7. Assume that (|9.8p holds for all r > s. 
(1) Assume that for some mi, we have 

(9.10) |v(m 1 ,k)-«(0,AOI<(3#'~ 1) /4)- £ 

s' <s" <s-\-q— 1 

Let m 2 € M^2 +g _i- T' 16 ™; e ^ er m i G AJ^tt^)) H 



(9.11) \m x -m 2 \> 



{36R( sSl if s' = s and (m 2 ) is defined as in (A) of DefinitionW. 
12PS S ) otherwise. 

(1) ' For any s' and any m\, m 2 , either A^J + ^mi) = A[ s J +q _ 1 (m 2 ) , or 

dist(A^ ) +9 -i(^i) I Ai:l ) +9 -i(™2)) > 5i?( s '>. 

(2) Assume that for some I < si < s 2 < s + q — I , mi, m 2 , we have 

(9.12) | U (™. i ,fc)-«(0,fc)|<(3^- 1) /4)- £ J = 1 ' 2 - 

Si<s" <s+q—l 

Then. 

(9.13) |w(mi-m2,fc + m 2 w)-w(0,fc + m 2 w)| < 36 { Sl ~ 1] /4 - ^ Sq"^- 

s 1 <s"<s 2 — 1 

(3) Assume that for any s < s' < s + q — 1, the following condition holds: 

(6,0 MfceM\Uo<| m1 <i 2 ^- 1 ), mV nofc,,'-i' fc ^, s '-i): rm€M^_ v Sl <s'-1, M < 12J2(-'). 

TTien, eztfier A£°(mi) C a£ #) (0) or AjfVi) n A^' 3 (0) = 0. 
Then, the following statement holds. 

Assume that for some s<Si<s + q— 1, \mi\ < 5i?*- s+<? \ we have 

(9.14) |«(mi,*0-«(O,*0l<(3# 1 ~ 1) /4)- £ ^"^ 



si<s"<s+g-l 



(9.15) <|fc-fc„ o |<( o r i) ) 3 / 4 - £ (of) 15 / 16 , 

s— l<i<s+g— 1 

£/ien assume also that v(mx,k) > v(0,k no ) if v(0, k) > v(0,k no ), and respectively, v{m\,k) < v(Q,k no ) if 
v(0,k) < v(0,k no ). Then, 

either (a) mi £ Ajj, (m 2 ) for some s\ < s 2 < s + q — 1, m 2 € M^^_ g _ 1 , 

or(/3) mi EMM t and A^ l) (mi))nA^ S2) (m 2 ) =0 for any m 2 £ DVtj^i m 2 ^ mi wit/isi < s 2 < s-1. 
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Proof. (1) Assume s' > s. Consider the case when (I9.15|) holds, so that part (A) in Definition 19.31 applies. 
Assume for instance v(0, k) > v(0,k no ). Due to Definition 19.31 one can assume that \rri2) = m 2 + 
A fe+mU(°)> with l fc + TO 2^| > Kcj|/2, \v{m 2 ,k) - v(0,k)\) < SS^'^ /4. Due to part (4) of Lemma O 
cither \mi — m<i\ > C(s')R^ s >, or m\—rai G {0, no, — no}, where C(s') = 36 if s' — s and C(s') = 12 otherwise. 
Assume mi — mi G {0, no, —no}. If mi = m%, then we are done. Assume mi — 7712 G {no, —no}. Note that 

due to part (1) in Lemma EU one has ||fc + mia>| - |fc„ || < 2 12 (<5 s '~ 1) ) 15/16 + 3|fc - fc„ 1 < (o^' -1 ') 1 / 2 . 
Consider the case sgn(fc + m 2 cj) = — sgn(now). Note that in this case, \k + rri2t-o — tiquj\ > \nou\. This implies 
mi 7^ rri2 — no, that is, mi = m2 + no. Due to ()9.7[) . ()9.8j) . m2 + now G A h s \1ri2) H ^ks+q-v ^ ne P ro °f m 
case when (I9.15[) holds and sgn(fc + m2w) = sgn(now) is similar. This finishes the case when part (A) applies 
and s' > s. The verification for the rest of the cases follows straight from parts (4), (5) of Lemma \9. II 

(1) ' This part follows from part (1) of the current lemma combined with (|9.8|) and (|9.7|) . 

(2) The proof goes word for word as the proof of (2) in Lemma \7. 61 

(3) With part (1) of the current lemma in mind, the proof goes word for word as the proof of (3) in 
Lemma 17.61 □ 

Lemma 9.8. Let < |fc-fc„ | < ( ( 5 >+9 ~ 1) ) 1 / 16 . 

(1) If\v(m,k) -v(Q,k)\ < S with S > (4 8_1) ) 1/32 , then \v(T(m),k) - v(0,k)\ < 45/3. 
Assume also that (|9.8p holds for all s < r < s + q — 1. 

(2) Let s' < s, mj G M^+g-i, 3 = M- Then, either T(mi) = m 2 or dist(T(Ajj. s,) (mi)), A k s '\m 2 )) > 
6i?( s '). Let s < s', mj G M^'] + x , j = 1,2. Then, either T(A^' ) (mi)) n A k s '\m 2 ) 7^ or 
dist(T(A^' ) (mi)), A[ s '\m 2 )) > 5F>\ In the former case, (A^ s ' } (mi) n M^+g-i) = ApfmjJnMj^. 

Proof. (1) The proof of this part is completely similar to the proof of part (1) of Lemma \8. 61 

(2) It follows from (1) of the current lemma that |u(T(mi), k) — v(0, k)\) < 5q S l \ Applying part (1) of 
Lemma 19.71 to T(m\) and 7722, one obtains the statement. □ 

Definition 9.9. Assume < \k — k no \ < (o~q S+9 1 - ) ) 1 / 16 . Using the notation from Definition \9.3[ assume 
that for any s < s' < s + q — I, condition (& s ') holds. Let £' be the collection of all sets A(m) := 
A[ s '\m) U T(A^' ) (m)) 7 1 < s' < s + q - 1, m G 'M^'] +q _ v We say that A(m x ) A(m 2 ) if s 1 = s 2 , 
and A(mi) n A(ma) 7^ 0. It follows from part (3) of Lemma \ 9.7\ and part (2) of Lemma 1 9. 8\ that this is 
indeed an equivalence relation on £'. Let 9JI be the set of equivalence classes. It follows from part (2) of 
Lemma \9.8\ that each class has at most two elements in it. For each m G 9Jt, set A(m) = UA(mi)em A ( m i)- 

Set £ = {A(m) : m G 9Jt} . Let A(m) G £, A ( f\m+) U T(A^' } (m+)) G m. Set f(A(m)) = s'. TTws de/mes an 

N-valued function on £. Set also p m = Ua< s ') (m))em ^( m )) ^ Ji) _i ■ 

In the next lemma we use Definition 17.121 from Section [7J 

Lemma 9.10. Using the notation from Definition \9.9\. assume in addition that condition (I9.8[) holds. Then, 

(1) For any A(m 3 ) G £, j = 1,2, swc/i i/iai t(A(mi)) = t(A(m 2 )), mi 7^ m 2 , we have dist(A(mi), A(m 2 )) > 

#(t(A(mi)))_ 

(2) For any m, 

(9.16) (J ((m + F(2F (t(A(m))) ))) C A(m) C |J ((m + F(3F (t(A(m))) ))). 

(3) //mi 7^ m 2 , then A(mi) 7^ A(tti2)- 

(4) The pair (£, /j) is a proper subtraction system. 

(5) For any m, A(m) = T(A(m)). 

Proof. Note first of all that part (2) is just condition (|9.8[) , which we assume in this lemma. The proof of 
parts (1), (3), (4), (5) goes word for word as the proof of the parts (1), (3), (4), (5) of Lemma [8^81 The only 
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detail that has to be mentioned regarding (3) is that T(jiq) = and T(B(R)) = n — B{R) = n + B(R) for 
any R. □ 

Using the notation from Definition 19.91 assume in addition that condition (I9.8[) holds. For £ = 1,2, . . ., 

set 

05(n 0) s + q) := B(3i? (s+9) ) U (ra + B(3i? (s+?) )), 
(9 - 17) <B(na,s + q,£) := !8(no, » + 1) \ ( |J A(m)). 

mG3K:A(tn)$58(n ,s+9,£-l) 

Lemma 9.11. Using the notation from the definition (|9.17l) . the following statements hold. 

(1) There exists £ Q < 2 s+q such that 05(n ,s + q,i) = 05(n ,s + q,£+ 1) /or any £ > £ Q . 

(2) For any A G £, eiifter A C 05(n , s + q, £ ) or A c \ 05(n , s + q, £ )J ■ 

(3) 5et A^ +9) (0) = 03(n o ,s + g,£o)- Then for any A^ (m) , either A< s ')(m) n A^ s+9) (0) = orA( s ')(m) c 
Ai s+9) (0). 

(4) T(05(n ,s + g,£)) = 03(n o ,s + g,£) /or any £. In particular, T(A { k +q) (0)) = A { k s+q) (0). 

(5) For any £ > 1, 
(9.18) 

{n G 05(n ,s + g,£- 1)) : dist(n,^ \ 05(n , s, £ - 1)) > 3i? (s+<? " 1) } C 05(n ,s + g,£) C 05(n , s + q,£ - 1)). 



Proof. The proof of parts (l)-(5) goes word for word as the corresponding proof of parts (l)-(5) of LemmaO 

□ 

Lemma 9.12. Assume k G 3l ( - s - s+q - 1] (u,n ) , g > 1. Assume also that < \k - fc„ | < (o^ 9 ^) 1 / 16 . 

(1) Definition \973[ and definition (|9.17[) inductively define the sets A k (0) /or s' = s, . . . , s + o/, so t/iat 
condition (& s ') holds for any s<s'<s + q — 1 and condition (19. 8[) holds. 

(2) A^Vi) n A^ S2) (m 2 ) = /or any to, G M^_ x , t = 1,2, un/ess s x = s 2; Aj^Vi) = A^ S2) (to 2 ). 

Proof. (1) For g = 1, the condition (6 S ) holds due to part (3) in Lemma 18.91 Therefore, part (3) of 
Lemma [9.71 applies with q = 1. Furthermore, Definition 19.91 applies and Lemma [9.101 applies. This defines 
A^ s+1 ' ) (0) via (|9.17[) . and Lemma [9.111 applies . Due to part (3) in Lemma [9.111 the condition (& s+ i) holds. 

These arguments define A k q \o)), g' = 1, . . . , g. So, part (1) of the current lemma holds. 

(2) Since condition (& s >) holds for s' > s, part (2) follows from part (3) of Lemma 19771 □ 

Definition 9.13. Using the notation from Definition \9.3l assume that (4 S+9,) ) 1/16 < \k - k no \ < 

(<5g +<? 1 ^) 1 / 16 for some q' < q. Define A k \o) for s < s' < s + q' via Lemma \9.1 1\ If q' < q, define 

A k s \m) for s + q' < s' < s + q — 1, and A k s \o) for s + g' < s' < s + q, inductively as in (|7.10l) . that is, by 
setting 

A[ s '\0)= B$rW)\( (J (J A«(to')), 

(9.19) r - S '~ 1 m'BM^ a ,_ 1 :A^ (m')SB(3iJ(«'))) 

Af\m)= m + A k s ; m j0). 

Lemma 9.14. Assume q > 1. Assume also that < \k — k no \ < 2o"(no)- 

(1) Definition \9.S[ Lemma \9. ll\ and Definition \9.13\ inductively define the sets A k s '(0) for s' = s, . . . , s + g 
so that condition (6 S /) ZioMs for any s < s' < s + q-l. If \k - k no \ < (S^) 1 / 16 , Wds. J/ |fc - fc„ | > 
(4 r) ) 1/16 > ^en 

(9.20) B(2R^) c A^ r) (0) c B(3R {ry ). 

(2) Ajf Vi)) n A^ S2) (to 2 ) = /or any to, G M^ +g _ 17 i = 1,2, un/ess Sl = s 2 , A^ Sl) (mi) = A^ 2) (to 2 ). 
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Proof. To prove both statements, we only need to verify condition (& s >). Due to Lemma 19.121 this condition 

holds if \k - k na \ < ($<"' _1) ) 1/16 - Assume (c^ +9l) ) 1/16 < \k - k na \ < (^ +9l ~ 1) ) 1/16 for some g x < q. 
The verification goes by induction, starting with s' = s + q%. Assume that condition (G s <) holds for any 
s + qi < s' < q—1. Then, part (3) of Lemma [i£7] applies. Since A^" 1 " 9 - 1 (0) is defined via (|9.19p . the verification 
of condition (& s+q ) goes the same way as in the proof of part (4) of Lemma [71)1 □ 

Remark 9.15. In Lemma \9.14[ we assume that k G R \ Uo<|m'|<i2fl(^-D, m >^n„( k m > , s+q -i> fc m', s +g-i)> 
instead of k G R \ Uo<|m'|<iafl('+«3, mV«o i k m' ,s+q-v k m> ,s+ g -i) ■ 
Proposition 9.16. (I) Set 

(9.21) 3(s,q) := {k' : - k no \ < - £ (^) 31 / 32 }- 

s-l<t<s+g 

Assume that k G K( s ' s+I? ) (w, no) n J(s, g). Let ea, e s be as in Defmition \3.1\ Let e G (— e s , £ s ). 

(1) // |fc| > |fcri l; / or an 2/ G ^( s : ?) l^'l > |&n |> 1^' ~ ^1 < 5q S+9 , 07*6 /l(JS 

H A^\o),e,k< e OPi?^)(0,n ,Ai s+9) (0) ;( 5 ,r( )) 7 r(°) - r^(k') = \k no \\\k'\ - \k no \\. 
If \k\ < \k nQ \, then for any k! G 3(s, q) with \k'\ < \k no \, \k' — k\ < 5q S+<1 x \ one has 



(2) Let E^ s+q '^ (Aj, s (0);e,fc') fee i/ie functions defined in Proposition with -^ (s+5 '(o) e fe' * n 



(9.22) 



£/ie ro/e of H^_ e . Assume that k na > 0. Then, with k^ :— min^ 3 / 4 , k no /512), one has 

deE^'+^O, Ai a+,,1) (0);e, fc„ + fl) > (fc< o >) 2 0, > 0, 
d^+^CO.A^+^O);^ +0) < -(fc(°)) 2 0, > 0, 



(9.23) £;( a+ 9- ± )(0,Ai ! a+9,1) (0);e,fc no + 9) =E^^{n ,A^ q>1) (P);e,k no -9), 9 > 0, 

(9.24) \d E^ ± \O,A { ,: +q) (O);e,k no +9)\ < 2, 

(9.25) |sC'^ ± )(0,A^ ,) (0);e,fci)-£?(' + «' ± )(0 J A^ a - 1) (0);e J *i)| < |e|(<# +,) ) 5 . 
//0<|fc-fc„J<( ( 5( s+9 - 1) ) 1 / 1 V2, 

(9.26) B(*+'' ± )(0,Aj ! ' +,) (0);e,ft no +ff) = ^^(no, A<> +9) (0);e, fc„ - 0), < < (4 s+(? - 1) ) 1/16 /2. 
(II) Assume i/iai fc G ft( s ' s+ «)(u;,no) and 

(9.27) (<5r i} ) 7/8 + E (^ ) ) 31/32 <|fc-^ol<2 ( xM. 

s-l<t<s+q-l 

Then, H A (s+^i ){0)ek € N<>+«) (0, A^+^O); 5 ) . Furthermore, 

( ' fc (0) ' £ ' fc) -\^-)(0,A^(0); e ,fc) i/fc<fc no . 

Proof. The proof of (I) is completely similar to the proof of Proposition 18. 1 il and we omit it. The proof of 
(II) is completely similar to the proof of Proposition 17. 191 and we omit it as well. □ 

We also need the following version of Proposition 18.131 



ON THE INVERSE SPECTRAL PROBLEM FOR THE QUASI-PERIODIC SCHRODINGER EQUATION 



103 



Proposition 9.17. Let e G (—e s ,e s ). 
(1) The limits 

(9.28) ^ s+ ^(0,A^ +9) (0);e,fc rio ) := lim £?(»+«» ± )(0,A^ + « ) (0);e,*i) 
exzsi. Furthermore, 

spec7J A(s+g) n{S:min|^-^+^ 1 ^(0,A^ 1) (0); £ ,fc„J| <8(4 s+9 - 1) ) 1 / 4 } 

(9.29) "° 

= {i? (s ' +) (0, (0); E , fc„ ), (0, A<£'> (0); s, fc no )}, 

(9.30) ^(•^(O.Ajj^O);^ < M^ 13 , 
S(^+)(0,A^+ 9) (0)(0);e,fc no ) > £?(-+«•-) (0, A^ 9) (0);e,fc„ o ). 

(1)' Let min± |£- £(«+»-i.±> (0, A^" 1 ^); e, k no ) \ < 26 { s+q - 1) . The matrix (E- H^^^^J 
is invertible. Moreover, 

1 [{E ~ H < + 9) (0)\{0,no}, S ,fc„ o ") I 



( 9 - 31 ) , f3|e| 1 / 2 exp(-|K |m-n| +8K log^ 1 (min(// s +^ )(m),^( s +^°)(n)) 1 / 5 ) ifm^n, 

~ |2exp(8K log(5 " 1 (/i( ;s +^ )(m)) 1 / 5 ) «/m = n, 

M («+«.0)( m ) := distfoZ" \ [A^ s + 9) (0) \ {0,n }]). 

(2) £ = £;( s +^ ± )(0,A^+' ?) (0);e,fc no ) o&eys the following equation, 

(9.32) £ - «(0, fc„ ) - Q {s+q) (0, A< s + 9) (0); e, E) T (0, n , A<>+ 9) (0); e,J5)| = 0, 

where 

Q< a+ '>(0,Ajj£ 9) (0);e,.E) 
h(mo,m'; e, k no )[(E - ff A w,) (0)Uo ^ o}Aiiio ) _1 ](m', n')h(n', m±;e, k no ), 

m'X6A[ , + ' l (0)\{0,no} 

(9 33) °° 

G^ + «>(0, n , A<*+ 9) (0); e, E) = h(m±, mj; e, k no ) 
+ Y h(m±,m'; e, k na )[{E - ff A (*+*) (0) \ { o, no} , e ,fc no ) _1 ]( m ' 1 n')h(n', m^;e, k no ). 

m',n'eA^ i + 9, (0)\{0,n } 

Proof. The proof of (1) goes just like the proof of (1) in Proposition ^. 131 Let us verify (1)'. Let, for instance, 
k no > 0. Due to part (I) of Proposition OH one has H A(s+q){0) £ fe , € OPR( s ' s+q > (0, n , Aj£+ ?) (0); <5 , t(°') 

for any < fc' — fc„ < <5q S+9 . Due to part (2) of Proposition 15.91 

(9.34) IK^-^AC^^^o.no},^')" 1 ]^' 71 )! ^ S 15( s Al;+ 9 )(0)\{0,no}),T >K o^| ; A^(0)\{0,n },<R( m ' Tl ); 

see (|5.39p . It follows from Lemma T2. 71 that 

S D(-;A^+' J »(0)\{0,™o}),T,K O ,| e |;A< ; s +' j) (0)\{0,no},m( m ' n ) - 

71Q 71 Q 

(9.35) js^expi-lKo] m — n\ + 8ko log<5 1 (min(/i^ s+ ' ? ' ^(m), ^ s+l? > ) (n)) 1 / 5 ) if to 7^ n, 

|2exp(8K log^V (s+9,0) M) 1/5 ) if m = n. 

Taking k' —> k no in (|9.34p . one obtains (|9.31l) . This verifies (1)'. The verification of (2) goes just like the one 
for (2) in Proposition l8.13l □ 
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10. Matrices with a Graded System of Ordered Pairs of Resonances Associated with 
1— Dimensional Quasi-Periodic Schrodinger Equations 

Definition 10.1. Using the notation from Provosition \9.16i let q > 2, n% € V, 12i?^ +9_1 ^ < |rti| < 
12i?(s+<?) be such that 

(k ni ~ 2o-(ni), k ni + 2a(ni)) n (fc„ - 2a(n ), fc„ + cr(n )) ^ 0, 
(10-1) (fc ni -2a(m),fc ni +2a(n 1 ))CR\ |J (*m',^-,-i»*™',H- 9 -i)- 

flM <\m' | < 12i?.( s + 9) , m'£{n ,n±} 

Set s^ := s, s' 1 ) := s + q, s*- 1 -* = (s^°\ s^). Let 3?( 5< ' ' si \uj, n\) be the non-empty set in the first line of 

flEEED - 

Lemma 10.2. Let fc e ^( s<1) ^ (1) '(a;,ni). 

(1) T7ie subsets M^ s (!)_-,, A^ s \m), s' < s^ — 1 /rom Definition \ 9.S\ are well-defined. Furthermore, 

VW,* G ^' )(m ' A i r) M^o 0) ) , d < * (0) - 1- If 

(10.2) |fc ni - fc no | < (Sf'- 1 ^ 4 ^ ^o^ 15716 " 2fJ ^ 

s<°)-l<t<s( 1 )-2 

i/ien flr A( ./), +, , e OPi?( s 'Hm|,™7,A' r) (m+),4 0) ,T(°)), = J^ 0) |fc- fc„ | /or any s<°) < s' < S W - 1 
and any m~f . 

(2) |fc-fc no | > (5 s<1) - 1) ) 1 / 15 , rW > (4 s(1) -^)Vi4. 

(3) Assume ()10.2j) holds. Then conditions (i)-(iv) and (vi) from Definition 1 5. &l /to^rf. Furthermore, n\ € 
M^^j^, £/ia£ is, nx € {m^m^} /or some jo € J^ s< > ~ 1 - 1 . Conditions (|6.1I) (|6.3[) /rom Definition \6.1\ hold. 

Finally, assume that |fc-fc ni | > (4" 1 _1) ) 7 / 8 . Let A^ s ' } (0) oe as m Definition\9JJjH Then, H € 
OPi?( s<1) )(0,no,A^ +,?) (0),4 0) ,T" (0) ), jwsi as m Proposition\9jE 

Proof. (1) Clearly, fc € R \ U <| m '|<i2fiC*M-«, m /^ m (o) (*W, s Ci)-i> *w, s M-i)- So ' P art Proposition EH] 
applies to g — 1 in the role of g. This implies all statements in (1). 

(2) Using CLE) and (|77T]). one obtains |fc - fc„ | > |fe m - fc„J - 2(^ ;5<1)_1) ) 1 / 6 > (^ s<1) ~ 1) ) 1 / 15 , t( ) = 

<5< 0) |fc - k no \ > ( ( 5^ <1> ~ 1) ) 1 / 14 since < \m - n \ < 13i?( s<1> ); see (TTdD . 

(3) Assume (| 10 . 2[) holds. Conditions (i)-(iv) and (vi) from Definition 15.81 hold due to Lemma 19.121 and 

Remarks \§H and 1051 One has \k-k no \ < \k ni -k no \ + \k-k ni \ < (S^ ~ 1} ) 3/i , ||fc+m ,iu;|-|A; no || < \\k ni \~ 
\k no || + 11*1-1*^11 < (4 S(1,_1) ) 3/4 - Hence, Kno,*)-«(0,fc)| < 2(<5< ) s<1) - 1) ) 3 / 4 2(|fc no + 1|) < 3(<5 s<1> - 2) )/4. 
Similarly, \v{n\ + n 0l k) — v(0, k)\ < 3((5q S 2 ^)/4 if it is case (o) for mi and \v(ni — n Q ,k) — w(0,fc)| < 
3(4 s<1) ~ 2) )/4ifitiscase(b). This implies n x € ^sW-V Lct m e M k7w-V ^k'^^H™-) = TO + A i+mL 1) ( )- 

Assume for instance that it is case (a). Recall that |m| < 12i?( s+9 ' and in particular |mo;| > 
see (|7.6p . Using (|9.22|) and (|9.25|) with g — 1 in the role of g, one obtains 

l^-^'KAf-^H^^J-^'-WtO.Af-^O);^)! 

= |^ (1) -^)(0, A^(0) ;e> HH" ^ (s<1) - 1 - +) (0, Af W - 1 J(0); 6) fc)| 

(!0-3) > l^'-^CO, AS^«(0);e, HH~ ^'"^(O, A^^je, fc)| 

H^ w - 1,+ Ho,AC ) (o)i^)-^ W - u, (''. A f w - 1) (o); e) *)l 

> 4 0) (ifc+-i - ifcii) 2 - (4 S<1) " 1) ) 5 = 4 0) (i-i) 2 - (*r- x) ) 5 > (4 s(1, - 1) ) 1/7 > 4 s(I) - x) - 
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This implies (|6.1[) . The verification in case (b) is similar. The verification of (|6.2I) . (|6.3[) is similar. Finally, 
assume that \k — k ni \ > (Sq S ^V 8 , Then an estimation like (|10.3|) works for m = n%. This implies 
H (a(1)) G OPR^ s(1 ^(0,n , A^ +9) (0),4 0) ,t(°)), just as in Proposition EU □ 

Set 

(10.4) T 1 (n)=ni-n, n e 1? . 



Lemma 10.3. Assume \k - k ni \ < (5 { Q S _1) ) 3 /4. 

(1) // Km, k) - v(0, k)\<8 with 8 > (4 s<1>_1) ) 1/2 /4, then |u(Ti(m), k) - v(0, fc)| < 45/3. 

(2) Let rrij G M k']m)-i> 3 = 1 ^ 2 - Then either T x {K^'\mi)) n A( s ')(m 2 ) / 8 or 
dist(T 1 (A( s ')(m 1 )), A( s ')(m 2 )) > 5R^ S '\ In the former case, ^(AMfmi) nM^J = A( s ')(m 2 )) n 



(*') 



Proof. (1) The proof of this part is completely similar to the proof of part (1) of Lemma 

(2) It follows from (1) of the current lemma that |u(Ti(mi), k) — v(0, k)\) < Sq S . Applying part (1) of 
Lemma 19.71 to T±(mi) and m,2, one obtains the statement. □ 



Definition 10.4. Assume that 

o<|fc-^ i<(4 s - 1) ) 3/4 - E t^) 31732 , 

(10.5) s-l<f<«+?-l 

\k-k ni \<(sf'^)^. 

Let £' be the collection of all sets A(m) := A^'^m) U Ti(A( s ')(to)), l<s'<s + g-l, m G M^ +q _ v We 
say that A(mi) ~ A(m 2 ) if si = s 2 and A(mi) f~l A(m 2 ) ^ 0. If follows from part (3) o/ Lemma \9.7\ and part 
(2) of Lemma \10.3\ that this is indeed an equivalence relation on £'. Let 071 be the set of equivalence classes. 
It follows from this definition and part (2) of Lemma \1U.3\ that each class has at most two elements in it. 
For each m G 071, set A(m) = LU^Oem H m i)- Set £ = {A(m) : m G 071} . Let A(m) G £, A( s ')(m) G m. Set 
i(A(m)) = s'. TTiis defines an N-valued function on £. Set also p m — UA <s,) ( m ))em \ m ) ^ ^kaW-V 

Lemma 10.5. (1) For any A(m,-) G £. j — 1,2, such that t(A(ttli)) = i(A(m 2 )), m-i 7^ m 2 , we have 
dist(A(mi),A(m 2 )) > rMM™i))) . 

(2) For any m, we have 

(10.6) (J ((m + B(2i?< t(A ( m »)) c A(m) C |J ((m + £(3i? (t(A(m))) ). 

m£p m mSPm 

(3) TTie pair (£, t) is a proper subtraction system. 

(4) For any m, we have A(m) = Ti(A(m)). 

Proof. The proof is completely similar to the proof of Lemma 19.101 □ 
Set 

!8(ni) := B(3i? (s(1)) ) U (m + B(3i? (s<1>) )), 
(10 ' 7) !8(n 1 ,0 = 58(n 1 ^-l)\( (J A(m)), 

meOT:A(m)OS(n 1 ,f-l) 

£ = 1,2,.... 
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Lemma 10.6. (1) There exists £ < 2 S<1) such that Q3(ni,f) = «8(m,^- 1) for any £ > £ . 

(2) For any Ae£, we have either A C Q5(m,^o) or A C {ll J \ S(m,lo)) - 

(3) Set A^, s<1)) (0) = %(n x ,£ ). Then, for any A^ s '\m), we have either A^'\m) n Aj: s<1>) (0) = or 
A( s ')(m) C A^ (1>) (0). 

(4) Ti(<8(ni,f)) = <8(m,f) /or any 1 /n particular, 2i(A^ sW) (0)) = A^ s<1>) (0). 

(5) for any £ > 1, we have 

(10.8) {ne <8(ni,^- 1)) : dist(n, Z" \ 58(m,* - 1)) > 3i?( stl> -^} C B(m,€) C «B(m,£-l)). 
Proof. The proof of parts (l)-(5) goes word for word as the proof of parts (l)-(5) of Lemma \8. 91 □ 

Proposition 10.7. (I) Let k be as in pTT5|) . 5e* m (1) := {0,n ,m,ni - n } ; s (1) = (s (0) ,s (1) ). J/ 
|fc| > |fe ni |, tten if (sW) ^ t G GSR^(^ 1 \Q,n 1 ,kf ) \Q)-,5 a ,iV), t« = (t(°),t (1) ), r« = rW(fc) = 

Ai, [0),e,k 

\k nr \\\k\-\k nr \\. If\k\ < \k ni \, thenH (1) 6GS# (1) )(mm,ni,0,Af !) (0);io,t«). 

(J/) Let k E R \ [UflW<|m'|<13fl(»+«), m'^no.n^Kn'.s+q-nKn^s+q-l) U {*no.*r.J- 0ne can de fi ne 

\®) so that ^a (s(1)) (o) k ^ on 9 s t° one of the classes introduced in Sections\^\^\^with being either 
the principal point or one of the two principal points. 

(LLI) Let k be as in part (II). There exists a unique real-analytic function E(0,A^ \o);e,k) of e G 
(-£ s _i, e s _i) such that E(0,A { k s ] (0);e,k) is a simple eigenvalue of H {s (i- )) andE(0,A^ \o);e,k) — 
v(0, k). Moreover, 

(10.9) E(0, Ai s<1>) (0); e, k) = E(0, A^\o); e, -k), 
(10.10) 

(k^f(k - fcO 2 - m(S ( o W) ) 4 - W\e\ Yl ^o' } ) 4 < E (°> Ai fl<1)) (0);e, *0 - £(0, A<f ^O);^) 



s'>s8q S * <min(fc — ki ,k±) 



<^(fc-fe 1 )+ ^ 2|e|(4 sW - 1 )) 1 /8 + 2| £ |(4 sll, )) 5 ) 0<fc!<fc, 7 -l<fci<7- 
where k^ :— mhx(e^/ 4 , fc„ /512) and 7 is i/ie same as m £/ie Definition (|7.2[) . 

Proof. The proof of (/) is completely similar to the proof of Proposition 18.111 and we omit it. The proof 
of (II) is completely similar to the proof of Proposition 17.191 and we omit it as well. The existence of 

E(0,A^u \o);e,k), its analyticity and uniqueness follows from part (II). The proof of (jlO.lOj) (///) is a 
simple combination of the (|8 . 14[) from Proposition 18.111 and 33[) from Proposition 17.191 □ 

Definition 10.8. Set 

(1Q n) Jn = (kn - (ot } ) 3/4 , K + (6^) if 12Rl-» < \n\ < 12fl« 

S(i) = {ner\{0}:fce3„}, 9 = {k : \R(k)\ < 00}. 

Let k G 9 be such that |ft(fc)| > 0. We enumerate the points of %(k) as n^(fc), £ = 0,...,£(k), 1 + £(k) = 
I s° ^ |n W ( fc )l < |" (£+1) ( fc )l; Lemma[WE below. Let s^(k) be defined so that 12R(" W W-V < 
nW(fc) < 12.H<' C/) W), £ = 0, . . .,*(&). Se* 

T m (n) = m — n, m, n G Z 1 ', 

(10.12) 



m 



(0) (fc) = {0,n (o) (fc)}, m w (fc) = m (£ - 1} (fc) U T^^On^Ofe)), £ = 1, . . .,t(k). 
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Lemma 10.9. Assume m 1 G IR(fc). Let VZR^-V < \m x \ < 12 R^ . Then, 

(1) \miu\ > {S^-V) 1 / 16 , \k\ > (<5( sl ^ 1 )) 1 / 16 /2. 

(2) sgn(fc) = — sgn(miw). 

(3) If G R{k), Tfi\ ^ m,2, then \m\\ ^ \mi\- If |toi| < \m2\> then, in fact, \m2\ > R^ Sl+1 ^ /2. 

Proof. Part (1) follows from (|7.6[) . Part (2) follows from (1), sec (|10.11[) . To prove (3), one can assume that 
|m 2 | > |mi|. Since |2fc + m,w| < 2(6 { St) ) 3/4 , i = 1,2 and |m 2 | > \mi\, one has |toiw-to 2 u;| < 4(^ si) ) 3/4 . It 
follows from (f?l)f that |mi - m 2 | > i? (si+1) . This implies (3). □ 

Lemma 10.10. Let G Z^\{0}. TTien, (1) n< ' € ft(fc n co)), (2) = max me3{(fe 3 |m|. In particular, 

k nm e 9, s^ )" (&„«,)) = a(»W), w/iere 12i?( s (™ ( ° ) )- 1 ) < |mi| < 12i?( s ( n<0> » . 

Proof. Statement (1) is obvious. Assume to € D?(/c„(o)), to 7^ nA°), |to| > |nA°)|. Then |(to— n^)uj\ — 2|fc n ( ) — 
fc m| < {$o ] ) 3/i , where 12-RO -1 ) < |m| < 12i?( s ). This contradicts flU]) since |m-n^| < 2|to| < 24RM. 
This proves the first statement in (2). The other statements in (2) follow from this one. □ 

In the next theorem we finalize the results on matrices associated with quasi-periodic Schrodinger equa- 
tions. We skip the proofs since they are completely similar to those we have done before. 

Theorem D. (I) Let k £ 9 \ ^L v be such that \%k)\ > 0. Let m^(k), s^(k), 

£(k) be as in Definition 1 1 0. 8[ Given q > 0, there exists A^ s W+^q^ <~- 'p such 

that H^m^ G GSRl* ltm W>° (e) ^( m (^ 

lW(k) =V (0) (*)> ■ • ■ ,'rW(fc)), rW(fc) = |fc„J||fc| - \k nr \\, m+(k) = 7 m-(fc) = nW fc »(fc) j/ |fc| > \k nW(k) \, 
TO-(fc) = 7 rn+(fc) = nW k »(k) if \k\ < \k nW(k) \. 

(II) For each k G 9 and each s, there exists A^(0) such that i? A («) (0)E)fc G N (s+<!,) (0, Aj^O); 5 ) £/ 

tt(fc) =0, # A (=> (0)£fc G G5i?[ 5<£(fc)) W^](m( £ W)(fc),TO+(fc),TO-(fc),A^ >(fc)+ ^^ ^0 

and s = (fc) + q. Moreover, A[ s 1 (0) serves the role of the (s — l)-subset in the corresponding definition, 
see the definitions in Sections [H 

(///) Let fc G 9- There exists a unique real- analytic function E(0, A1 s (0); e, fc) 0/ e G (— £o/2,£o/2) suc/i 
i/iai £(0,A^ ° ; (0);e,fc) is a simple eigenvalue °/ ^a (s) (o) e fc arl ^ ^(0, AJ^, (0); e, fc) = i?(0, fc). Moreover, the 
following conditions hold: 

(10.13) £(0, A<: s) (0); e, fc) = B(0, A« (0); e, -fc), 

(10.14) 

ik io) ) 2 (k _ ki) 2_ 3 | e |(4-))4 _io| e | £ (^) 4 <£?(0,AW(0); e ,A)-B(Q,AW(Q) ;e ,A 1 ) 

<y(fc-fci)+ £ 2| £ |(^ ( " ) - 1) ) 1 / 8 + 2| £ |(4 s) ) 5 , 0<fc 1 <fc, 7-l<*i<7. 

where s(n) is defined via 12i£( s ( n ) _1 ) < |n| < 12J?^^"^, fc(°) := min(eo , k n (o) /512) and 7 is f/ie same as in 
the Definition (|7.2[) . 

(7V) Let £ Z"\ {0} and s > s (e(k ^ }) . Assume, for instance, k nW > 0. 

(1) The limits 

(10.15) E ± (0,Ai s) (0);s,k nm ):= lim £(0,A£ s) fo .(0);e,*i) 

nl"' fei— >K (0) ±0 

exist, 

(10.16) < ^(0,AW o) (0);e ) fc B co))-S-(0,AW o) (0); E ,fe I ,(o)) < 2|e| exp ( - ^|n<°>|) 
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< 



Furthermore, 

specie, (0)£fc n{E:mm\E-E ± (0,At ( ' ) \0);e 1 k n(o) )\<8(St 1 ^ /4 } 

(10.17) fc " (0) 

= {E+ (0, Aj>> (o) (0) ; e, k nW ), E~ (0, A« o) (0) ; e, fc n(0 , )}. 

(10.18) l^^'^o) (0);e, A^w) - ^(0, A^CO); e, fc„ (0 >)| < 

E + (0,A { k s) n(o) (0); £ ,fc„ ( o,) > S-(0,A^ (o) (0); £ ,fc n( o,). 

(2) Provided min ± |£ - £±(0, A^ (o) (0); e, fc n(0) ) | < 2 < 5^ 1) ; t/ie maim (£ - # A ( S) (oA{0n( o) } ^ fe (0) ) is 
invertible. Moreover, 

(10.19) 

I^-^aW m (D)\ { o,»o } , e ,* n(0) )" 1 l( m ' n )l 

nA u J 

'|e| 1 / 2 exp(-iK |m-n| + 8K log^ 1 (min( A i( ;s )(m), A i( ;s +«)(n)) 1 /5) if m ^ n and \m - n\ > 2|n<°>|, 
2exp(8K log^ 1 (^ (s) (™)) 1/5 ) ifm = n, 

^){m) :=di S t(m,Z"\AW (o) (0)). 

(3) £7 = -E ± (0, A^ (Q) (0); e, fc n(0 ) ) o&eys i/ie following equation 

(10.20) £ - «(0, fc„ ( o, ) - Q (s) (0, aW (q) (0); e, £) T | G (s) (0, n' ' , Aj>> (0) (0); e, £) | = 0, 

w/iere 
(10.21) 

g( s )(0,Ag o) (0); £ ,i?) 

53 !i(f.'"';^ n («))p-f i (.) (0)\{o,n(o)}, e ,fc B(o) )~ 1 ]( m '' n ')'*(n / .0;e.*Vio). 

m ',n'eA< s j (o) (0)\{0,n(o)} "" <0) 

G« (0, n(°) , AW o) (0); e, E) = h(0, ; e, k n(0) ) 

+ 53 fe ( ' TO ' ; £ ' fe « <0) ) ~ jtf A< s » (o) (0)\{0,n<°)},e,fc n(o) ( m '' "OM^'i ™ (0) ! £, fc n<°> )■ 



m',n'eA< 3 »_ (0)\{0,n«»} 



,(0) 

11. Proof of the Main Theorems 
Consider the Schrodinger operator 

(11.1) [Hy](x):=-y"(x) + V(x)y(x), x g M 1 , 
where V(a;) is a quasi-periodic function, 

(11.2) ^(z) = 53 c(n)e 27rinwx , x g M 1 , 

™ez-\{o} 

(11.3) w = (wi,w 2 ,...,w v )eR' l ^>2, 
with 



c(ra)=c(-ra), neZ^\{0}, 
|c(n)| < eexp(-K |n|), n g Z' y \ {0}, 

where e, n > 0. 
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We denote by /(fc) the Fourier transform of a function f(x), 
(11.5) f(k) := [ e- 2 « ikx f(x)dx, 



x, k £ R. Let §(R) be the space of Schwartz functions f(x), Let g(k) be a measurable function that, 

for any a > 0, decays faster than |fc| _a as |fc| —¥ oo. Let ip = g he its inverse Fourier transform. Then ^; 
belongs to the domain of H and the following identity holds: 

(11.6) mjj(k) = (27r) 2 fc 2 ^(fc) + c(-m)# + H- 

m£Z"\{0} 

In particular, this identity holds for any / € S(R). Set if^ = (h(m, n; &)) ng zi" where 

/i(n, m; fc) = (27r) 2 (nu; + fc) 2 , if m = n, 
/i(n, m; fc) = c(n — to), if m =/= n, 

Clearly, for each fc, the matrix H k defines a self-adjoint operator in £ 2 (Z"). Due to (|11.7[> . one has for any 

m,n,£e 

(11.8) H k+£uj (m 1 n) = H k (m + £,n + £). 

Let fc > be arbitrary. If fc > 3/4, pick an arbitrary 7 > 1 such that 7 — 1/4 < |fc| < 7 — 1/2. If 
< fc < 3/4, set 7 = 1. For fc < 0, we pick the same 7 as for |fc|. Define H k — (h(m,n; fc)) TO ngZ „ similarly 
to (|7.2[) from Section [71 that is, set A = 2567 and 

v{n;k) = \- 1 (nuj + k) 2 , n E Z u , 

(11.9) to; fc) = v(n; fc) if to = n, 

ft,(n, to; fc) = X (2ir) c(n — to), if to 7^ n. 

Define also -ff e .fc = (h(m, n; e, fc)) m n£Z „ with fo(n, n; e, fc) = ft(n, n; fc), h(n, to; e, fc) = eh(n, to; fc), if m / n. 

Proof of Theorem C. Using the notation from Theorem D, let k € S \ ^Z". Note first of all that due to 
(|7.5|) . the set in Theorem C obeys C S- This is because the intervals 3 n in Definition 110.81 are smaller 
than the intervals 3n', see (|1.10j) . (|7.5|) . (|7.6p . By Theorem D, there exists £0 = £o(ko,w) such that if 
e < £qj then for each s, there exists Ajj^(O) such that for |e| < 2, -H^O)^ e k belongs to one of the classes 
introduced in Sections |3l [U [6] with being either the principal point or one of the two principal points. 
Moreover, A!l s ^(O) serves the role of the (s — l)-subset in the corresponding definition in Sections 02 [SJ [5] 

Assume for instance H A u) (0)ek € GSR^ Wk}} ^ (mW fe »(fc), m+{k), mT (fc), A { f m {k)+q) (0); 8 , tW fc »(fc)), 

with s = sW fc ))(fc) +g, g = 1,..., rn + (fc) = 0; see the notation in Theorem D. Let E(0, A[ s) (0); e, fc) be 

the eigenvalue from part (III) of Theorem D. Set E(0, A { k s) (0); k) = E(0, Aj: s) (0); 1, fc). Now we invoke 
Theorem 16.111 from Section [6j Recall that due to part (5) of Theorem 16. Ill one has 

(11.10) \E(0,Ai s \0) ] k)-E(0,A[ s - 1 \0);k)\<4e(6l ) s -y/ s . 
Therefore the limit 

(11.11) E(k) = lim E(Q,A k s) (Q);k) 

exists. Furthermore, using the notation of part (7) of Theorem l6.11[ denote by (A^; fc) := <^ + ) (•, A^; fc) 
the eigenvector corresponding to -E^O, A^ (0); fc) and normalized by ip^(0, A k , fc)) = 1. Due to part (7) of 
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Thcorcm l6.Hl one has 

|^+>(n,Aj>>;fc)|<|e|V3 ]T exp ( - ^n \n - m|), n £ mW*»(fc), 

|^ (+) (m,A^ s) ;fc)| < 1 + ^ 4-* for any m € m Wk)) (fc), 

0<t<s 

(11.13) |^+)(n,AW;fc)-^+)(n,A(- 1) ;fe)| < 2|e|(^- 1) ) 5 . 
It follows from (|11.12j) and (|11.13p that for each n E , the limit 

(11.14) tp(n;k)= lim <p (+) (ri, A^ s) ; fc) 
exists and obeys y>(0; fc) = 1, 

|y(n;fc)| <e 1/2 ^ exp ( - ^ |n - m|) , n £ m Wfe)) (fc), 

(11.15) memM 

\ip(m; k)\ < 2 foranymem (l(t,, (J:). 

It follows also from (|11.12|) and f)11.13f) that 

(11.16) H k cp(k) = E(k)cp(k). 
Note that ff & = X(2n) 2 H k . This implies 

(11.17) H k tp(k) = E(k)if(k). 

with £(fc) = A(27r) 2 S(fc). This finishes the proof of part (1) of Theorem C. 
(2) It follows from (|10.13|t and (|10.14|t in Theorem D that 

(11.18) E(k)=E(-k), 



(*<°>) 2 (*-Ai) a -10|e| ^ (4 fl,) ) 4 <E(k)-E(h) 



(11.19) 



<5q S ^ <min(fe— fei,fe) 



< y(fc-fci) + 2|e| £ (<5 s(n) - 1) ) 1/8 , 0<fc!<fc, 7-l<*i<7. 



fcl<fcn<fc 

-3/4 



where s(n) is defined via 12i?^^>- 1 ) < |n| < l2R { < n ^\ fc<°) := min^ 7 ,fc n(0) /512), and 7 is the same as 
in the definition ([73]) . Note that the quantity c5(n) in (fl~2Tj) of Theorem C obeys 5(n) > 2(5^ in) ~ 1) ) 1 / 8 . It 
follows from the first inequality in (|11.19l) that 

(11.20) EW - E ( fa )> (t< °' )2( 2 fc - fa)2 . 

Thus, (jl.21[) in Theorem C follows from (|11.19[) . Finally, due to Lemma 17.41 one 

<p(±) (— n, A k s ; fc). This implies <p(n; — fc) = <p(— n; fc), as claimed. This finishes the proof of part (2). 

(3) We apply Theorem D. Let n (0) G Z" \ {0} and s > s^nCo))). Assume for instance that fc„ (0) > 0. 
Using (|10.14p . one has for < < f^^. 

(11.21) 1^(0, AW o) (0);fc n( o ) )- J K(0,AW o) (0);fc n( o)± 0)\ < 2(\k n , 0) \ + 1)6 + 2\e\(5^f , 
since the sum on the right-hand side of (|10.14j) is over the empty set. Due to (|10.18|) . 

(11.22) |^(0,A« (0);^ ( o,)-f; ± (0 > A^ ) (0);Av,co))|<4'" 1) - 
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Therefore the limit 



(11.23) E ± (k n(0) ) = lim ^(CAW (0);^,) 
exists, 

(11.24) 1^(^(0,) - E ± (0,A{ s -^(0):,k n{ o ) )\ < 2eSt 1) - 
Due to (110. 14|) . one obtains also 

(11.25) \E ± (k nm )-E(k n(0) ±e)\<2(k no + l)6+ J2 2e(4 s(n) ' 1) ) 1 / 8 . 

n:kn is between k n (Q) an d & (0) i ^ 

Assume now that J5+(0;fc n (o)) > i? - (0; fc„(o) ) > 0. Let E + (0; k nm ) > E > E~ (0; k n t.o)) > 0. Let 
s > s W fc »P»)) be large enough so that a(E) := min(i;+(0; k nm ) — E,E — E~(0; k n{0) ) > 5 { s) . Then, due to 
(fl~l~24)) , one has E+ (0, a£° (0); k n(0) )-E,E-E~ (0, a£° Q (0); k n(0) )>a(E)-p s , where p s -> as s -> oo. 
Due to (|10.17[) in Theorem D, the matrix (E — Hm , ) is invertible. □ 

To prove Theorem A we need the following 

Lemma 11.1. Assume that for some Eel, there exist ~/(E) > 0, B{E) < oo such that for any k, x,y G 1 V , 
we have 

(11.26) \{E-H k )- X {x,y)\ <B(E)exp(~ 1 (E)\x-y\). 
Then, (E — H) is invertible. 

Proof. For any k, we have 

]T \{E - H k ){m,x)\\{E - H k )- X {x,n)\ 

< (k + mLo) 2 B{E) eM-l{E)\m - n\) + ¥ ' e () B{E){ ll {E))- v exp(-~/i(E)\m - n\), m ^ n, 

(11.27) E \(E - H k )(m,x)\\(E - H,)- 1 ^™)] 

< (k + muj) 2 B{E) + A" B^ijiiE))-" exvi-^iE^m ~ n\), 
^2(E- H k )(m 7 x){E - H k )-\x, n) = S m>n , 

where 5 m ^ n is the Kronecker symbol, 71 (E) = | min(Ko, 7(E)). In particular, for any k and for any bounded 
ip : W — > C, we have 

(11.28) ^(#-iT j 0(m,z)(.E-iI,0~ 1 (a!,ri)V>(ri) =i>{m), m e 7L V , 

and the series converges absolutely. 
Let / e S(M 1 ) be arbitrary. Set 

(11.29) g(k)= ^(E-HJ-^ntfik + nu). 

Note that due to the identity (|11.8|) . one has for any k and any m, n,£ € Z", 

(11.30) (E-Hfe+^rV,™) = ( J B- J ff fe )- 1 (m + £,n + ^). 
Using (|11.30j) . one obtains for any k and any meZ", 

+ mw) = ^ (E - i?fe +mw ) _1 (0, n)/(fc + raw + nuj) 

(11.31) ^ " eZ " 

= (E - 1 (w, n + m)/(fc + mu + no;) = (E - H k ) 1 (m,n)f(k + nuj). 

n£Z" nGZ" 
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Combining this with (|11.28[) . one obtains for any k, 

(11.32) Yl {E-H k )(0,m)g(k + mu)=f(k). 



-2/ 



It follows from the definition (|11.29j) that for any h £ L 2 (M) , one has 
(11.33) [ g(k)h(k)dk <2»B(E)( 1 (E))-»\\f\\ 2 \\h\\ 2 . 



Hence, ||<?||2 < 2 U B(E){ r ){E)) "||/||2- In particular, there exists the inverse Fourier transform ip :— g £ 
£ 2 (R), HV'lb = II.9II2 < M(E)\\f\\2, where M(E) is a constant. Furthermore, since / £ S(R), one obtains 
using condition (|11.26j) . limifci^oo |fc| a | (/(£;) | = for any a > 0. Therefore, (|11.6|) holds. Combining (|11.6|) 
with (|11.32j) . one obtains 

(11.34) \{E^H)^]{k) =/(*). 
So, 

(11.35) (E-H)1> = f, Hh<M(E)\\f\\ 2 . 

Since / £ S(R) is arbitrary, (E — H) is invertible. □ 

Proof of Theorem A. Given k € R and <p(n) : Z v — >• C such that |y(n)| < C v |n| _l/_1 , where C v is a constant, 
set 

(11.36) y<p,k( x ) — X] </>( n ) e (( nw + 
The function y Vl k(x) satisfies equation (|1.7j) if and only if 

(11.37) (27r) 2 (ncj + fc)VH + X! c ( 

n — m)ip{ra) = Eip{n) 

for any n £ 7L V . Let -E'(fc) and (ip(n; fc))„ e z" be as in Theorem C. Then, 

ip(k,x) = ip(n; k)e((nuj + k)x) 

obeys equation (11.7[) with _E = E(k), that is, 

(11.38) = -i>"(k, x) + V{x)^{k, x) = E(k)ip(k, x). 

Due to (1) and (2) from Theorem C, conditions (a)-(c) in Theorem A hold. Combining (3) from Theorem C 
with Lemma fl 1 . H one concludes that 

spectfc [E,oo)\ |J (E-(k m ),E+(k m )). 

me1 v \{0}:E-(k m )<E+(k m ) 

Recall the following well-known general fact in the spectral theory of Sturm-Liouville equations. If for some 
Eel, there exists a bounded smooth function which obeys equation (jl.7[) . that is, 

(11.39) -y" + V{x)y{x) = Ey(x), 

then E £ specH. For any k £ 9 \ 3C(w), the function ip(k,x) is bounded. Hence, E(k) £ specH. It follows 
from (|1.14j) that E(k) is continuous at each point k £ 9 \ %{u>). It follows also from (|1 . 14[) that E{k) is 
monotone for k 6 S \ > 0. Recall also that E(—k) — E(k). One concludes that 

{£(*) :k£ 9\3CH} = [£,oo)\ |J (£-(fc m ),£+(fc m )). 

meZ v \{0}:E-(k m )<B+(k m ) 

Hence, 

spec D \E_, 00) \ (J (£-(fc m ),£;+(A ;m )). 

me1 v \{0}:E- (k m )<E+ (,k m ) 
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This finishes the proof of Theorem A. □ 

Proof of part (1) of Theorem B. Let £ IT \ {0} be arbitrary. We assume that fc„ (0 ) = > 0. The 

case k n (o) = — "^'^ < is similar. Due to (|10.16[) of part (4) of Theorem D, one has 

(11.40) < £ + (0,A;fc„ ( o,)-£-(0,A;fc n( o)) < 2eexp ( - y|n (0 )|), 
where A = A^ (0), s = s^ (fc »<°> » ), £ = £(k nia) ). It follows now from (flTTTj) that 

(11.41) 0<E+(k nm )-E-(k nm ) <2eexp(-^V°)|), 

as claimed in part (1) of Theorem B. □ 
To prove part (2) of Theorem B, it is convenient to establish a few lemmas first. 

Lemma 11.2. Using the notation from the proof of part (1) of Theorem B. for any n(°\ the Fourier 
coefficient c(n") obeys the following estimate, 

\c(nW)\ < £o 1 exp( Ko |n (0) |)(i? + (A;fc n( „ ) ) - £T (A; *:„«,,)) 

( 1L42 ) + l c ( m ')|s_D(.;A\{0,«(0)}),T,K O ,e;A\{0,n<0)},m(^',«')|c(n'-n (0) )|. 

m',n'eA\{0,n(°)) 

Here, as usual, T = 4Kolog(5^~ 1 . 

Proof. We use equation (|10.20[) from part (IV) of Theorem D, 

(11.43) [E - v(0, fc n( o, ) - Q (s) (0, A; e, fc n(0) , E) T |G (s) (0, A; e, k nW , E)\}\ E=E ± (A . e . K(0) = 0, 

where 

Q (s) (0,A;fc„ ( o, +0,E) 

= X /i(0,m';fc„ (O ) +6»)[(£;-i/ A \ {o „(o) }i ^ (o)+( ,) _:L ](m',n')/i(ri / ,0;fc„ o +6»), 

m',n'eA\{0,n(°)} 

G (s) (0,n (o) ,A;fc n( o) + 0, E) = h(0, n (0) ; fc n ( 0) + 0) 
+ X] h(0,m';k n( o) + 9)[(E-H A \ {Qn (o, hk ^ a)+s y 1 }(m\n')h(n',n {0) ;k n (o) + 9), 

ni',n'6A\{0,n(»)} 

see the notation in the proof of part (1) above. Set 

oi =v(0,k n(a) +0) + QW(O,A;k n <„) + 0,J5), 

(11.45) a 2 =u(0,fc n( o) -6»)+Q( s '(0,A;fc„ ( o) -0,-E), 

6= G (s) (0,n ,A;fc„ ( o) +9,E), 

fi := E — a t , i = 1,2, f = fx - \b\ 2 fa 1 . Due to Proposition EH / £ SjJL^C/i, h, b 2 ), provided 9 > 0. 
Now we invoke Lemma 14.111 Due to part (2) of that lemma, the functions /z^f), are C 2 -smooth, 

\d a n^\, \d a x Ul) \ < 1, M < 2. It follows from ([TOg) that 

(11.46) [fi(k nl0) ,E) - \b(E)\]\ E=E+{A . kni0)) - [h(k nW ,E) + \b(k nioh E)\}\ E=E - {A . K(0)) = 0. 
Hence, 

(11.47) \b(k n (o) , E)\\ E=E+{A . kA0)) < \fi(k n ( ft} , E)\ E=E+{A . kA0)) - fi{k n{0) , E)\ E=E - iA . k ^ 0) ) \. 



(11.44) 
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Recall that = M fj- *-*ne has 

\^ fl) h(k n (o>,E)\ E=E+[A . knm) - v Ul) fi{k ni «> , E)\ E=E - iA . kn(0)) \ < E + (A;k nW )- E-(A;k nW ), 

lM (/l) /l(fc„("),^)U=B+(A;fe ?i(0) ) - V Ul) \E=E+(A-,k td0) )fl(k nm ,E)\ E=E - {A . kn(0)) \ 

(11.48) 

< E+ (A; k nW ) - E~ (A; k n(a) ) + \» Ul) \ E =E+(A;k nm ) - \e=e- (A ; fe n(0) ) I sup |/i (fc„ ( o) , E) \ 

<2(E+(A;k ni „ ) )-E-(A;k ni „ ) )). 

Recall also that due to part (4) in Lemma I4TT1 one has > 2~ 2e ~ 1+1 T (f ^ . Let (k n (o)) , £' 

()..... »' = £(k n ( ) ) be as in Definition [THS1 Here (/c„ (0) ) = n'°\ see Definition 110.81 and Lemma 110.101 
By Theorem D, r (/l) = r (£) (fc„<o)) = |fc„(*-i) |||fe„(o) | - |fc n <f-i)||. This implies > £o exp(-K |n (0) |). 

Therefore, 

(11.49) \Hk nm ,E)\\ E=E+(A . knm) <^ 1 exp( Ko |« (0) |)(S + (A;fc n( o))-i?-(A;fc„ ( „ ) )). 
Recall that 

(11.50) b(k nm ,E) = c(nW)+ J2 cKjp-^ycj^JiK.n'Mn'-^) 

m',n'eA\{0,n(°)} 

and also that 

(11-51) \[(E - -ffA\{0,n(°)},fc n(O ) ) K TO > n )l < s Z5(-;A\{0,n(°)}) : T : Ko,e;A\{0,n(o)},lR(w, «)■ 

Therefore, pT4^|) follows from ([TQ91 . □ 
It is convenient to introduce the following notation: A'(n (0) ) = A \ {0,n (0) }, A(n (0) ) = Z u \ {0,n (0) }, 

(1152) stn^-m' n') = i s D(-;A(nm)),T, Ko ,s;A(nm)M m ' > n ')> if m>' £ A'( n (°)), 

V ' ' V ' ' ' [0, if m! € A(n<: o ))\ A'(n(°)), or n' € A(n<°>) \ A'(n(°>), or both. 

We re-write ()1 1 .42[) in the following form, 

|c(n (0) )| < £q 1 exp(K |n (0) \){E + (A; fc n(0 , ) - E~ (A; fc n(0) )) 

(ll- 53 ) + \c{m )\s{n {a) -m\n')\c{n' ~n {0) )\. 

m',n'eA(n(°)) 

In the next lemma we recall the main properties of the sum s(n^; to', n') from Section[2j stated in a form 
convenient for our goals. 

Lemma 11.3. Let s(n (0) ;m',n') be as in (111.52[) . 

(1) 

s(n {0) ;m,n) < ^„(o)(7)i 
(11-54) 7er.(»(m,«) 

w„(o)(7) = ^^(n^nj+i) exp( ^ D n(0) (n,,-)J . 

i<i<fe 

ifere w{m,n) :— \c(n — m)\, Y n (o){m,n) stands for a set of trajectories 7 = (m, . . . , n k ), k := k{^f) > 1, 
nj G A(n^), n\ — m, n k — n, nj + i 7^ nj, D n (o)(x) > 0, a; G \ {0, 7?/ )}. Moreover, the following 
conditions hold: 

(i) D n (Q){x) < Tfi n (o-> (a;) 1 / 5 for any x such that D n (o){x) > ATkq 1 , where /i rl <o) (x) = min(|x|, |a; — n^\), 

T = 4/ to log5o 1 > 
(it) 

min(L> n( o,(n 4 ), J D„(o)(n J )) < T\\(n,, . . . ,nj)\\ 1/5 
(11.55) ... _i 

/or any i < j such that min(D n ( ) (n^), D„<o) > 4Tk , unless j = i + 1. 
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Moreover, 
(11.56) 

if min(D nm (rii) , D nW (n i+ i)) > T|(n,; — rij+i)! 1 / 5 , for some i, then , 
min(£> n( o) (rij>), D n(0) (n*)) < T\\(n r , . . . ,rii)|| 1/5 , min(Z? n( o) (rii), D n(0) (n r >)) < T\\(m,.. . , rij")|| 1/5 , 
mm(D nm (n r ),D nm (n i+1 )) < T\\(n r , . . . , n i+1 )\\ 1/5 , min(£> n( o) (n i+1 ), D n{0) (n r >)) < T\\(n i+1 , . . . ,n f ,)\\ 1/5 , 

for any f < i < i + 1 < j" . 
(2) Assume that for all n G If , we have \c{n)\ < eexp(— k\n\) with e < Eq, k > kq. Let 7 = (rii, . . . , n k ) € 
r n<o) := U TO) „r„(o) (m,n). Sei M - 47V \ S( 7 ) = max,- £>(«,-), t D ( 7 ) := t = Eo<s<t 2 ~ 5s - 

Then, 

n ,, 7 s f w f^W-^C-Shll +fc( 7 )M 5 ) tfi D ( 7 ) < 5, 

( } "" <0)(7) " l^ ) - 1 exp(-«(l-^ (7)+1 )||7ll+25( 7) ) ift D (j) > 5. 

Furthermore, D(j) < 2T[min(|ni|, |n (0) - n fe |) 1/5 + || 7 || 1/5 ]. 

In the next lemma we establish an estimate similar to (|11.57j) under a slightly weaker condition on |c(n)|, 
and also an estimate for the sum of such terms. 

Lemma 11.4. Let e < e , k > 2k q , Ri > 2 30 (k^T) 2 . Set R t = 5-R t _i/4, p t _ t = 2- 10 t-' 2 , t = 2, . . . , 
°t = J2i<e<tPe- Assume 



eexp(-k\p\) ifO<\p\<R 2 , 

.15/ 
16 1 



eexp(-i|(l - a 3t )k\p\) if R t _ x <\p\<R t ,3<t< t . 



(11.58) \c(p)\ < 

For t > 1, let r^ 0) be the set of trajectories 7 = (rii, . . . , rife) € L„( ) wii/i || 7 || < 2i? t and maxj — ri j- 1 < 
Rt+i- Then, for any 7 6 r (0 ) u;ii/i t < to — 1? we have 

Furthermore, 
(11.60) 

/ 15 \ 
»»(») (7) < exp(-2T(min(|m|, - n\)^ 5 ) exp { - — (1 - a 3 t +2)£|« - m|J . 

7er n( o)(m,n):fc(7)>2,||7||<«to 



(11.59) W „ ( o, (7) < e*^- 1 exp ( - ^(1 - ( 7 3t+4 )«|| 7 || + 2£>( 7 ) + %)m). 
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Proof. The proof of (| 1 1 .59[) goes by induction in i = 1,2,.... Let 7 = (ni, . . . ,n k ) € r ( L. Then 
particular, max, — < i?2- Due to (|11.58|) . one has w(nj ,nj +i ) < eexp(— k\rij — n J+1 |). Hence 

(|11.57p applies. Note that 1 - i? tD ( 7 ) +1 > 15/16. This implies (|11.59|) for t = 1 in both cases in (|11.57p . 

Let r^'o) be the set of trajectories 7 = (rii, . . . , rife) € I(o) with max., |nj+i — rij| < i?t, r ( 0) 1 = 
r (t) \ r (*) 

1 nO) \ 1 n(°),0- 

Let 7 = (ni, . . . , rife) g r (0) . Then there exists jo such that \nj 0+ \—nj 1 > i? t . Note that |?ij+i — rij\ < Rt 
for any j ^ j , since || 7 || < 2R t . Let 7l = (n x , . . .,%„), 72 = (n J0+ i, . . . ,n k ). Note that || 7l || + || 72 || < R t < 
2i? t _i since || 7 || < 2R t and \nj 0+ i — nj \ > Rt- Therefore 71,72 G ^^ P ■ Hence, the inductive assumption 
applies, 
(11.61) 

w nW ( 7i ) < e*^')-^ exp ( - — (1 - (73t+i)K||7i|| + 2£>( 7i ) + fc( 7i )M) , i = 1, 2, 

">n(°>(7) = w «(o)(7i)|c(n JO +i - «io)kn(o)(72) 

15^ _ 15, 



< £ 



/In 1 \ 

fc(7Kl exp ( - — (1 - o-3* + i)k(||7i|| + INI) - - ffstf8)ft|»io+i - %ol + 2^(7i) + 2^(72) + fc(7)Mj. 
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(11.63) 



Let D(n,- ( ) = -D( 7 j), i — 1,2. We have the following cases: 

(a) Assume j% < jo- In this case due to (|11.55[) . one has 

(11.62) 2min(5( 7l ), J D( 72 )) < 2T|| 7 || 1 /5 < *f±k(\M\ + || 72 || + \n jo+1 - n 3o \) 

since || 7 || > R t > 2 30 (K ~ 1 T) 2 (5/4) t - 1 , t > 2. Combining (lll.61[) with (|11.62|) . one obtains (|11.59l) . 

(b) Assume jo + I < j%. Similarly to case (a), one verifies (|11.59[) . 

(c) Assume ji = jo, Jo + 1 = J2- Let 7 J = (m, . . . , n io _i), 72 = {n J0+2 , ...,n k ). Once again, applying the 
inductive assumption, one obtains 

w nm ( 7l ') < e*'^- 1 exp ( - H(i _ ^t+i^lK'll + 25( 7 D + fe( 7i )M) , i = 1, 2, 

w nm ( 7 ) = w n(0 ) ( 7l ) exp(L> n( o) (n jo ))\c(n jo+ i - n jo )\ exp(D„ ( o) (n JO+1 ))w n( o) ( 7a ) 

/ 15 15 \ 

< g*^)- 1 exp ( - —(1 - CT 3t+1 )K(|| 7l || + || 72 ||) - — (1 - a 3t+ 3)K\n jo+ i - n jo \j x 

exp(2£( 7l ) + 2D( l2 ) + D nW [n j0 ) + D n(0) (n J0+1 ) + fe( 7 )M). 

One has 2D n o>>(7i) = 2 mm(£> n co) (tJ), D n( o) (n io )) < 2T|| 7 || 1 /5 < p 3t+4 £ (|| 7l || + || 72 || + \n jo +1 - n jo \)/A. 
Similarly, 2£>„ ( o)( 72 ) < p 3t+4 £(||7i|| + || 72 || + \n jo+1 - n JO \)/4. Therefore, (111.59)) follows from (|11.63|l . 
Thus, (|11.59l) holds for 7 6 r ( 0) 1 in any event. Let 7 = (m, . . . ,n k ) € F j 0) . Assume ||(rt l7 . . . ,71*) || < 

2R t -i- Recall that max., — rij\ < i?t since 7 = (n-i, . . . , € r^* Q j . Hence, in this case the inductive 

assumption applies and even a stronger estimate than (jll.59|) holds. Assume ||(ni, . . . , nfe)|| > 2R t -\. Then 
there exists jo such that || (ni, . . . , nj )|| < 2R t -i, || (ni, . . . , n JO +i)|| > 2R t -\. Let 7 i = (nj, . . . , n JO ), 
72 = (n^+i, ■ • . ,n k ). Note that || 72 || = || 7 || - ||(m, . . . ,n,- 0+ i)|| < 2R t - 2R t -i < 2R t ~i since R t < 2R t ^ 1 . 
Therefore 7 i, 72 € r^, 1 ^. Hence, the inductive assumption applies, 
(11.64) 

w n m (7.) < e fc(7l)_1 exp ( - ^(1 - tr 3 n-i)*INI + 2D( lt ) + fc( 7i )M) , i = 1,2, 

w n (o) ( 7 ) = \(o) ( 7 i)|c(n JO+ i - n io )|w„ (0 ) ( 72 ) 

< e*™- 1 exp ( - H(i _ a 3t+ i)«(|| 7 i|| + || 72 ||) - ^(1 - a 3t+3 )£K+i - n io | + 2£>( 7l ) + 2£( 72 ) + fc( 7 )Af). 

Let Dijiji) = D(ji), i = 1,2. We have the following cases: 
(a) Assume j\ < jo- In this case, due to (|1 1 .55[) . one has 

(11.65) 2min(D( 7l ),D( 72 )) < 2T|| 7 || 1 / 5 < ^i*(ll7i|| + || 72 || + |n Jo+1 - n JO \). 

Combining (|11.64l) with (lll.65p . one obtains (|11.59|) . 

(/3) Assume jo + 1 < j%- Similarly to case (a), one verifies (|11.59l) . 

( 7 ) Assume j x = j , jo + 1 = h- Let 7i = • • • , n jo -i), 72 = (n j0+2 . . . . , n k ). Once again, applying 
the inductive assumption, one obtains 

w nm ( 7l ') < g*^)" 1 exp ( - H(i _ a 3t+1 )RH\\ + 2D{^ + k( 7 >)At) , i = 1, 2, 
w„ (0 )( 7 ) = w n( o)( 7 0|c(n io _i - n JO )|exp(L>„ ( o)(n io ))|c(n io+ i - n ja )\ exp(£> n( o) (n jo+1 )) 

(11-66) |c(n J0+2 - n JO+1 )K<o>( 72 ) < e*™" 1 exp(-g(l - <7 3 t+i)ft(||7ill + ll7 2 ID) 

15 

x exp(- — (1 ~ a 3t+3)fi(\n 30 - n jo -i\ + \n jo+ i - n jo \ + \n jo+2 - n io+ i|))x 

exp(2L)( 7 ;) + 25( 72 ) + D„ ( o)(n io ) + £> nC0) (n jo+ i) + fc( 7 )M). 

One has 2D n(0) ( 7 [) = 2 mm{D n(0) ( 7 (), £>„(„, (n io )) < 2T|| 7 || 1 /5 < p 3t +4^(|| 7i II + hall + |n Jo+a - n io x |)/4. 
Similarly, 2£>„ ( o)( 72 ) < p 3 t+4K(|| 7 i|| + H72II + K0+1 - n jo\)/^ Therefore, f|ll 59[) follows from (|11.66[) . 
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Thus (|11.59j) holds in any event. Recall that D(j) < 2T[(min(|m|, -n|) 1 / 5 + || 7 || 1 /5] ) 7 g T n(a) {m,n); 
see Lemma QXI Set w' nW (j) = exp(-2T(min(|m|, - n\)^ 5 )w nm (7). Note that 2TH7H 1 / 5 < 
P3t+5^||7l|/4 if ||7|| > Recall also the elementary estimate of Lemma 12.61 for any a, k > 0, 

(11.67) exp(~a|| T ||) < (Scr 1 )**- 1 '". 

7er(m,n;fe,Z") 

Set T^} 0) (m,n) = F„ ( o) (m, n) n L^,. Note that if 7 € L„ (0) and ||7|| < R t+1 , then 7 € r$ 0) and (|11.59|) 
applies. Finally, || 7 || > \n — m| for any 7 € T n (o) (m, n). Taking all that into account, one obtains 

E <w(7)< E E <w(7) 

7er n(0) (m,n):fc(7)>2,|| 7 ||<fl t0 t<t -l 76^(0) (m,n),fe(7)>2,fl t <||7ll<Rt+i 

<e M E E (e M E) k ^- 1 eM~(l-^t + 4)m\+Pst +5 Kh\\/i) 

t<*o-l 7 er C o)(m,n),fe(7)>2,flt<||7||<R t+ i 

(11.68) 

<e M ^(e M e) fc - 1 exp(--(l-a 3t0+2 )^|n~m|) £ exp(-p 3t „ + 2«||7ll/4) 

fc>l k(f)=k 

< e M exp(-^(l - a 3to+2 )k\n - m|) ^(e M £ -) fc - 1 (8«- 1 ) (fe " 1)l/ < exp(-H(l _ a 3ta+2 )k\n - m\). 

k>l 

Here, in the last step, a — p 3t +$k/A, and we have used e < eq. □ 

Proof of part (2) of Theorem B. Set R 1 = 2 30 (k- 1 T) 2 , R t = 5i? t _i/4, p t _ t = 2- 10 ^ 2 , t = 2, . . . , a t = 
J2i<e<t Pi as m Lemma Til. 41 Set also := exp(— 2R 2 ). One can see that < Eq. Assume that 

(11.69) E+{A;k n(0) )- E~(A;k nm ) < £ (0) exp(-K^ |n<°> |), for all # € Z" \ {0}, 
where e'- -' < Cq '', k^ ' > 4kq. We re-write f|l 1 .53[) in the following form, 

(11.70) |c(n<°>)| < (£ (0) ) 3/4 exp(-3^°V (0) l/4)+ £ |c(m')|s(n^; m', n')\c(n' — n^ -*)]. 

ra',n'eA(n(°)) 

Assume that with some (e^ )) 1 / 2 < £ < and «o < k < k*- -* /2, we have |c(p)| < eexp(— k\p\) for [p| > 0. 
Set £ = £/2, k — 7k/6. We claim that in this case, in fact, 



(11.71) \c(p)\ < 



sexp(-k\p\) if < \p\ < R 2 , 

eexp(-f|(l - <i 3t )k\p\) if fl t _i < \p\ <R t ,t> 3. 



It is important to note here that ||(1 — <73t)«; > (j|) 2 |k := Lk, with L > 1. This allows one to iterate the 
argument and Theorem B follows. 

The verification of the claim goes by induction in t, starting with the first line in (|11.71|) . and then with 
the help of Lemma Til .41 The idea is to run in (|11.70[) and to combine the inequalities which we have for 
different rS°K To this end it is convenient to replace in the notation. To verify the first line in (|11.71[) . 
we invoke (|11.60[) from Lemma fl 1.41 with £ in the role of £ and k in the role of k. Note that condition (111.58)) 
of Lemma 1 1 1 .41 holds for any t for trivial reasons. So, 

(11.72) 

\c(m)\s(p;m,n)\c(p — n)\ 

m,n£A p 

< e 2 2J exp(-£|m|) exp y - — (1 - o- 3to+2 )k\n - m\ + 2T(min(|m|, \n - p\)) 1/5 J exp(-k\p - n\). 
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Using the elementary estimates of Lemma 12. 61 one obtains from (|11.72[) that 

(11.73) \c(m)\s(p;m,n)\c(p-n)\ < e z/2 /A < s(e < ° ) ) 1/2 /2 < (e/2) exp(-i? 2 ). 

m,nGA p 

It follows from (|11.70[) combined with (|11.73[) that for any \p\ > 0, we have 

(11.74) \c{ P )\ < (e (0) ) 3/4 exp(-3 K (0) b|/4) + (e/2) exp(-Ji 2 ) < eexp{-kR 2 ). 

This verifies the first line in (|11.58[) . 

Assume now that for some I > 2, (| 1 1 . 58[) holds for any < \p\ < R t and any t < I. Let \q\ > R( 
be arbitrary. For t > 1, let be the set of trajectories 7 = (nx, . . . , n^) € T q with ||7|| < 2R t and 
maxj \rij + i — rij\ < Rt+i- Let T^q\m,n) — Yq nT q (m,n). We have 

E \ c ( m )\ s (q; m , n )\ c (i - n )\ < E l c MI|c(<7 - n)\ ^2 w i(l) 

m.ngA, m,n -jer,(m,n) 

(H.75) < Ei + £ 2 + £ 3 := J! |cMI|c(<7-n)| E w< 3^) 

m,n:\m\,\n-q\<R e 7£r^ 1) (m,n) 

^|c(m)||c(g-n)| ^ w 9 (7) + S 3 - 

m,n 7 er,(m,n), || 7 ||>2fl f _ 1 

Here the sum £ 3 is over the cases when ||7|| < 2i?^_i and either max(|m|, \q — n\) > Ri or 7 = (m, . . . , rife) 
obeys max., \rij+i — > or both. 

Using ()11.60p from Lemma ll 1 .41 with i in the role of to and the inductive assumption, one obtains 

(11.76) 

/ 15 \ / 15 \ 

Ei < e 2 E exp ( ~ T^ 1 ~ a 3i)K\m\J exp ( - — (1 - cr 3e+2 )k\m - n\ + 2T(min(|m|, \q - n|)) 1/5 J x 

m.n 

exp ( - ^(1 - 0^)% - n|) . 

Note that 2T(min(|m|, \q — n])) 1 ^ 5 ) < jp 3 £ + 3(\m\ + \m — n\ + \q — n\) since \q\ > Rf. Estimating the sum in 
(|11.76p , one obtains ( see Lemma 12.61 ) 

(11-77) £1 < £ 3 / 2 exp ( - H(i _ ase+2 _ ±p 3i+3 )k\ q f) . 

To estimate the sum £2, we use Lemma 111. 41 with e in the role of e and k in the role of k: 
(11.78) 

E 2 <5^|c(m)||c(g-n)| £ E » 9 W < E l c MI|c(g - n)\x 

m,n t>l-l 7er 9 (m,n),fc(7)>2,_R t <||7||<fi t+ i m,7l 

exp(2T(min(|m|,|g-n|)) 1 /5 )e M[ E +E E ] 

7er,(m,n),fc(7)>2,2fl J! _ 1 <||7||<fl J! i>f 7 er, (m,n) ,fc( 7 ) >2,_R t < || 7 1| <-R t+ i 

(e M e -)*(7)-l exp ( - ^(1 - a 3t+i )k\\ 7 \\ + 2TH7H 1 / 5 ) < e 2 £ex P (-£(|m| + \q- n\) + 2T(min(|m|, | 9 - n|)) 1 / 5 )x 

/ 15 \ / 15 1 

exp [ - — (1 - ct 3 «+2)k x (2 J R £ _i)J < e 3/2 exp ^ - — (1 - <j u +2 - -pu+s)h x (2i^_i) 



< e 3/2 exp ( - - cr 3 £ +2 - ^pzt+z)kRt> +1 



Let us now estimate £3. Given r,s € A q with \s — r\ > Re, denote by Y q - rtS the set of trajectories 
7 = (m, . . . , rife) € Fq with ||7|| < 2i?£_i and such that 

(11.79) 7 = 7'U7", 
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where r is the endpoint of 7' and s is the starting point of 7". Note that since H7H < 2Rg_ 1; one has 
I n j + 1 —Tij\ < Re for all j with one exception when ny+i = s, rij = r. In particular, the inductive assumption 
applies to 7', 7". Denote by £3 the part of sum £3 with 7 G T q]r , s and with |m|, |g — n\ < Rg. Then just as 
in the above derivations, one obtains 

(11.80) £ 3 <e 3/2 Y exp(-^(l-^+ 2 )«|r|)| C (r- S )|e X p(-^(l- ( 7 3 , +2 )%- S |). 

\r—s\>Ri 

The estimation of the rest of the sum £3 is similar. One has 

15,. ,\, , / 15 



£3<e 3/2 Y exp ( ~~ Y^ 1 ~~ a 3£+2)K|f|)|c(r - s)|exp ( - — (1 - 0-3^+2)%- s|) 

|r— 5 1 >Rg 

+2e 3 / 2 ^ | c ( r )|exp(-g(l-^ +a )%-r| 

\r\>R e 

(11.81) : : 1 - £ exp ( - H(i _ a 3 , +2 )«|r|) |c(r - s)| exp ( - H(i - ffM+3 )ic|« - *| 

Rt<\r— s\<.Rt+i 

+2e 3/2 J2 |c(r)| exp (-^(1- ^ +2 )% -r 
Re<\r\<R e+1 

( 15, 1 

exp - — (1 - a 3i +2 ~ -Pm+z)kRi+i 



Now we invoke (|11.70[) . For \q\ > R(, one obtains 

|c(g)| < (e (0) ) 3/4 exp(- K ( )| g |/2)+ ]T £ t < (e (0) ) 3/4 exp ( — ft 1 9 1 

1 < i < 3 

+e 3/2 exp ( - — (1 - a 3i+ 2 - -p 3 e+3)&\q\) + 2e 3/2 exp ( - — (1 - <j 3i+2 - -^+3)^+1 



'" S2i <e 3/2 J2 exp(-^(l-a 3 ^ + 2)K|r|)|c(r-s)|exp(-^(l-(T3^ + 2)K|g-s|) 

Ri<\r-s\<R e+1 

+2e 3 ' 2 J2 |c(r)|exp(-^(l-a 3£+2 )ft 



15 

Rt<\r\<R, 

Here we have replaced K^°' /2 by k < /2. Now we consider i?£ < |q| < i^+i. We replace H^+i 
in the exponent by a smaller quantity \q\ and we obtain a self-contained system of inequalities for \c(q)\ 
with i?£ < \q\ < Re+i- This allows us to iterate (| 1 1 .82[) . It is convenient to replace the multiple sums via 
summation over trajectories 7 = (no, ■ ■ ■ , rik) € T(0, q). Set 

15 1 

e = e 1/4 , k' = — (1 - cr 3 £ +2 - -p 3 i+3)K, w'(m,n)=e'exp(-n'\m-n\) > 
(11.83) 16 4 

w'((n , ...,n k ) = 'Y\_w'{n j ,nj+i). 

Iterating (| 1 1 . 82[) N times, one obtains 

\c(q)\ < e 3/2 ( Y 4 fe £ ' fe )exp (- ^ - ^+3)^+1) 

(11.84) 

l<fc>3A 7Sr(0,9):/c(7)=fc 

Taking here N large enough and evaluating the sums over 7 as before, one obtains (jll.581) . □ 
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